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ABSTRACT. A topological space X is called a U-space if any two disjoint cozero-sets can
be separated by a clopen set. The paper introduces and studies two new subclasses of
U-spaces, which generalize the classes P-spaces and basically disconnected spaces. Some
algebraic and topological characterizations of the new spaces are given. The relationship
between these spaces is described and some counterexamples are presented which show

that these spaces are different from each other.

1. Introduction

Several methods exist for constructing new topological spaces from old ones, e.g., prod-
ucts, sums, quotients, and projective limits. In this paper, during our investigations on
U-spaces, we considered a new approach for constructing new spaces, and we hope the
work we do here might enable interesting future research. Let us explain the basic idea
of the work. We were led to the topic of this paper by thinking about the zero-set and
cozero-set of a continuous function f : X — R, that is, Z(f) = {z € X : f(z) = 0} and
coz f = X \ Z(f) respectively. It is known that the properties of some topological spaces
can be expressed using zero-sets. For instance, a space X is said to be a P-space, if
every zero-set in X is open or equivalently if every cozero-set in X is closed. For another
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example, a space X is said to be basically disconnected if every cozero-set in X has an
open closure. Let us take a moment to write more explicitly about our idea in this study.

First suppose that f € C(X), where C(X) will henceforth denote the ring of all real-
valued continuous functions on a completely regular Hausdorff (i.e., Tychonoff) space
X. As in [13], we denote the positive part of f by pos f = {x € X : f(x) > 0} and the
negative part of f by neg f = {x € X : f(x) < 0}. Tt is easy to see that pos f and neg f
are cozero-sets, in fact coz(f~) := coz(f — |f]) = neg f, coz(f*) := coz(f + | f|) = pos f,
and coz f = pos f Uneg f. The converse is also true, i.e., every cozero-set is a positive
or negative part of an element of C'(X). To this end, for each f € C(X), we have
coz f = pos|f| = neg(—|f]). The motivation for this paper comes from the following
question: Is it possible to describe spaces characteristics by using at least one part of
coz f?7 For the main purposes of this paper, we are going to investigate the spaces X such
that either pos f or neg f is closed (has an open closure) for each f € C'(X). In comparison
with P-spaces and basically disconnected spaces, let us call them semi-P-space and semi-
basically disconnected spaces. More precisely, we call a space X a semi-P-space (resp.,
semi-basically disconnected space) if for each f € C(X) either pos f or neg f is closed
(resp., has an open closure).

The paper is organized as follows: In Section 2, we present a thorough list, including
some new equivalences for U-spaces, in hopes that there will be a better understanding
of this interesting class of spaces. In Section 3, we give some algebraic and topological
characterizations for a space X to be a semi-P-space and we observe that semi-P-spaces
are precisely F-spaces in which all but at most one point is a P-point. In Section 4, we do
the same for a semi-basically disconnected space. Finally, the short Section 5 devotes to
a diagram concerning the relations between these spaces and we present counterexamples
to show that these spaces are different.

Throughout this paper, all topological spaces are completely regular Hausdorff (i.e.,
Tychonoff) spaces, and rings are commutative with 1 # 0. The annihilator of a subset
A of a ring R is denoted by Ann(A) = {r € R|rA =0}. Following the tradition, we
use Ann(a) for Ann({a}). When Ann(a) # 0, we say a is a zerodivisor; otherwise, we
call it regular (i.e., non-zerodivisor). For each subset S of a ring R, let Ps (resp., Mg)
be the intersection of all minimal prime (resp., maximal) ideals containing S. Every
maximal ideal of C'(X) is precisely of the form M? = {f € C(X) :peclgxZ(f)}, p €
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X, where BX is the Stone-Cech compactification of X, see [13, Theorem 7.3]. The
prime ideals containing a given prime ideal form a chain, so that every prime ideal is
contained in a unique maximal ideal M?, for a unique p € 5X; and the intersection of all
the prime ideals contained in MP? is the ideal O = {f € C(X) : p € intpxclsgx Z(f)} =
{feC(X):gf =0,for someg € C(X)\ MP}. For a subset A C X, M* (resp., O4) is
the intersection of all MP (resp., OP), where p runs through A. In particular, if A C X,
we denote M4 (resp., O) by My (resp., O4). In case A = Z(f) for some f € C(X),
M, is denoted by M and it is the intersection of all maximal ideals containing f. In
fact, My = {g € C(X) : Z(f) € Z(g)}. Similarly, the intersection of all minimal prime
ideals of C'(X) containing f is denoted by Py and it is easy to see that Py = {g € C(X) :
intx Z(f) Cintx Z(g)}. We recall that vX is the Hewitt realcompactification of X and

the reader is referred to [13] and [20] for undefined terms and notations.

2. A history of U-spaces

This section gives an account of the class of U-spaces. In Theorem 2.1, we give a list of
characterizations of U-spaces. Most are old theorems but some new ones are also included.
For completeness, we shall define most of the necessary concepts. To that end, we begin
with the definition of a U-space.

A space X is called a U-space if for every f € C'(X), there is a unit u of C(X) such that
f =ul|f| (whence |f| = uf). The definition of U-space is due to Gillman and Henriksen
[14]. The class of U-spaces includes basically disconnected spaces (e.g., P-spaces and
extremally disconnected spaces). In [14, Theorem 5.5], it is proved that a space X is a
U-space if and only if it is a strongly zero-dimensional F-space. To give an exposition of
[14, Theorem 5.5], we recall some definitions and facts below.

Recall that a space X is an F-space if every cozero-set in X is C*-embedded, for more
details, see [14, p. 208]. A ring R is called Bézout if every finitely generated ideal is
principal. It is well-known that C'(X) is a Bézout ring if and only if X is an F-space, see
[14, Theorem 14.25]. Conditions equivalent to C'(X) being a Bézout ring are given in [4,
§5]. A space X is strongly zero-dimensional if for every pair of disjoint zero sets, Z; and
Zs, there is a clopen set B such that Z; C B and Zo N B = (). It is known that a space X
is strongly zero-dimensional if and only if SX is zero-dimensional. A ring R is exchange if

for any a € R there exists an idempotent e € R such that e € aR and 1 —e € (1—a)R, see
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[16] for more details. A ring R is said to be clean if each x € R can be written as z = u+e
where u is a unit and e is an idempotent. Nicholson [24] proved that an abelian ring (a
ring in which all idempotents are central) is clean if and only if it is exchange. A ring R is
called a Gelfand ring (also known as pm-ring [10]) if every prime ideal of R is contained
in a unique maximal ideal. The rings C(X) constitute an important class of Gelfand
rings [13, Theorem 2.11]. In [17, p. 201], Johnstone proved that a commutative ring R
is an exchange ring if and only if R is a Gelfand ring and Max(R) is zero-dimensional.
Consequently, C'(X) is a clean ring if and only if X is strongly zero-dimensional. This
characterization was rediscovered two decades later by some authors with different proofs,
see [3, 6, 17, 22, 26].

Before presenting the main result of this section, we recall the definition of an almost
p.p. ring [2]. A ring R is called an almost p.p. ring if for each a € R; the annihilator
ideal Ann(a) is generated by its idempotents (the terms almost weak Baer [25] and feebly
Baer [18] are also used).

We are now ready to state the promised theorem.

Theorem 2.1. The following statements are equivalent:

1) X s a U-space.

2) X s a strongly zero-dimensional F'-space.

4
5) If U and V are cozero-sets with U NV =), then U and V can be separated by a

(1)

(2)

(3) C(X) is a clean Bézout ring.

(4) C(X) is an almost p.p-ring.

(5)

clopen set.

(6) For every f € C(X) and g € Ann(f), there exists an idempotent e € Ann(f) such
that g = eg.

(7) For every f € C(X), there is an idempotent e of C(X) such that f = (2e — 1)|f].

(8) For every f € C(X), there is an idempotent e of C(X) such that f = —(2e—1)|f].

(9) For every f € C(X), pos f and neg f can be separated by a clopen set.

Proof. (1) < (2) It follows from [14, Theorem 5.5] (or [18, Theorem 5.7]).
(2) < (3) This is clear by the comments before the theorem.

(1) & (4) It follows from [2, Theorem 2.4].

(1) & (5) It follows from [7, Proposition 4.5].
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(4) < (6) It follows from [25, Lemma 1.2 and Proposition 1.3] (or [18, Theorem 2.13]).
(6) = (7) Let f € C(X). From (6), there exists ¢ = e such that (f — |f])e = 0 and
f+1fl = (f +|f])e. Hence, we have fe = |fle and f + |f| = fe + |f|e. Thus, we infer
that f+ |f| = |fle + |fle = 2|f|e. This yields that f = (2e — 1)|f]|, as desired.

(7) = (1) Tt follows from the fact that (2¢ — 1)? = 1 for each idempotent e.

(7) < (8) It suffices to take ¢’ =1 —e.

(7) < (9) It follows from the fact that f = (2e — 1)|f] if and only if neg f C Z(e) and
pos f C X\ Z(e), for any f and e = e. O

3. Semi-P-spaces

In the context of C'(X), a P-space is one of the topology’s most important notions ever
introduced. A point 2 € X is called a P-pointif x € Z(f), f € C(X) implies x € intx Z(f)
and X is said to be a P-space if every point of X is a P-point. Thus a space X is a P-space
if every zero-set of X is open or every cozero-set in X is closed. Conditions equivalent to
a space being a P-space are given in [13, 4J and 14.29] and [4, §3]. It is known that X
is a P-space if and only if C'(X) is a von Neumann regular ring, see [13, 4J(8)]. Recall
that an element a in a ring R is called von Neumann regular if a = a*b for some b € R,
or equivalently, if there are a unit v € R and an idempotent e € R such that a = ue, see
[11, Corollary 1] for example. A ring R is called von Neumann regular if every element is
von Neumann regular.

As we mentioned in the introduction, we say a space X is a semi-P-space if for each
f € C(X), either pos f or neg f is closed. Since every cozero-set is the positive (negative)
part of an element of C(X), obviously, every P-space is a semi-P-space. However, the
converse is not true, see Example 5.1(3). Our aim here is to provide some characterizations
of semi-P-spaces and using them we observe that semi- P-spaces coincide with Pp-spaces
introduced in [5]. To achieve this goal we first prove a preliminary lemma. Next, we

introduce the concept of “semi-z-ideals” as a generalization of z-ideals.

Lemma 3.1. The following statements hold.
(1) X is a P-space if and only if for each f € C(X), Z(f + |f|) and Z(f —|f]) are

open.
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(2) For f € C(X), Z(f) is open if and only if there are a unit w and an idempotent
e such that f = ue.

(3) For each f € C(X), Z(f + |f|) is open if and only if there is an idempotent e of
C(X) such that f = (2 — 1)|f| and Z(fe) is open.

(4) For each f € C(X), Z(f — |f]) is open if and only if there is an idempotent e of
C(X) such that f = —(2e — 1)|f| and Z(fe) is open

Proof. (1) The left-to-right implication immediate and the converse follows from the fact

that Z(f) = Z(f +[fD O Z(f = 1f]).
(2) Assume that Z(f) is open. Define

u(x):{ 1 v € Z(f)
1z g 2(f)

Obviously, u is a unit and f?u = f. Let e = fu. It is clear that e is an idempotent and
eu™! = f, as desired. Conversely, if f = ue, we deduce that Z(f) = Z(e) and so Z(f) is
open.

(3) Assume that Z(f + |f]) is open. There are a unit v and an idempotent e such that
f+|f| = ue by part (2). Since f — |f| € Ann(f + |f]), we have (f — | f|)ue = 0, whence
(f = |fDe = 0. Hence, fe —|f|le =0 which implies that f + |f| = 2e|f|. From this, we
conclude that f = (2e — 1)|f| and Z(f + |f|) = Z(ef) is open. For the converse, we have
[+ 1fl=2e|lf|. From Z(f + |f|) = Z(fe), we infer that Z(f + |f|) is open.

(4) The proof is similar to (3). O

Recall that an ideal I of C'(X) is a z-ideal if f € I, g € C(X) and Z(f) C Z(g) imply

that g € I. The notion of z-ideals was first introduced by Kohls [19]. More information
about z-ideals can be found in [13] and [21].

Definition 3.2. We say an ideal I of C'(X) is a semi-z-ideal if for every pair of elements
f,g € C(X), one of the following conditions hold:

(1) Z(f +If]) € Z(g + |gl) and f +[f| € I imply that g + |g] € I.

(2) Z2(f —If) € Z(g —lgl) and f — | f| € I imply that g — |g| € 1.
These are equivalent to saying respectively that:

(1') posg C pos f and f + |f| € I imply that g+ |g| € I.

(2') negg Cneg f and f — |f| € I imply that g — |g| € I.
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Obviously, every z-ideal is a semi-z-ideal. However, the following example shows that
the converse is not true in general. Before giving the example, let us recall that an ideal
I of C(X) is pseudoprime if for f,g € C(X), fg =0 implies f € I or g € I, see [15, 3.1].
Clearly, every prime ideal of C'(X) is pseudoprime. However, the converse is not true, see
[15, 4.5 and 4.6].

Remark 3.3. We may also define semi-z-ideal in C'(X) as follows: An ideal I of C(X)
is a semi-z-ideal if for every f,g € C(X) with f+|f|, f — |f| € I, whenever Z(f + |f|) C
Z(g+lg]) and Z(f — |f]) € Z(g — |g|), then either g+ |g| € I or g — |g| € I. Using
this form of the definition, it is easy to see that every pseudoprime ideal of C'(X) is a

semi-z-ideal.

Example 3.4. Take a prime ideal P that is not a z-ideal, see for example [13, 2G.1]. It

is clear that P is a semi-z-ideal that is not a z-ideal.

The following example establishes the existence of an ideal of C'(X) that is not a semi-

z-1deal.

Example 3.5. Let i be the identity function in C'(R). We claim that the principal ideal
I =< i > is not a semi-z-ideal. Assume, for a contradiction, I is a semi-z-ideal. We
note that posi = poss® and negi = negi® and * + |¢*| € I. By [13, 2H], i + |i| ¢ I and

i —|i| ¢ I because ¢ £ |i| are not differentiable at 0. That is a contradiction.

We are now able to prove the following. First from [5], whenever, of any two zero-sets
of a space X whose union is all of X at least one is open, then we call the space X a
Pr-space. It is shown in the same reference that any Pgr-space is precisely an F-space in
which all but at most one point is a P-point, see Theorem 2.4 in [5]. Using Proposition 2.5

in [5] and the following theorem, every pseudocompact (compact) semi- P-space is finite.

Theorem 3.6. The following statements are equivalent:
(1) X is a semi-P-space.
(2) For each f € C(X), either Z(f — |f|) or Z(f +|f]) is open.
(3) X is an F-space in which at most one point fails to be a P-point.
(4) For each f € C(X), either pos f or neg f is C-embedded.
(5) For each f € C(X), either f —|f| € Oz or f+|f] € Ozy)-
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(6) For each f € C(X), there is a unit u € C(X) such that u is constant on Z(f) and
f=ulfl

(7) For each f € C(X), there is an idempotent e € C(X) such that e or 1 — e belongs
to My and f = (2e — 1)|f|.

(8) Ewvery ideal of C(X) is a semi-z-ideal.

(9) For each f € C(X), there is an idempotent e of C(X) such that f = (2¢ — 1)|f]
and either Z(fe) or Z(f(1 —e)) is open.

(10) vX is semi-P-space.

Proof. (1) & (2) It follows from the fact that coz(f—|f|) = neg f and coz(f+|f|) = pos f,
for each f € C(X).

(1) = (3) = (2) Assume (1) and Z(f)U Z(g) = X, f,g € C(X). By the argument
preceding the theorem, we must show that either Z(f) or Z(g) is open. Take h = f? — g*.
Then either posh or negh is closed by (1). But posh = coz f and negh = cozg since
fg = 0. Therefore, either coz f or coz g is closed and we are done. Now suppose that (3)
holds. Since Z(f — |f]) U Z(f + |f|) = X, either Z(f — |f|) or Z(f + |f]) is open by the
argument preceding of the theorem, i.e., (2) holds.

(1) = (4) Tt is clear because either pos f or neg f is clopen.

(4) = (1) Let f € C(X). Assume that pos f is C-embedded. Thus, g = ; € C(pos f)
has an extension in C'(X) which implies that clx pos f = pos f, i.e., pos f is closed. A
similar argument works when neg f is C-embedded.

(2) = (5) Assume that Z(f — |f|) is open. Hence, we have Z(f) C Z(f — |f|) =
intx Z(f —|f[). This implies that f —|f| € Oz. Similarly, if Z(f + |f|) is open, we get
fH1f1 € Ozp)-

(5) = (6) Assume that f —|f| € Og). From Z(f) C intx Z(f — |f]) and pos f C
intx Z(f —|f]), we have Z(f — |f|) = Z(f)Upos f Cintx Z(f — |f]). Hence, Z(f — |f|)
is open and we may consider Z(f — |f|) = Z(e) for some idempotent e € C(X). Take
u =1—2e. It is easy to check that u is a unit, v = 1 on Z(f) and f = u|f|. A similar
argument works when f + [f| € Ozp.

(6) = (7) It is enough to take e = “IL. Clearly, ¢ or 1 — e belongs to M; and

f = (2e = 1)|f] by (6).



NEW SUBCLASSES OF U-SPACES 9

(7) = (1) Assume 1 —e € My. Using f = (2e —1)|f], we have e = 1 on Z(f — |f]) and
e = 0 on neg f. This implies that Z(f —|f|) is open. If e € M, then we observe similarly
that e =0 on Z(f + |f|) and e = 1 on posf which means that Z(f + |f]|) is open.

(1) = (8) Without loss of generality, we may assume that Z(f + |f|) is open. We show
that the condition (1") of Definition 3.2 holds. Suppose that posg C pos f and f+|f| € I.
Hence Z(f + |f]) = X \ posf C X \ posg = Z(g + |g]). Since Z(f + |f]) is open, we
have Z(f + |f]) € intx Z(g + |g|). Now using [13, 1D], g + |g| is a multiple of f + |f],
whence g + |g| € I, as desired. Whenever Z(f — |f|) is open, we may similarly show that
the condition (2') of Definition 3.2 holds.

(8) = (1) Let f € C(X) and the condition (1") of Definition 3.2 holds. We claim that
Z(f+|f|) is open. Take g = (f+|f])3. Then posg = pos f and f+|f| € [ =< f+|f| >
imply that g+|g| €< f+[f| >. Therefore, (f+|f|)s+|(f+f1)5| = 2(f+|f)5 €< f+|f| >
which implies that Z(f+|f|) is open, as desired. Whenever the condition (2') of Definition
3.2 holds, we take g = (f — | f|)3 and similarly show that Z(f — |f|) is open.

(1) & (9) It follows from Lemma 3.1.

(1) & (10) Using Remark 8.8 in [13], C(vX) = C(X). On the other hand for each
f e C(X), clearly (f £|f])? = fY & |f¥], where fV is the extension of f in C'(vX). Now

using these facts, the proof is evident. O

Remark 3.7. sing part (6) of the Theorem 3.6, every semi-P-space is a U-space and the
equivalence of parts (1) and (3) of the theorem means that semi- P-spaces and Pg-spaces

coincide.

We conclude this section by the following example of a semi-z-ideal in C'(X) that is

neither a pseudoprime ideal nor a z-ideal.

Example 3.8. We consider the space ¥ = NU{c} in [13, 4M]. First it is clear by [13,
4M] that ¥ is a semi-P-space. Next, let F and O be the sets of all even and odd integers
respectively. Since the filter & in 4M is an ultrafilter, either £/ or O belongs to U, say
E € U. By [13, 4M. 1], there exists f € C(3) such that Z(f) = OU{o}. Put [ =< f >.
Since ¥ is a semi-P-space, the ideal I is a semi-z-ideal in C'(X) by Theorem 3.6. But I
is not a z-ideal, it is not even semiprime because Z(f) is not open (O ¢ U). Also I is
not a pseudoprime ideal. In fact, if I is pseudoprime, then it contains a prime ideal P by

Theorem 4.1 in [15]. Now I C M, implies that P C M, and hence O, C P, see Theorem
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7.15 in [13]. This implies that O, C I while g € C(X) with Z(g) = F U {c} is contained
in O, but g ¢ I, a contradiction.

4. Semi-basically disconnected spaces

Other interesting Tychonoff spaces are basically disconnected spaces. A space X is
basically disconnected if the closure of every cozero-set is clopen, or equivalently, if the
interior of every zero-set is closed. It is known that X is a basically disconnected space
if and only if C(X) is a p.p. ring, see [8, 9]. Recall that a ring R is said to be a
p.p. ring (also known as Rickart ring [20]) if every principal ideal of R is projective,
or equivalently, if the annihilator of each element of R is generated by an idempotent.
Conditions equivalent to C'(X) being a p.p. ring are given in [4, §4]. As we defined in the
introduction, we say a space X semi-basically disconnected if for each f € C(X), either
clx pos f or cly neg f is open. Hence every semi-P-space is a semi-basically disconnected
space but every semi-basically disconnected space, even every basically disconnected space
need not be a semi- P-space, see Example 5.1(2). The following lemma shows that every
basically disconnected space is semi-basically disconnected space. In Example 5.1(4) of

Section 5 we will see that the converse is not true.

Lemma 4.1. The following statements are equivalent:

(1) X is a basically disconnected space.
(2) For each f € C(X), clx pos f and clx neg f are open.
(3) For each f € C(X), intx Z(f + |f|) and intx Z(f — |f]) are closed.

Proof. (1) < (2) It is clear because the positive and negative parts of every f € C'(X) is
a cozero-set and cly coz f = clx pos f U clx neg f.

(1) & (3) Clearly (1) implies (3) and the converse follows from the fact that intx Z(f) =
intx Z(f + |f]) Nintx Z(f — |f]). O

We are going to give some characterizations of semi-basically disconnected spaces. First,
we state the following lemma which should be known to the experts but cannot be found
explicitly stated in the literature. This lemma is the counterpart of Lemma 3.1, we prove

part (1) and leave the proof of parts (2) and (3) to the reader.

Lemma 4.2. Let f € C(X). Then the following statements hold.
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(1) intx Z(f) is closed if and only if there are a regular element r and an idempotent
e such that f = re.

(2) intx Z(f +|f|) is closed if and only if there is an idempotent e of C(X) such that
f=(2e—1)|f|] and intx Z(fe) is closed.

(3) intx Z(f —|f]) is closed if and only if there is an idempotent e of C(X) such that
f=—(2e—=1)|f| and intx Z(fe) is closed.

Proof. (1) First we let intx Z(f) be closed. Define

{ 0 z€inty Z(f)
1 xé¢intx Z(f).

1 x € intX Z(f)
r(z) = ,
flx) & intx Z(f).
Clearly €? = e, intxZ(r) = () and f = re (note, Z(r) C Z(f) \ intxZ(f)).
Next, assume that f = re, where r is a regular element and e is an idempotent. Then,
we have intx Z(f) = intx(Z(r)U Z(e)) = intxZ(e) = Z(e), i.e., intx Z(f) is closed. O
Following [27], an element a in a ring R is called a p.p. element if a is a product of a
regular and an idempotent in R. Using this definition we may restate parts (2) and (3)

of Lemma 4.2 as follows: intx Z(f + |f|) (resp., intx Z(f — |f|)) is closed if and only if
f+|f| (resp., f —|f]) is a p.p. element. A ring R is a p.p. ring, if every element of R is

a p.p. element.

In view of Lemma 4.2, let us make the following observation for future reference.

Corollary 4.3. For f € C(X), intx Z(f) is closed if and only if f is a p.p. element.

We can now prove the following.

Theorem 4.4. The following statements are equivalent:

(1) X is a semi-basically disconnected space.

(2) For each f € C(X), either intyx Z(f —|f]) orintx Z(f + |f|) is closed.

(3) For every pair of elements f,g € C(X), fg = 0 implies either f or g is a p.p.
element.

(4) For each f € C(X), there is an idempotent e in C(X) such that either e or 1 —e
belongs to Py and f = (2e — 1)|f|.
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(5) Foreach f € C(X), there is a unit u in C(X) such that f = u|f| and u is constant
on inty Z(f).

(6) For each f € C(X), there is an idempotent e of C(X) such that f = (2¢ — 1)|f]
and either fe or f(1 —e) is a p.p. element.

(7) For each f € C(X), there is an idempotent e such that intx Z(fe) is closed and
pos f and neg f can be separated by Z(e).

(8) For each f € C(X) there is a unit u of C(X) such that f = u|f| and either
(14+u)f or (1 —u)f is a p.p. element.

(9) For every pair of elements f,g € C*(X), fg = 0 implies either f or g is a p.p.
element.

(10) BX is a semi-basically disconnected space.

Proof. (1) < (2) It follows from the fact that X \ intx Z(f — |f|) = clx coz(f — |f]) =
clyneg f and X \ intx Z(f + |f|) = clx coz(f + |f|) = clx pos f, for each f € C(X).

(1) = (3) Let f,g € C(X) and fg = 0. Take h = f* — g*. Clearly, posh = coz f
and neg h = coz g. From (1), we deduce that either cly posh or cly negh is open. Hence,
either cly coz f or clx cozg is open, or equivalently, either f or ¢ is a p.p. element by
Corollary 4.3.

(3) = (2) Since (f+[f)(f —|f]) =0, either f+|f] or f—|f|is a p.p. element. Hence,
either intx Z(f + |f|) or intx Z(f — | f]) is closed by Lemma 4.2.

(1) = (4) Let f € C(X). Without loss of generality, we may assume that clx pos f
is open. Thus, we have cly pos f = Z(1 — e) for some idempotent e of C'(X). Since
cly pos fUinty Z(f)Uclx neg f = X and they are mutually disjoint, we have intx Z(f)U
clyneg f = Z(e). Now it is clear that f = (2e — 1)|f| and e € P;. A similar argument
works when clx neg f is open.

(4) = (5) Take u =2e — 1. Then u* =1, u—1=2(e — 1) and u+ 1 = 2e. Thus, (4)
implies that f = u|f| and either u+ 1 or u — 1 belongs to Py which means that v =1 on
intx Z(f) or u=—1 on intx Z(f).

(5) = (1) Assume (5). From u? = 1, we infer that Z(u+ 1) and Z(u — 1) are open sets.
Ifu=1oninty Z(f) and f = u|f|, then intx Z(f) C Z(u—1) and clx pos f C Z(u—1).
Hence, Z(u+1) € X \ (intx Z(f) Uclxpos f) = clxneg f C Z(u + 1), so cly neg f is
open. Whenever © = —1 on inty Z(f), we observe similarly that clyx pos f is open.

(6) < (1) It follows from Corollary 4.3 and Lemma 4.2.
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(7) = (1) Assume (7). Without loss of generality, we may assume that pos f C Z(e).
Then, it is clear that posef = ), negef = neg f, and hence

X =inty Z(ef)Uclyposef Uclxynegef =intx Z(fe) Uclx neg f. (%)

Since inty Z(fe) is closed and disjoint from cly neg f, we infer that cly neg f is open.

(1) = (7) Assume (1). Without loss of generality, we may assume that cly pos f is
open. Take clx pos f = Z(1 — e) for some idempotent e of C'(X). It is enough to show
that intx Z(fe) is closed. Clearly, clx posef = clx pos f and negef = () for neg f C Z(e).
Now according to (%), X = intx Z(fe) Uclx pos f = intx Z(fe) U Z(1 — e). Therefore,
intxy Z(ef) = Z(e) is closed as desired.

(8) < (6) It is straightforward.

(3) = (9) Assume (3). Let f,g € C*(X) with fg = 0. Then, either f or g is a p.p.
element of C'(X), say f. Then, f = re where r is a regular element of C'(X) and e is an
idempotent. If |f| < M, we take r* = —M A rV M. Hence, r* is a regular element of
C*(X) and f = r*e, i.e., f is a p.p. element of C*(X).

(9) = (3) Assume (9). Let f,g € C(X) and fg = 0. Then, —L——2 = 0 implies either

» 1| f] 1+]g]
f g

T OF Tif7 18 @ p.p. element of C*(X). Since 1+ |f[ and 1 + |g| are units, we deduce
that either f or g is a p.p. element of C(X).
(9) < (10) It follows from the fact that C*(X) = C(5X). O

Remark 4.5. Part (5) of Theorem 4.4 shows that every semi-basically disconnected space

is a U-space. The converse is not true by Example 5.1(1).

We conclude this section by the following result. First, recall a space X is an almost
P-space if every nonempty zero-set in X has a nonempty interioir. It is clear that a space
X is an almost P-space if and only if each zero-set (cozero-set) in X is a regular closed
(regular open). A closed (open) subset A of X is said to be regular closed (regular open)
if clyintyA = A (intxclyA = A). Since each cozero-set is pos f and also is negg for
some f,g € C(X) and conversely for each f € C(X), pos f and neg f are cozero-sets, it
is equivalent to saying that a space X is an almost P-space if and only if pos f and neg f

are regular open for each f € C(X).

Proposition 4.6. Every semi-basically disconnected almost P-space is a semi-P-space.
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Proof. Let f € C(X). If Z(f) = 0, then clearly both pos f and neg f are closed. Now
suppose that Z(f) # (). Whereas X is an almost P-space, then pos f and neg [ are
regular open by the argument preceding proposition. On the other hand, since X is
semi-basically disconnected, without loss of generality we assume that clx pos f is open.
This implies that pos f is closed, because pos f = int xyclx pos f = clx pos f. Thus X is a
semi- P-space.

O

5. Counterexamples

A routine examination of the above definitions leads to the implications illustrated in

the following diagram.

P-space ——— basically disconnected space

| |

semi- P-space — semi-basically disconnected space — U-space

Example 5.1. No nontrivial implications can be added to the above diagram.

(1) A U-space which is not a semi-basically disconnected space: By 6W in [13] SN\ N
is not a basically disconnected space. Since N is strongly zero-dimensional, S N
is also strongly zero-dimensional by Theorem 6.2.12 in [12]. Using Theorem 6.2.4
in [12], it is easy to see that SN\ N is also strongly zero-dimensional. On the
other hand, SN\ N is an F-space by Theorem 14.27 in [13], so it is a U-space by
Theorem 2.1, see also [23, Example 9.17]. Now we consider a copy N’ of N and
take X = BN\Nand Y = SN\ N. Let W be the free union of X and Y. Since
X is not basically disconnected, there exists f € C'(X) such that cly coz f is not
open. If we take f" € C(Y) as the copy of f, then clearly cly coz f’ is not open.
Now define h € C(W) as follows:

() x €cozf
h(z) =< —f%(x) x€cozf
0 ve 2(H)UZ(f).
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Clearly, cly posh = cly coz f, clyy neg h = cly coz f/, and non of them is open in
W, so W is not a semi-basically disconnected space. On the other hand, since X
and Y are strongly zero-dimensional F-spaces, so is W. Hence, W is a U-space.

(2) A basically disconnected space which is not a semi-P-space: We consider the space
B N. It is a basically disconnected space by 6M in [13] but it is not a semi- P-space
by the argument preceding Theorem 3.6 since 8N is not finite.

(3) A basically disconnected semi-P-space which is not a P-space: The space ¥ =
NU{c} in [14, 4M] is basically disconnected and a semi-P-space. However, the
space X is not a P-space by [14, 4M(4)].

(4) A semi-P-space which is not a basically disconnected space: Example 3.2 in [1]
introduce a Pp-space which is not basically disconnected. Hence, this space is a

semi- P-space which is not basically disconnected.

A space X is called a P'-space if for all f € C'(X), and all z € Z(f), there is a deleted
neighborhood U’ of  such that either f(U’) = 0 or f(U’) > 0 or f(U') < 0, for more
details see [14]. For instance, the space ¥ is a P’-space, see also Examples 8.5 and 8.6 in
[14]. Every P’-space is basically disconnected, see Theorems 8.3 and 8.4 in [14]. At first
glance, the two concepts of P’-space and semi- P-space may seem the same, but the next

example shows that this is not the case.

Example 5.2. (1) A semi-P-space which is not a P'-space: See Example 3.2 in [1].
(2) A P’-space which is not a semi-P-space: Let ¥’ = —N U {0’} be a copy of %,
where —N = {—n : n € N}. Then clearly, ¥ as well as ¥’ are P’-spaces. Now we
consider the free union X = YUY, It is easy to see that X is a P’-space. Now we

show that X is not a semi-P-space. Define f : X — R as follows:
1 reNU-N
fa)=4 = ,
0 ze{od}

Then f € C(X). Clearly, pos f = N, neg f = —N and none of them is closed.

This shows that X is not a semi-P-space.
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