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ABSTRACT. The aim of this paper is to numerically solve the Fokker-Planck-Kolmogorov
fractional-time differential equations using the Legendre wavelet. Also, we analyzed the
convergence of function approximation using Legendre wavelets. Introduced the abso-
lute value between the exact answer and the approximate answer obtained by the given
numerical methods, and analyzed the error of the numerical method. This method has
the advantage of being simple to solve. The results revealed that the suggested numer-
ical method is highly accurate and effective. The results for some numerical examples
are documented in table and graph form to elaborate on the efficiency and precision
of the suggested method. The simulation was carried out using MATLAB software.
In this paper and for the first time, the authors presented results on the numerical
simulation for classes of time-fractional differential equations. The authors applied the
reproducing Legendre wavelet method for the numerical solutions of nonlinear Fokker-
Planck-Kolmogorov time-fractional differential equation. The method presented in the

present study can be used by programmers, engineers, and other researchers in this field.
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1. Introduction

Many mathematicians, physicists, and engineers have been interested in differential
calculus and fractional integrals in the last decade because fractional-order differential
equations better describe and model some of the natural physical processes of dynamic
devices than integer-order differential equations. However, after converting natural events
to differential equations and systems, it’s critical to solve these equations and systems,
many of which lack an analytical solution or, if they do, are extremely difficult to lo-
cate. As a result, many numerical methods for solving such equations and devices have
been presented [3, 18, 19]. The present study aimed to discuss the nonlinear-based Fokker-
Planck-Kolmogorov fractional-time differential equations and the wavelet method and the
wavelet operation matrix were used for its solution. In the present study, the fractional
differential equations are reduced to linear differential equations and the approximate so-
lutions of the primary problem are calculated by introducing the Legendre wavelet and
giving the related fractional integral operational matrices. In addition, numerical exam-
ples are offered and the numerical findings are evaluated to highlight the simplicity and
efficiency of the suggested approaches. One of the most significant subjects in numerical
analysis after solving an equation with numerical methods is to analyze the numerical
method’s convergence to the precise answer and its error analysis to solve the problem.
As a result, the convergence of the function approximation is investigated using Legendre
wavelets by giving theorems. The absolute value of the error between the precise solution
and the approximate response generated from the numerical method is then introduced,
and finally, the numerical method’s error is analyzed. In the wavelets, there was a signif-
icant improvement. Orthogonal bases with desirable features may be established and the
difficulties connected to those spaces can be explored by introducing wavelets and their
related properties. An integrated framework and coherent theory for several approaches
and techniques were provided by the wavelet theory that has been presented and devel-
oped sequentially by different scientists in many disciplines [8, 9]. The term ”wavelet”
refers to a small wave. By applying approximate findings, a wavelet as a conversion is
sometimes a tool for showing information, functions, and operators that are better and
more efficient than other converters, such as the Fourier transform. Wavelets are used in

a variety of fields, including data and image compression, transient tracking, geology and
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earthquakes, marine and ocean sciences, noise cancellation, pattern recognition, histoly-
sis, fast computing, etc. [5, 20, 17]. Wavelets and wavelet operating matrices have been
explored by numerous scientists in the field of numerical analysis, and several issues in the
field of numerical solutions related to differential and integral equations have been studied
[10, ?]. Legendre wavelets are defined as a function of the mother wavelet by Legendre
polynomials. Wavelets are utilized in a variety of disciplines and applications, as described
in earlier chapters. The Legendre wavelet, for example, has been applied to the numeri-
cal solution of equations and systems of integral equations [25, 24, 29|, initial-boundary
value problems [26], differential equations with partial derivatives [11], differential elliptic
equations derivatives [31, 28], and fractional differential equations in numerical analysis
[1, 4]. In statistical mechanics, the Fokker-Planck equation is a partial differential equa-
tion that accounts for the time evolution of the density probability velocity function for
the particles influenced by drag and random forces. Brownian motion is described by
this equation, which may be extended to include observations expect for velocity [30, 2].
Previous research has suggested a technique for solving two-dimensional Fokker-Planck
equations for non-hybrid continuous systems using the finite difference approach, and the
proposed method’s stability and accuracy have been investigated. Many other articles
are written on the numerical solution of Fokker-Planck equations [23, 27, 7]. Fraction
calculations are now considered by many researchers. Fractional differential equations
are also used in various disciplines such as mechanics, physics, biology and engineering
[6, 21]. Due to the increasing application of this group of equations, special attention has
been paid to the numerical and precise methods of differential equations. Recently, the
use of fractional-order operational matrices to solve fractional-order differential equations
has been developed [15, 22]. Many important physical and mechanical problems lead to
fractional-order differential equations, but in practice a small number of these equations
can be solved analytically and their exact answers obtained. Therefore, we use numer-
ical methods to calculate their approximate answer [16, 13]. Using the Legendre-based
operational matrix method to solve differential equations of time fraction and convert it
into equations that can be solved with mathematical software is one of the advantages of
Legendre wavelet operation method. The biggest advantage of this method is the high
speed of convergence [14, 12]. The Legendre wavelet method is utilized in this study to
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solve the Fokker-Planck-Kolmogorov time-fractional differential equations in the following

way [23]:

1 0?
(1.1) Diu — —02:v2—u + (8—20%)

57 gy (80 u=Rx1)

ox
Initial conditions:

u(0,x)=fo (), u (0,z)=f1(z), 0<z<l1
Boundary conditions:

u(t,0)=go(t), w(t,1)=g(t), 0<t<1

R(z,t) Is the right side function of the equation, which is given for each equation.

2. PRELIMINIERIS

2.1. Riemann-Liouville Integral and fractional derivative. Suppose that n > 0
and fare continuous segments on the interval («, co) and are integrable on any finite sub-

interval (a, 00). Then, the fractional Riemann-Liouville Integral f for t>a of order n is

defined as

(21) 0= & [ =Ty f (T)dT

Which can also be displayed with the symbols I? or J . In addition, if f is continuous

on [a,t], then lim, ,, D" f () = f(t). Furthermore, the following equation can be true:

(2.2) aD;f (t) = f(t)

When n —m € N, the definition of (1-1) is compatible —m with -fold integral as follows:

aD;™ f (1 / dT, / N / U

:—(m_l)./a(t—T)m f(T)dT meN

Regarding m > 0 and v > —1, the integral from the defined real order in Equation (2.1)

(2.3)

has the following properties:

(v+1)

(2.4) LaD;"(t =)' = o

(t — )"t
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k
I1..D;"k = (t—a)",
(n+1)
If f(t) for t > a is continuous, then:
(2.5) LoD (D" ()= D" (WD (1) =a D" (1)

2.2. Caputo fractional derivative. Caputo defined a derivative operator in 1976 that
differs from previous derivatives in terms of characteristics. The symbol of this operator

is as , D} and is defined as

w1
(2.6) D= )

= aD; M ) (4

/t(t—T)m_”_lf(m)(T)dT (m—1<n<m)

On the conditions that n — m are exercised on the f function, then the Caputo derivative
transforms to the m® order derivative of the f(¢) function. Suppose that 0 < m — 1 <
n < m and function f(¢) have m + 1 continuous bounded derivative in the interval [a, t],
then by partial integration for each ¢ > a per m = 1,2, ..., we have:

£ (a) (t—a)™™
n—mey n—m (1’11 —n+ 1)

= " (a) + /t FO(T) AT = [ (1)

/ t (t = T)™ "™+ (T) dT)

3. RESEARCH METHOD

3.1. Legendre wavelets and Orthogonal system of block-pulse. In this section, at
first Legendre polynomials are defined on the interval [—1, 1], then they are translated
to the interval [0, 1]. We define Legendre wavelets based on Legendre polynomials and
finally introduce the operational matrix of Legendre wavelets. Legendre polynomials on

the interval [—1, 1] with the weight function w (t) = 1 are defined, recursively, as follows:

(3.1) Lo (t) =1,

(3.2) Ly (t) =t

(3.3) L =Y, =" :
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According to the Legendre polynomials on the interval [—1, 1], it is possible to translate
Legendre polynomials on the interval [0, 1], by applying changes in a simple variable, and

define them in the following way:
(3.4) Li(t)=L; (2t —1), 1=0,1, 2, ...

A set m is a member of the block-pulse functions on the interval [0.1) is defined as follows:

1 "
(3.5) bi<t>={ . me i

otherwise

Lemma 3.1. Legendre polynomials are pairwise Orthogonal [3]. That is,

(3.6) /IL*(t)L*(t)dt— L 0
' o ! 2041 0 i#7].

Legendre wavelets on the interval [0, 1) are defined as follows:

UL (2 — (25 + 1)), & <t < HL
(37> ’l/}’Lj (t) — 2 J ( ( J )) y 9k = ok

0, otherwiese

Where k, M € Nand j =0, 1, 2, ..., M —1,i=0, 1, 2, ..., 2¥ — 1 hold. Sometimes
the translated Legendre polynomials are used for the purpose of simplification and ease

of calculation, and the Legendre wavelets are defined as follows:

ok/2 2 1LY (2Kt —4), 4L <t < L

(39 pyy=] 2 VETI @), gt
0, otherwiese

Wherek’MENand:O7 17 27"'7M_17i207 17 2;,2k—1

For k, M € N | insert m = 2¥M and consider the column vector v, (t), m x 1 as follows:

Ui (t) = [Yoo (1), o1 (8) -+, Yoy (), W10 (&), Y () -,
Y1(m-1) ), ., w@k_l)o (t), ¢(2k_1)1(t)> SRR 7ﬁ(2k-1)(1\4—1)<t)]

Sometimes we insert n = tM + j + 1 for simplification of expression in indices of the

components of the above vector and rewrite the vector ¢,(t) as follows:

Um () = [U1, Yo, -y Uury Yarsr, Onigas - Yons - -

(3.9) .,
wM(2’“fl) + 1, ey ¢M(2k71) + 2, ceey QﬁM}
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:«[\]l—-}

LAC—:_L_...,
—
vl
= ow
L
5 =
g2 - &

] [ [T (1] [T
1

(A) dizgram (t) gy

&) dizgram () gq

(A) diagram (t) Wyy

(A) diagram (t) Yoy

' 4
e N 3
=1 4 a8
-‘D a2 os e as -‘ﬁ ar 1 os an 1& [1] [T] [T] [T] a ar 1 [ 1] (-1 ] 1
(A) diagram (t] Y, (A) diagram (t) ¥, (A) dizgram (t) Wqg (A) dizgram (t) oy
LY 4
‘ A ! ]
1 18|
3! .f\] 5 ; 3
- -2
-‘u [F] [T , 1] [T] -'D [F] [T \ [T 1] [F] [ \ [T o8 L] [F] [T} \ [T (1]
(A) diagram (1) g (A) diagram (t) Yy (A) diagram () g (A) dizgram (£} Yoo
L L
f ' "
B i g 7 B 2
:‘,1 o ;. :—, 8 &
- o3
*‘D ar o4 o8 oan 1 qD ar o4 os oan 1 -'D ar o4 o8 an 1 dé 0z a4 s on 1
(A} diagram (1} yrgp (A) diagram (1) g (A) diagram () ygq (A) dizgram (t) Y

F1GURE 1. Legendre wavelets diagrams for k =2 and M =4

3.2. Operational matrix of Legendre wavelets. The collocation meshless local points
oft=1, 2..., m, t; for m € N are defined as follows:

21

=1, 2, ...
om l ) 4 )

?

(3.10) ti

For k, M € N, the operational matrix of Legendre wavelets, is a square and invertible

matrix and of the order m = 28M that is defined as follows [3].

(3.11) Dpsim= (U (t1) Wi (t2) Ui (t3) ... Ui (t)],
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For example, when £ =1 and M = 4, the operational matrix of Legendre wavelets ®g, g

will be

[ 1.4142 1.4142 1.4142 1.4142
—1.8371 —0.6124 0.6124 1.8371
1.0870 —1.2847 —1.2847 1.0870
g — 0.2631  1.2570 —1.2570 —0.2631

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

—1.8371
1.0870

0 0
0 0
0 0

0 0
1.4142  1.4142

0.2631  1.2570

—0.6124
—1.2847

0

0

0

0
1.4142

0
0
0
0
1.4142

—0.6124 —0.6124
—1.2847 1.0870

—1.2570 —0.2631

and for k = 2 and M = 2, the operational matrix of Legendre wavelets ®gys will be

[ 9.0000

2.0000
—1.7321 1.7321
0 0
Psxs = ’ !
0 0
0 0
0 0
0 0

0 0

0 0
2.0000  2.0000
—1.7321 1.7321

0 0

0 0

0 0

0 0

—1.

o O N O o o o O

0
0
0
0
2.0000
321 1.7321

0
0

0

0

0

0
2.0000

0

2.0000
—1.7321

. -
0
0
0
0

0
2.0000
1.7321

3.3. Operational matrix of Legendre wavelet fractional integration. It is neces-

sary to have some appropriate properties in the multiplication of functions by each other

and the multiplication of corresponding approximations to solve with the non-linear sen-

tences when intending to solve the equation or system of nonlinear fractional differential

equations. Thus, we resort to the properties of block pulse function and their properties

, and use them for this purpose. At first, we expand the vector function of the Legendre

wavelet according to block pulse functions. The vector function of Legendre wavelet (3.6)

can be expanded with the help of the set including m number of the block pulse functions,

as follows:

(3.12)

Where: By, (t) = [bo (), b1 (t), ba(t),...

b1 ()] and b; (t) are block pulse functions .
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Proof. We start from the definition of U, (). According to the definition of the block-
pulse functions, since: ¢y, (t) = > ¥y (t;) b;(t), thus we have

Yy (1) _2?21 V1 (tn) bn (1) _7/11 (t1) b1 (t1) ... Y1(t1)| | ba(2)

b (8) = b2 (1) | _ > oitoUm (tn) ba(t) _ ) i) e vn ()] 02 (8) By By (1),

_wm (t)_ _ZT:l wm (tn) bn(t)_ ¢1 (tl) ¢1 (tl) cee ¢1 (tl)_ _bm (t)

(3.13) (1°W,,) (t) = P tbm (1) -

The matrix P¢

e m 18 called the Operational matrix of Legendre wavelet fractional inte-

gration [3]. we have:

(3.14) (IW,,) () = (I°PpsmBm) (t) = P (19B) (t) & Py F*Byyy (1)
Now, we have:

(3.15) P2t (8) = P BB (£) = @ By (1

Therefore, by inserting constant coefficients for B,, (t) in the above equation, the opera-

tional matrix of Legendre wavelet fractional integration will be obtained as follows

= (I)mmea(I)il

mxXm?

(3.16) pe

mXxXm

g

3.4. Approximation of functions based on Legendre wavelet. We approximate
the unknown function of the problem according to Legendre wavelets to solve the system
fractional differential equations using Legendre wavelets. In this section, we approxi-
mate an optional function according to Legendre wavelets. Each optional function of
f(t) € L?[0, 1) can be approximated according to Legendre wavelets. Assume that the

expansion of function f (t) according to the Legendre wavelets are as follows:
(3.17) ft)= Z Zcz’jwz’j (t)
=0 j=0
Forj’ € Z=°, optionali’, both parts of the equation (3.17) should be multiplied by vy (t).

then we have

(3.18) Yy () f (1) = Z > cijtbing (£) i (1)
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By integrating both parts of the above equation on the interval [0, 1), we have

1
/O¢i’j’ :Z chﬂﬁu 1/’1] )

(3.19) oo
:Z chj/ w’b‘] 1/11] )dt =Cyj
=0 7=0
Therefore, the coefficients of ¢;; for 4,5 =0, 1, 2, ..., will be obtained as [3].

(3.20) Cij = <f ( % / ¢1J

Since the calculation of the infinite set is impossible in practice, we approximate it as the

following infinite set:

2k—1 M-1 R
(3.21) ) ~ > ity (1) =CT (t) = f (1)

=0 7=0
Where:
(3.22)

T
C - |:COO, 001, “e ’COMfl’ 0107 6117 “ e ’Clel’ N ’C(Zk—l)O’ C(2k_1)1’ P ’C<2k—1)M—1:|

(3.23)

v (t) = |:w007 7w/}Ola s 7wOM71,7 1/}107 wlla cot 7¢1M717 s 7w<2k_1)07 w<2k_1>17 <. 71/j(2k_1)M_1:|T

and m = 2¥M . For simplification of expression we place n = iM + j + 1 in the indices

of the above vector, and write vectors C' and vy, (t) as follows:

T
(324) C - |:Cl, 02’ ey CM’ CM-‘,—l? CM+27 e 7C2M7 e 7CM(2k—1)+17 CM(2k_1>+2, e 7C7TL:|

(3.25)
T
v (t) = |:w17 ¢2a s 7¢M,7¢M+17wM+27 s ,'QZ)Q, s ’¢M(2k71)+1’r¢)M(2k71)+2’ s ad]m]

The function f(x,t) on the interval [0, 1] x [0,1] can be written using the rabies wavelet

as follows:
2k=11 p—1

(3.26) =) ) (@) T (1)
=0 j5=0

(3-27) Oi,j = (Ci,l,j,Oa Cilj 1y -3y CiljM—15- -+ Ciok=1505Cjok=151,. - aCi,Qkflj,M—ﬁ
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(3.28)
U (t) = (Y10 (), 1 (8) -y braros (8) -y thoimg (8) Wy (£) oy thor g ()T

Sometimes it may be very complicated or impossible to directly integrate a function and
use the equation (3.20). Now, we calculate the coefficients of ¢;; fori,j =0, 1, 2, ..., m—
1 with the help of the operational matrix of Legendre wavelets and collocation meshless

local points. For this purpose, we consider vector ﬁ; as :

(3.29) fo= [f @) F(t) f () )]s
Where the values presented by t; for ¢ = 1,2,...,m, are the collocation meshless local
points .

Lemma 3.2. If f (t) is the approzimation of the function f(t) introduced in equation
(3.21), then:

(3.30) fon = CT @,
Thus, the vector of coefficients of Legendre wavelets in f (t) in the equation (3.21) will be

(3.31) T = [,

mxXm*

Theorem 3.3. According to equation (3.21), we have

(332)  f(t)=CTn (1)

P (t)

Pa(t)

(333) = [Cl, Coy ..., C = Cﬂbl (t) + 027702 (t) + -+ Cm@Dm (t) .

m]

Um(t)

Therefore, vector f,, will be as follows:

—

Fo= | (0) F(02), F(t), ooy ()]

= [Clwl (t1> +-t mem (tl) AR ,Cl% (tm> +oeee A+ +mem (tm) ] .

(3.34)
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Furthermore, according to equation (3.11), we have:

Y1 (t)  Yu(ta) .- Y1 (tm)
Vo (t1)  Ya(ta) ... Y2 (tm)

CTOpm=1[c1 e ... cul
(3.35)

G (0 o (6) - o (1)
= [Cl¢1 (tl) + ot Cnn (t1> N X a1 (tm) + ot e (tm)] )

Thus, we conclude from the two equations (3.21) and (3.35) that:
(3.36) F= CTd,,.

Assume that function f (t) has been approximated according to Legendre wavelets in (3.21),
then according to equation (3.13), the fractional integration of o order of the function will

be calculated as
(I°f) (t) = (1°CTapy,) (1) = CT (I%nm) (t) = CT Py o (1) -

4. THE WAVELETS METHOD FOR SOLVING DIFFERENTIAL EQUATIONS OF

FOKKER-PLANCK-KOLMOGOROV FRACTIONAL ORDER

For the approximate solution of the Fokker-Planck-Kolmogorov fractional differential

equation, the Legendre wavelet method is explained as follows:

9%u

o 1 ou
(41) Dt u—502x2@+ (ﬁ—ZO'Q) l’a—x—F (6—0’2)’&: R(l’,t)

Initial conditions:
u(0,2)=fo (), u (0,2)=fi(zr), 0<z<l1
Boundary conditions:
u(t,0)=go(t), w(t,1)=g(t), 0<t<l1
R(z,t) Is the right-side function of the equation given for each equation. Consider:

4
0*u(t, x) o uT c

(42) axgatz me(x) me\IJme(t)

By twice integrating with t from both sides of equation (4.2) we have:

O*u(x,t)

(43) O e gy @)+ @AV () (I, (1)
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By twice integrating with x from both sides of equation (4.3) we have:

ou (t, ) _ ou (t, )

lo=0 + fo () + fo (0) + £ (fi (x) =31 (0)) +

(4.4) ox ox
(THY, ()" P (120 (£)
uy R0 (@)~ 0 0D+

t(fr (@) = f1(0) = 2f{ (0)) + (I Wy (@) Comscon (I* Ty (1))

Now by applying the boundary conditions and putting x = 1, we will have:

~u w@u (t,x) B ot
(46) u(t,1) ~u(t,0)+ oz lz=0 + (fo (1) — fo (0) — 2 f5 (0)) +

E(fr (1) = f1(0) = £1(0)) + (I Wpsm(1) Consem (12, .., (£))

Therefor:

(4.7)
du (t, z)

T‘x:o% 91 () = g0 (t) = (fo (1) = fo(0) = f5(0)) =t (f1 (1) — f1(0) — f1 (0))
= (PP (1) Conxn (P, (£) = K (1)
Now by placing K (t) in Equation (4.5) we have:

u(t,2)~ go (t) + 2K (t) + (fo (x) = fo (0) — 2f5 (0)) + ¢ (fi (x) — f1(0) — 2 (0))

(4.8) T
+ <I2 mexm (I)> mem(l2 l*pmxm (t))

Now we need the fraction derivative u(t, z) according to Equation (4.1). From Equation

(4.7) we derive the order fraction a with respect to :

« « « T —Q
(49)  Diu(t,)= Dig, (t) + DK () + (I* Vs ()" Consem (P70 (1))
And we will have:

(4.10) DYK (£)= D§'gy () =D gy (£) = (I Unn (1)) Conen (P2, (1))
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Now convert all approximations (/) to equals (=), and place equations (4.3), (4.4), (4.8)
and (4.10) in Equation (4.1), the following linear equation is obtained:

(4.11)

D g (t5) + 2 Df g (1) + (12 Wonsem (21))” Consermn (1270 (1)) — 502%’2

(f"0 (@) + 5 "1 (@) + U s (23) C (W2 (1)) + (8 — 20°)
(K (t;) + £ (@) — f3(0) + 15 (f1 (@) = f1(0)) + (T W (20)) T Cper (P2, (1))
+ (B —0%) (9o (t)) + 2K () + (fo () — fo (0) — i f5 (0)) +t;(f1 ()
— f1(0) =2 f{ (0)) A (I Wrnson (2)) " Conxon (17, (1)) = R (i, 1)

5. CONVERGENCE AND ERROR ANALYSIS

In this section, we analyzed the convergence of function approximation using Legendre
wavelets by providing some theorems, then we introduced the absolute value between
the exact answer and the approximate answer obtained by the given numerical methods,
and analyzed the error of the numerical method. The following theorem shows that the
function approximation based on Legendre wavelet converges to the function itself, and

also an upper bound is obtained for an absolute value of series expansion coefficients.

Theorem 5.1. Assume that f(t) is a continuous function on the interval [0,1) such that
the | f"(t)| <R holds. In that case, if the function is expanded to in the form of an infinite

set of Legendre wavelets, then the series consistently converge to the function f(t). That

18,

=0 j=0
Then
2V3R
(5'1) ’Cij’ < 5/2 . 2
(27)"7 (25 = 3)
Proof. See [29] for the proof. O

To examine and analyze the error of the given numerical method, function approxima-
tion using Legendre wavelets, the absolute error between the exact answer and approxi-

mate answer will be estimated and defined in the following ways.
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If the goal in the numerical method is to find the answer to u () for the given problem
(solving the equation or system fractional differential equations), the exact answer to the
problem is shown by Uegact(t) and the approximate answer to the problem for k, m € Z=°
will be shown with wuy p/(f), and the absolute error between the approximate and exact

answer in t, is calculated using the equation

(5.2) B (w(t) = [tezact (1) —urn(t) |,

However, the answer is often unknown. In this case, we calculate the approximate an-
swer to the problem for the two consecutive values (k, M) and (k + 1, M) or (k, M) and
(k, M +1) notate as uy(t), and wji1,0s (t) respectively. Thus, the absolute error be-

tween the two approximate answers in it for this state is defined as

(5.3) Er o (u(t)) = Jugar (1) —upgrn(t) |

Theorem 5.2. Assume that f(t) is a continuous function on the interval [0,1) with a
bounded second derivative, |f"(z)| < R, and frum () = 22 . Z] T e (t) provides

the approzimation of the exact answer, that is f(t), in that case, we have:

1/2
(5.4) Sk < 2V3R (Z 2 Z 2j — 3) )

12’“

Where

1/2

1

(55) 5k,m = (/ [ueatact (t) - uhM(t)]dt)
0

Proof. According to the definition of ¢y, and fj »s in the theorem, we have:

52, = /0 () — oty (0))2al
(5.6) 2k—1 M-1

5]%,7)1 :/ Z Z Cij¥is (1) dt
1=0 7=0

141

(5.7) /Z Z ¢ (i (1) dt = Z Z E2F ( 2j+1)/‘2k L (2% — i) dt.

7

=2k j=M i=2k j=M o2k
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We reuse the change made in the variable in proving the previous theorem is used again,

add the z = 2¥¢ — i and thus dt = ikdx. In this case, we have:

o0 o0

(5.8) 2.3 S @ / Ead=Y Y&

i=2k j=M =2k j=M

Thus, we can write:

(5.9) < 12R? (Z 27 Z 23_3 )

,Qk =M

And the proof ends. U

As for the case where the exact answer to the problem is unknown, the following theorem

indicates the accuracy and convergence of the method.

Theorem 5.3. Assume fyn (t) and fxi1 v (t) are two numerical answers to the un-

known function f(t), therefore the estimation of the 6y defined above is convergent

for k and M.

Proof. Considering the definition of fj as we have:

Exn (f) = fonr — frv1, ml = |(for — ) = (firr, 0 — )]
<|f = fea| + 1 = faerr, |l = B (F) + B (f)
We have:
(5.10) St = ||Exnl| E < || By + Efiml| B < || B || E + || Bl -
We find out that the norms HE;‘”MH E and HEk 4, MH E are convergent, thus the error
estimation of d »s is convergent. O
6. SOLVING NUMERICAL EXAMPLES

Numerical solutions and errors are calculated, evaluated, and provided in tables after
evaluating certain numerical instances with conditions of varying initial values. The

MATLAB software is used to solve all of the examples.

Example 6.1. In equation (1.1), by placing, =1.1 , f=1,0=02, m=3, k=2,
Initial conditions:

u(0,2)=0, u(0,2) =0, 0<z<1
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TABLE 1. Example 6.1 error,
02, m=3,k=2

by placing, ¢ =

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

5.11%1071°

2.18*10710

5.10%10~ 11

6.32%10~1!

2.08%10~ 1

3.13,3.13

4.02%1078

1.84*1078

2.34*%1078

5.47%1078

4.06%1078

3.64*107°

1.52*%1076

1.82%1076

4.19%1076

5.28%1076

7.13,7.13

2.74*%107°

2.01*107°

3.01%107°

2.94*107°

3.64%107°

9.13,9.13

3.19%107*

3.84*1074

4.62*107*

6.38%10~*

4.15%107*

(z,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

N1.59%107

1.04*1077

2.14*1077

3.55%107"

2.07*¥10~ 7

Boundary conditions:

w(t,00=0, wu(t,1)=0 0<t<1

The right-side functions of the equation:
2 1 9 o 2 2,2
R(t,x) = TG=a) + 5(0:5157?) + (8 —0*)t? ) sin(wz) + (8 — 2(0)")t*wmcos(rz)

Example

6.1 is solved by the Legendre wavelet method for,a =11 , =1,0 =02, m=3, k=2

The accurate answer of this equation in example 6.1 is u (¢, ) = t*sin (7z) .

and its error is presented in Tables land 2.

FiGURE 2. Relation of B and error for example 6.1 for « = 1.1, 3 =
1,0=02, m=3,k=2
The method of numerical solution for « = 1.1, g =1,

presented in Table 3 , 4.

c=02,m=3, k=2is
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TABLE 2. Example 6.1 error,
02, m=4,

k=3

by placing, «

= 11,8 =

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

5.02*%1071°

2.02*10710

5.02%10~1

6.10*10~ 1

2.01*10~ 11

3.13,3.13

4.00%1078

1.77%107®

2.22%1078

4.19%10°8

4.00%1078

3.52%107¢

1.48%1076

1.67*1076

4.10%1076

5.12*%1076

7.13,7.13

2.10%107°

2.00%107°

2.88%107°

2.45%107°

3.23*%107°

9.13,9.13

3.08%107*

3.66%10~*

4.38%1074

6.05%10~*

3.82%1074

11.13,11.

(z,

( )
( )
(5.13,5.13)
( )
( )
( 1

L.51%1077

1.02%1077

2.11%1077

3.34*%10°7

2.00%10~7

FIGURE 3. Approximate and exact solution, respectively for example 6.1

fora=11,8=1,0=02, m=3,k=2

Initial conditions:

Boundary conditions:

u(0,2) =0,

u(t,0)=

t3

ug (0, )

w (t,1) = et?,

=0, 0

Example 6.2. The numerical solution of the following equation:

In equation (1.1), by placing aa=11,8=05,0=02,m=3,k=2

<zx<l1

0<t<1

73
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TABLE 3. The numerical solution of example 6.1 by placing, «a =
1.1,8=1,0=02, m=3,k=2

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

2.55%10~*

2.54*1074

2.54*107*

2.53%1074

2.53%10~*

3.13,3.13

3.84*%1073

3.83%1073

3.83%1073

3.82%1073

3.82%1073

1.64*1072

1.63*1072

1.63*102

1.62*%1072

1.62%1072

7.13,7.13

1.79%102

1.78%1072

1.78%1072

1.76%¥1072

1.76%102

9.13,9.13

2.13%1072

2.12%1072

2.12%1072

2.11*1072

2.11%1072

(z,

( )
( )
(5.13,5.13)
( )
( )
(11.13,11.1

B.18%1072

3.18*1072

3.17*1072

3.17*1072

3.16%1072

TABLE 4. The numerical solution of example 6.1 by placing, «
11,83=1,0=02,m=4,k=3

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

2.87*%10~*

2.41*107*

2.88%10~4

2.36*%104

2.66%10~*

3.13,3.13

3.92%1073

3.64%1073

3.90%1073

3.67%1073

3.74%1073

1.71%1072

1.60*102

1.75%1072

1.54*1072

1.53*%1072

7.13,7.13

1.66*102

1.55%1072

1.83*102

1.58*1072

1.62%1072

9.13,9.13

2.10%1072

2.01*1072

2.01*1072

2.00%1072

2.00%1072

(2,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

$.08%102

3.03%1072

3.11%1072

3.03%1072

3.08%1072

The right-side functions of the equation:

(L) s 1

The accurate response to this equation in example 6.2 isu (¢, z) = t3¢*. Example 6.2 is

solved by the Legendre wavelet method fora=1.1,8=05,0=02, m=3,k =

20263 + (B — 202)at® + (B — 02)253) e”

2 and its error has been shown in Table 7 , 8.
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TABLE 5. The exact solution of example 6.1 by placing, a« = 1.1, 3 =
1,0=02, m=3,k=2

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

2.44*107*

2.43%107*

2.43*%107*

2.42*%1074

2.42*%107*

3.13,3.13

3.80%1073

3.80%1073

3.80%1073

3.81*%1073

3.81%1073

1.59*102

1.59%1072

1.59*102

1.58%1072

1.57%1072

7.13,7.13

1.76%10~2

1.75%1072

1.75%1072

1.74%1072

1.73*1072

9.13,9.13

2.19%102

2.18%1072

2.15%102

2.14*1072

2.14*%1072

(z,

( )
( )
(5.13,5.13)
( )
( )
(11.13,11.1

B.12*¥1072

3.12%1072

3.11%1072

3.11%1072

3.10%1072

TABLE 6. The exact solution of example 6.1 by placing, a« = 1.1, 3
1,0=02, m=4,k=3

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

2.41%10~*

2.41*%10~*

2.40*%10~*

2.41*%10~*

2.40%10~*

3.13,3.13

3.77%1073

3.77%107°

3.77%1073

3.78%107°

3.78*%1073

1.54*%1072

1.55%1072

1.55%1072

1.53*1072

1.52%1072

7.13,7.13

1.71%1072

1.69*10~2

1.71%1072

1.69*10~2

1.71%1072

9.13,9.13

2.03%1072

2.04*1072

2.05%1072

2.05%1072

2.04*1072

)
)
)
)
)
1

(2,
(
(
(5.13,5.13
(
(
(11.13,11.

B.18%1072

3.18*1072

3.17*¥1072

3.17%1072

3.16%¥1072

0.5

FiGURE 4. Relation of B and error for example 6.2 for « = 1.1, 3 =
,o0=02, m=3,k=2

75
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TABLE 7. The error of example 6.2 by placing, a =11,3=0.5,0 =
02, m=3,k=2

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

4.52%1078

5.41%1078

5.19%1078

4.99%108

5.55%1078

3.13,3.13

3.76¥1076

4.12*%10°6

4.63*¥107"

4.47%1076

4.34*%1076

2.91*%107

3.04%107°

5.33%1078

3.12%1078

3.17*1078

7.13,7.13

2.74*%1074

2.14*1074

3.55%10~*

2.39%10~4

2.37*%10~*

9.13,9.13

3.21*1074

3.01%10~4

4.12%107*

4.19%10~*

4.20%107*

(«,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

N.18*%1073

1.44*%1073

2.01*1073

1.67*¥1073

1.33*%1073

k=3

TABLE 8. The error of example 6.2 by placing,
02, m=4,

a=11,8=05,0

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

4.33*1078

5.35%107®

5.10%1078

4.88*%10®

5.34*%1078

3.13,3.13

3.66%107°

4.10%1076

4.52%1077

4.16*¥1076

4.23*1076

2.80%107?

3.00%107?

5.12*%1078

3.10*%1078

3.01%1078

7.13,7.13

2.63*%10~*

2.23%107*

3.47%107*

2.23%107*

2.31*%107*

9.13,9.13

3.10%1074

3.08%1074

4.01%1074

4.25%1074

4.18%1074

(

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

1.07%¥107°

1.39%1073

2.01*1073

1.60*1073

1.27%1073

In Table 9, 9, the numerical solution method fora =1.1,8=05,0=02,m =
3 , k = 2 has been shown.

Example 6.3. The numerical solution of the following equation:

In equation (1.1), by placing , « =1.1 , §=05,0=02 m=3, k=2
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16— —

14
12
! -~
0.8 o

06 oo

a4
0.2
[

0.2

0 0.2 o4 0.6 0.8 1

FIGURE 5. Approximate and exact solution, respectively for example 6.2
fora=11,8=05,0=02, m=3,k=2

TABLE 9. The numerical solution of example 6.2 by placing, a =
11,8=05,0=02, m=3,k=2

x,t) a=1.1 a=1.3 a=1.5 a=1.7 a=1.9

5.55%107* | 5.54*107* | 5.53*107* | 5.52*¥107* | 5.55%107*

2.84*%1073 | 2.83*%1073 | 2.82*%1073 | 2.82*¥107% | 2.81*1073

3.28%1072 | 3.27*1072 | 3.26%1072 | 3.25%1072 | 3.25%102

1.13%¥107% | 1.12%1072 | 1.11*1072 | 1.11*1072 | 1.10*10~2

(

( )

( )

(5.13,5.13) | 1.55%1072 | 1.54*1072 | 1.53%1072 | 1.53*1072 | 1.51¥102
( )

( )

( 1

11.13,11.13)7.18*%1072 | 7.17*1072 | 7.16%1072 | 3.16*107% | 3.15*10~2

Initial conditions:
u(0,2)=0, u(0,2)=0, 0<z<1

Boundary conditions:
uw(t,0)=0, u(t,1)==sin’z, 0<t<1

The right-side functions of the equation:

I (4)

(F (4—a) £+ (8 — o*)t%)sin’x — 02x2t3608(2x) + (8 — o?)at’sin(2x)

R(t,x) =

T
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TABLE 10. The numerical solution of example 6.2 by placing, o =
1.1,8=05,0=02, m=4,k=3

x,t) a=1.1 a=1.3 a=1.5 a=1.7 a=1.9

5.16%107* | 5.18*¥107* | 5.17*10~* | 5.17*10~* | 5.22*10~*

2.66%1073 | 2.66%1072 | 2.64*1073 | 2.63*1072 | 2.64*1073

1.47%107% | 1.46%1072 | 1.46%1072 | 1.47*1072 | 1.45%10~2

1.48%107% | 1.47%1072 | 1.46%107% | 1.46*1072 | 1.45%10~2

)
)
)
7.13,7.13) | 3.33%1072 | 3.32%1072 | 3.31%1072 | 3.30%1072 | 3.30*10
)
1

77.30%¥1072 | 7.29%1072 | 7.28%107% | 3.27*1072 | 3.26%10*

TABLE 11. The exact solution of example 6.2 by placing, « =1.1, 8 =
05,0=02, m=3,k=2

x,t) a=1.1 a=1.3 a=1.5 a=1.7 a=1.9

5.12%107% | 5.12%107* | 5.11*%107* | 5.11*10~* | 5.12*10~*

1.32%¥107% | 1.33*1072 | 1.33*¥107% | 1.32*1072 | 1.31*10~2

)

3.13,3.13) | 2.42%1073 | 2.43%¥1073 | 2.43*¥1073 | 2.42*¥10~% | 2.42*%1073
)
) [3.22%1072 | 3.21%¥1072 | 3.20%¥1072 | 3.20¥1072 | 3.21*10~2

9.13,9.13) [ 1.32%¥1072 | 1.30*1072 | 1.30*1072 | 1.30*¥102 | 1.29%10~2

11.13,11.13)7.08*%1072 | 7.07*1072 | 7.06*1072 | 3.06*1072 | 3.05*10~2

The accurate response to this equation in example 6.3 isu (¢, x) = t3sin®z . Example 6.3
is solved by the Legendre wavelet method fora=1.1, =05, 0=02, m=3, k=2

and its error has been shown in Tables 13 , 14.
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TABLE 12. The exact solution of example 6.2 by placing, a«a =1.1, 8 =
0.5,0=02, m=4,k=3

3,

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

5.19%107*

5.18%107%

5.19%107*

5.18%107%

5.19%107*

2.49%1073

2.50%1073

2.48%1073

2.48%1073

2.49%1073

1.44*%1072

1.44*%1072

1.40*%1072

1.43*%1072

1.43%1072

3.21%1072

3.22%1072

3.20%1072

3.20%1072

3.20%10~2

1.45%1072

1.45%1072

1.45%1072

1.46*1072

1.46*1072

77.22%1072

7.25%1072

7.25%1072

3.22%1072

3.24%1072

TABLE 13. The error of example 6.3 by placing,
02, m=3,k=2

a=11,8=05,0

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

3.52%1078

5.85%107®

5.19%1078

4.84*1078

5.60%107®

3.13,3.13

3.18*1076

4.24*1076

4.63%10°7

4.55%1076

4.23*1076

2.91*%107°

3.11%107°

5.02%¥1078

3.11%1078

3.27%1078

7.13,7.13

2.45%107*

2.20%10~4

3.44*1074

2.44*%10~4

2.21*%107*

9.13,9.13

3.39*10~*

3.21%1074

4.19%107*

4.45%10~%

4.37%1074

(z,

( )
( )
(5.13,5.13)
( )
( )
(11.13,11.1

1.71%1073

1.59*1073

2.11%¥1073

1.55%1073

1.47%1073

k = 2 has been shown.

In Table 15 , 16 the numerical solution method for a = 1.1 ,

B=05,

c=02 m=
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TABLE 14. The error of example 6.3 by placing, a =11, 3 =0.5, 0 =
02, m=4,k=3

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

3.71%1078

5.75%107®

5.55%1078

4.72%1078

5.55%1078

3.13,3.13

3.32%1076

4.10%1076

4.24*%10°7

4.23%1076

4.10%1076

2.77%107°

3.58%1077

5.10%1078

3.47*107®

3.33*1078

7.13,7.13

2.44*107*

2.47%107%

3.23*107*

2.32%1074

2.30*%10~*

9.13,9.13

3.41*1074

3.45%107*

4.10%10~*

4.21*%107*

4.33%1074

(z,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

1.85%107°

1.69*1073

2.23%1073

1.63*1073

1.59*1073

_w-“"/.-

0

FIGURE 6. Relation of B and error for example 6.3 for « = 1.1, 3 =
05,0=02, m=3,k=2

2

1.5

0.5

0 0.2

04

0.6 0.8 1

FIGURE 7.
fora=11,8=05,0=02, m=3,k=2

Approximate and exact solution, respectively for example 6.3



SOLUTION OF FOKKER-PLANCK-KOLMOGOROV DIFFERENTIAL EQUATIONS 81

TABLE 15. The numerical solution of example 6.3 by placing,
11,8=05,0=02, m=3,k=2

o =

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

5.47%107*

5.42*%1074

5.77%1074

5.78%107*

5.44*%1071

3.13,3.13

2.75%1073

2.76%1073

2.75%1073

2.74*%1073

2.79%1073

1.62%1072

1.67*1072

1.54*%1072

1.72*%1072

1.47%1072

7.13,7.13

3.31%1072

3.33%1072

3.36%1072

3.36%1072

3.33*%1072

9.13,9.13

1.19%1072

1.28%1072

1.01*%1072

1.22%1072

1.19%1072

(z,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

J7.63%1072

7.37%1072

7.42%1072

3.43%1072

3.01%1072

TABLE 16. The exact solution of example 6.2 by placing, a =

05,0=02,m=3,k=2

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

5.88%107*

5.85%10~*

5.80%10*

5.82%1074

5.84*%1074

3.13,3.13

2.64*1073

2.69*%1073

2.64*1073

2.65%1073

2.66%1073

1.74*102

1.75%¥1072

1.76%¥10~2

1.74¥1072

1.73%¥1072

7.13,7.13

3.49%1072

3.49%1072

3.46*1072

3.44*%1072

3.44*%1072

9.13,9.13

1.23%1072

1.25%1072

1.20%1072

1.23*%1072

1.34*%1072

(2,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

77.55%1072

7.50%1072

7.49%1072

3.45%1072

3.44*1072

7. DISCUSSION AND CONCLUSION

Wavelets are one of the useful tools for numerical analysis of equations. The Legendre
wavelet is used to solve fractional differential equations and systems. The Legendre
wavelets have been introduced in this study. To do this, Legendre polynomials were ini-
tially developed, followed by the identification of Legendre wavelets and Legendre wavelet
operating matrices, and finally, the method of approximation of functions in terms of

Legendre wavelets. The Fokker-Planck-Kolmogorov fractional differential equations were
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solved using the Legendre wavelet fractional integral operational matrix. The numeri-

cal approach was provided with a theorem after solving the aforementioned equation, and
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TABLE 17. The numerical solution of example 6.3 by placing, o«
1.1,8=05,0=02, m=3,k=2

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

5.40%107*

5.40%107%

5.42*%1071

5.43%107%

5.44*%1071

3.13,3.13

2.68%1073

2.69*1073

2.68%1073

2.69*1073

2.68%1073

1.55%102

1.52%1072

1.52%1072

1.55%1072

1.54*%1072

7.13,7.13

3.09%1072

3.10%1072

3.10%1072

3.10%1072

3.10%1072

9.13,9.13

1.25%1072

1.24*%1072

1.24*%1072

1.25%1072

1.25%1072

(z,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

J7.80%1072

7.82%1072

7.82%1072

3.83%1072

3.80*1072

TABLE 18. The numerical solution of example 6.3 by placing, «
1.1,8=05,0=02, m=4,k=3

t)

a=1.1

a=1.3

a=1.5

a=1.7

a=1.9

1.13,1.13

5.36%107*

5.37%107*

5.35%107*

5.36*%10~*

5.37¥107*

3.13,3.13

2.52%1073

2.53%1073

2.24*1073

2.23*1073

2.25%1073

1.61%1072

1.62*1072

1.63*%1072

1.62*1072

1.62*102

7.13,7.13

3.22%1072

3.24%1072

3.23*%1072

3.24%1072

3.25%1072

9.13,9.13

1.19%1072

1.20%1072

1.20%1072

1.19%1072

1.21%1072

(2,

( )
( )
(5.13,5.13)
( )
( )
( 1

11.13,11.

7.44%1072

7.44%102

7.45%1072

3.34%102

3.35%1072

error was analyzed.
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