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ABSTRACT. Let R = @®,en, R, be a Noetherian homogeneous ring with a local base
ring (Rp, mg) of Krull dimension 2. Let Ry = @,enR, be the irrelevant ideal of R.
Let M and N be two finitely generated Z-graded R-modules such that, pdz (M), the
projective dimension of M, is finite. Under some conditions on H§%+(M, N), it will be
shown that there exists © € mg such that £z, ((0 :H§+(N17N)nx)) is of reverse polynomial
type of degree less than ; i.e., there exists a polynomial P(X) € Q[X] of degree less
than ¢ such that g, ((0 :H§%+(M,N)nx)) = P(n), for all n <« 0. Also, it is proved that,
lR, (I‘mORH}é+(M, N/xN),) and {g, (HnllORH}ﬂ(M, N),), for a parameter element x € my,
are of reverse polynomial type of degree less than 4. Finally, for an mg-primary ideal qo,
we study the asymptotic behaviour of the multiplicities eq(qo, H}é+ (M,N),) for n < 0,
where d = dimp, ("D(H}, (M,N) @g, Ro)).

1. Introduction

Throughout R is a Noetherian homogeneous ring with local base ring (R, mg, ko). This
means that Ry is a Noetherian local ring and R = Ry[R;] is a finitely generated algebra
over Ry. Let R, = @,enR, be the irrelevant ideal of R and m = my @ R,. Then m
is the only graded maximal ideal of R, and so R is an *local ring. Let M = &,z M,
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and N = @,ezN,, be two finitely generated graded R-modules. Following [11], the i-
th generalized local cohomology module of M and N supported in R, is defined as
Hy (M,N) = 1i_n>qut§%(M/(R+)”M, N). It is well-known that this module has a natural

neN

graded structure Hp, (M, N) = @nezHp, (M, N), and that the Ry-module Hp (M, N),
is finitely generated for all n € Z and vanishes for all sufficiently large values of n, [18,
Proposition 2.3]. On the other hand, in general, the asymptotic behavior of the Ry-
module Hp, (M, N), for n — —oo is mysterious. When Ry is Artinian, then by [19,
Theorem 2.2], the R-module Hy (M, N) is Artinian. Therefore, by a similar argument
as in [13, Theorem 2(ii)], there exists a polynomial P(X) € Q[X] such that P(n) =
Cry(Hp, (M, N),) for all n < 0 and the asymptotic behavior is known. When dim(Ry) =
1, the Ryp-modules H}Lé+(M , N),, need not be of finite length, and in this case we showed
in [14, Theorem 1.4] that, various graded submodules and quotients of Hy (M, N) are
Artinian and an upper bound for the degree of their Hilbert-Kirby polynomials are given.
In this paper, we assume that dim(Ry) = 2 and continue our study on the behavior of
H}ﬁ(M, N), for all i € Ny. Note that, for ¢ > dim R, by [8, Theorem 3.1], the generalized
local cohomology module H fﬁ(M , V) vanishes, and so, without any loss of generality, we
may assume that ¢ < dim R.

In Section 2, among other things, we prove Proposition 2.1, which is needed to prove
the main Theorems A and B.

In Section 3, under some conditions on the set of associated primes of H};{+ (M, N) and
its homogeneous components, we show that there exists x € mgy such that the length of
the Rp-modules (0 : Hiy (M,N)n x) is of reverse polynomial type. More precisely, we prove
the following theorem.

Theorem A. Let R be a Noetherian homogeneous ring with local base ring (Ry, mg) of
dimension 2. Assume that pdg(M) is finite. Let i be a non-negative integer and assume
that there exist only finitely many p € Assp(Hp (M, N)) such that dim(Ro/Ro Np) > 1.
If mg € Assg,(Hp (M, N),) for infinitely many n < 0, then there exists x € mg such that
lRry(0: HY, (M, N, %) is of reverse polynomial type of degree less than i.

In Section 4, we concentrate on the multiplicities of the Rg-modules HA (M, N),,

n € Z. The main theorem we will prove in this section is:
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Theorem B. Let dim(Ry) = 2, qo an my-primary ideal of Ry and let pdz (M) < oco. If
dimp, (Hp (M, N),) > 1 for all n < 0, then eq(qo, Hy, (M, N),) is of reverse polynomial
type of degree less than i where d = dimp ("D(Hy (M, N) ®g, I/{\o))

Here R=R® Ro }/%?), where ]/%\0 is the mg-adic completion of Ry and the functor *D(—)
will be explained in Remark 4.2(4).

2. Preliminaries

In this section, we provide some preliminaries which are needed in the sequel. In what
follows, R will be a Noetherian homogeneous ring with local base ring (Ro, mg) and M, N
are assumed to be finitely generated graded R-modules. As usual, for a graded ideal a
of R, and for a graded R-module X, I'(X) = J,cn(0 :x a") is the a-torsion (graded)
submodule of X.

Recall that, a sequence {5, }nez of sets, is called asymptotically stable for n — —oo, if

there exists m € Z such that S,, = S, for all n < m (see [2]).

Proposition 2.1. Let (Ry,mg) be local, and let pdr(M) be finite. Then the following
statements hold.

(1) Hh(M’ N),, is finitely generated for all i € Ny and all n € Z, and it is zero for
all © and for all large n.

(2) For each i € Ny the R-module Hy, (M, Uy r(N)) is Artinian.

(3) Let i be a non-negative integer, dim(Ry) = 2 and let my € ASSRO(H}%+(M, N)n),
for infinitely many n < 0. If {p € Assp(Hp (M, N))|dim(Ro/p N Ro) > 1} is a
finite set, then my € Assp, (H§%+(M> N)n) for all m < 0. Moreover, the sequence
{Assg, (H}ﬁ(M, N)n)}

ez 18 asymptotically stable for n — —oo.

Proof. For part(1) see [18, Proposition 2.3], part (2) is true by [19, Lemma 3.5], and part
(3) is valid [20, Theorem 3.7]. O

Definition and Remark 2.2. Let M = &,,c;M,, be an Artinian R-module. Then all the
Ro-modules M, are Artinian, and M, is finitely generated Ry-module for all mn < 0 if and
only if Lr,(M,) < oo for all n < 0. Moreover, by a similar argument as in [13, Theorem
2] we see that there is a uniquely determined polynomial Py (X) € Q[X] of degree at most
dimy, (R1/moRy) — 1 such that Lr,(M,) = Pa(n) for all n < 0. In this case, we say that
M is an Artinian graded R-module with Hilbert-Kirby polynomial Py(X).
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To prove Theorems A and B we need the following proposition. See also [12] Section

4.

Proposition 2.3. Leti be a non-negative integer, dim Ry = 2 and let M, N be two finitely
generated graded R-modules such that pdgz(M) is finite. Then the following statements

hold:
(1) Hg (M, Tayr(N)) is an Artinian graded R-module with Hilbert-Kirby polynomial
of degree less than 1.
(2) Assume that x € my is part of a system of parameter elements for Ry. Then
Loor(Hy (M, N/xN)) is an Artinian graded R-module with Hilbert-Kirby polyno-
mial of degree less than 1.
(3) Hyor(Hp (M, N)) is an Artinian graded R-module with Hilbert-Kirby polynomial

of degree less than 1.
(4) (Goor(HR, (M, N)) + 2H}, (M, N))/xH}, (M, N), where x € mq is both an N-
reqular element and a parameter element for Ry, is an Artinian graded R-module

with Hilbert-Kirby polynomial of degree less than 1.

Proof. (1) According to Proposition 2.1(2), Hp (M, T'n,r(N)) is Artinian. Also, by Propo-
sition 2.1(1), all components of Hp (M,Tn,r(N)) are finitely generated Ro-modules.
These together give that all components of Hp, (M,I'w,z(N)) have finite length. Hence
by Definition 2.2, Hp (M,Tpn,r(N)) is a Artinian graded R-module with Hilbert-Kirby
polynomial. We set p = pdz(M). Now, by induction on p, we are going to prove that
deg PH§+(M7Fm0R(N))(X) < i. Let t € N be such that Ty zr(N) = (0 :x mf). If p = 0 then

M =@ | R(—a;) for some n € N and some natural integers a;. Thus

H%%+(M7 FmoR(N)) = @ H;‘Lr (FmoR(N)) (CLZ)

= @ H§+(R/ng) (FmoR(N)) (a:),

i=1
where the last isomorphism holds by the Independence Theorem ([4, Theorem 4.2.1]).
Therefore, we may (and do) assume that Ry is Artinian. Note that, by [5, Proposition
1.5.15], a finitely generated graded R-module is projective if and only if it is free and,
by [4, Theorem 3.4.10], the local cohomology modules Hh(.), commute with direct sum.
So, by [4, Theorem and Definition 17.1.11] the result follows for p = 0 (note that for
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i=0, H%+(M, Luor(N)) = Iw(Homp(M, N)) is a finite length R-module). So, let p > 0.
Consider the short exact sequence 0 — K — F = @ | R(—b;) — M — 0 (of graded
R-modules and graded R- homomorphisms), where m, b;, 1 < i < m are natural integers,

which leads into the following exact sequence
i— [0} ) /B 7
HR+1(K’ FmoR(N)) g HR+(M’ Fm0R<N)) - HR+ (F’ Fm0R<N))'

By additivity of g, (.) and the induction hypothesis, we deduce that, for all n < 0,

Cry (Hpy, (M, Ty r(N))n)
(Hn(a n) + gy (im(B)n)

0( K I‘moR N))ﬂ) + ERO (H;Lr (Fv FmoR(N))n)
(R, (H (K, Lo r(N))n) + mlry (Hy, (Tugr(N))n)

PH;%+(M7Fm0R

lR,

| /\

1115 (0 T (00) (1) + 1Pty (1 () (7)-

Thinking of the fact that, PH;;;(K’ Tng () (X) and PH§+(FmOR(N))(X)’ by induction hypoth-
esis and the case p = 0, are polynomials of degree less than ¢ — 1 and i, respectively, then,
deg PH;-%JM’FW)R(N))(X) < i, as desired.

(2) First, we prove that Hp (M, N/xN) = Hp, p (M,N/xN). Let J be the minimal
injective resolution of N/xN. Note that, by [4, Corollary 2.1.6], one may assume that
I'r,(J) = J, and so, Iz, (J) = Iry+r.(J). Now, by [17, Proposition 2.1} or [7, Lemma 2.1},

we have

Hp (M, N/xN) = H'(Ig,(Homg(M, J)))

12

HOIHR(M, FR+(J)))

I

I

(
(
‘(Hompg (M, I'pzvr (J)))
(

FRerR (HOHIR<M, J)))

I
T

Rac+R (M,N/zN)

as desired. Now, let y be such that x,y is a system of parameter for Ry; i.e. /(z,y)=my

Therefore, by [9, Lemma 3.1], we have the exact sequence

le%y+Rz+R+(M7 N/zN) — Hﬁ%x+R+(Ma N/zN) — Hj%a;+R+(Ma N/zN),
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that gives rise into the exact sequence
(2.1) Hj%y+Ra:+R+(M’ N/xN) — Dp, (Hli%x+R+(M’ N/xN)) — 0.

As \/(x,y) = mg, then there exists a natural number n such that mj C (x,y), and
s0, VmgR = +/(z,y)R = moR. Therefore, Hp,\ p,. 5 (M,N/xN) = H;(M,N/xN) is

Artinian, where, by considering the exact sequence (2.1) and the fact that

Uiy (Hposn (M, N/2N)) = Ty g (Hpy s (M, N/2N))
= mOR(HE$+R+(M’ N/ZL’N))

we deduce that [y, R(H}'{+(M ,N/zN)) is an Artinian graded R-module. To complete
the proof, we prove, by induction on p = pdgz(M), that the degree of its Hilbert-Kirby
polynomial is less than 7. In the case that p = 0, then M = @;" | R(—a;) where m € N and
a; are some natural integers. Then Ty (Hp (M, N/xN)) = @, Lnyr(Hg, (N/2N))(a;)
and the result follows by [1, Theorem 3.5]. Now suppose, inductively, that p > 0 and
the result has been proved for all R-modules of projective dimension less than p. There
exist a graded free R-module F' = &!_, R(—b;), where r and b;, 1 <1 < r are some natural
integers, and a short exact sequence (of graded R-modules and R-homomorphisms) 0 —

K — F — M — 0 from which we get the long exact sequence
i— « i B 1
(2.2) cee— HR+1(K, N/zN) — Hy (M,N/zN) — HR+(F, N/xN) — ---

By induction hypothesis and, by what we have proved for p = 0, one deduces that
Cwor(Hp, (K, N/zN)) and Twor(Hp, (F, N/aN)) = & Twr(Hp (N/xN))(b;) are Ar-
tinian graded R-modules with Hilbert-Kirby polynomials of degrees less than ¢+ — 1 and
i, respectively. Now, the short exact sequence (2.2) gives the short exact sequences
0 — im(a) — Hp (M,N/xN) — im(8) — 0 and from left exactness of T r(-)

we get the short exact sequence
0— PmoR(im(a)) — FmoR(HE+(M7 N/{L‘N)) — FmoR(lm(ﬁ»

at which, additivity of the length function, implies that T r(Hp, (M, N/xN)) is an Ar-
tinian graded R-module with Hilbert-Kirby polynomial of degree less than 1.
(3) First of all note that finiteness of N implies finiteness of Bass numbers of N, and

so, by [7, Lemma 2.1] and an inductive argument on dim(N), one may deduce that
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Hi(M,N), for all i € Ny, is Artinian. There exist x,y € mg such that /(z,y)Ry = my.

By [4, Proposition 8.1.2], we have the following short exact sequence

(2.3) 0 — Hp, (Try(Hp (M, N))) — Hiy g (Hp (M, N))

— Tpo(Hp, (Hy (M, N))) — 0.

So, it is enough to show that Hp, (Ir,(Hg, (M, N))) and Tr,(Hp,(Hg (M, N))) are Ar-

tinian R-modules. Now, by [9, Lemma 3.1], we get the long exact sequence

(2.4) Hy H(M,N) = Hi '(M,N), — H{, . \(M,N) — Hp (M, N)
U Hy, (M,N),,

of graded R-modules and R-homomorphisms. Note that, by [4, Proposition 8.1.2] we have
coker (v) = H}%y(H}il(M, N)) and ker(n) = Tr,(Hg (M, N)), and hence, from the long

exact sequence (2.4), we get the short exact sequence
(2.5) 0 — Hp,(Hp (M,N)) — H{, ,\(M,N) — Tg,(Hg, (M, N)) — 0.

By applying T'r.(+) to the short exact sequence (2.5) and considering the fact that the
arithmetic rank of the ideal Rz is one, that guarantees vanishing of Hf,, (Hp, (H #, (M, N))),

we get the long exact sequence

which in turn implies that Hp, (Try(Hy (M, N))) is an Artinian graded R-module, pro-
vided that H}_zx(Hg%RJr)(M, N)) is so.
From the short exact sequence (2.5), by using x and (Ry, Ry) instead of y and R,

respectively, one may get the short exact sequence

(2.7) 0 — Hp,(H{, g (M,N)) — H{\ g (M,N) — T, (H{ 5 (M, N)) — 0

which implies that H}%z(ny7R+)(M, N)) and I'g, (Hf;ll%+)(M, N) are Artinian. Conse-

quently, by applying I'g,(-) to the short exact sequence (2.5), we get the monomorphism

(2.8) 0 — Tpo (Hpy, (Hp (M, N))) — Tpo (HiF 3, (M, N))

which means that I'p, (H}%y(H}ﬂ(M ,N))) is Artinian, too. By a similar reasoning, as

it was done in the proof of part (1), it is easily seen that H.(M,N) is an Artinian
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graded R-module with Hilbert-Kirby polynomial of degree less that ¢ — 1. This, by us-
ing the exact sequences (2.6), (2.7) and (2.8) implies that Hp,(Tr,(Hy, (M, N))) and
Tro(Hp, (Hg (M, N))) are Artinian graded R-module with Hilbert-Kirby polynomial of

degree less than i. Thus 7' := H,, p(Hy (M,N)) = H(lLy)R(Hfﬁ(M, N)) is an Artinian

graded R-module with Hilbert-Kirby polynomial. Now, by additivity of the length func-

tion, and the short exact sequence (2.3), for all n < 0, we have
PT(n) = KRO (H(lx,y)R(Hj%+(M7 N))”)

= Upy (Hpo(Try(Hp (M, N)))n) + Cry (Cre(Hpy (Hg (M, N)))n)

= Pry, n, 1, 0.30) () + Py, (115, 01,3 (10)
which implies that deg Py g, (v, (X)) <i, as desired.

+
(4) The short exact sequence 0 — N — N — N/xN — 0 implies the long exact
sequence
+o — Hp (M,N) = Hj, (M,N) — Hp, (M,N/aN) — -+,

from which we get the exact sequence
(2.9) 0 — Hp (M,N)/xHp (M,N) — Hp (M,N/zN).
Applying I () to the exact sequence (2.9), gives the exact sequence
(2.10) 0 — Luor(Hp, (M, N)/zHp (M,N)) — Tyr(Hg, (M, N/xN)).

Thinking of the fact that (Lw,r(Hg, (M, N)) +xHp (M,N))/zHy (M,N) is a submod-
ule of FmOR(Hfﬁ(M, N)/xHp (M, N )), and Artinianness of the later, which is proved
in part (2), the exact sequence (2.10), and Proposition 2.1(1), one may deduce that
S = (Twr(Hg (M,N)) + xH} (M, N))/xH}, (M, N) is an Artinian graded R-module
with Hilbert-Kirby polynomial. Now, in view of the exact sequence (2.10), for all n < 0,

we have
Py(n) = L, (T (i (M, N)a) + 2Hjy (M, N),) [oH (M, N),,)
< Uy (g (H (M, N)ofHi (M, N),.) )

=ty (T (B (M. N/ N),)

= PFmOR (Hl (M,N/a:N)) (n).

Ry
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Therefore, Ps(X) is a polynomial of degree less than i, as desired. O

Remark 2.4. (1) Let R = ®;en, Ri be a graded homogeneous *local ring and let N =
@iezN; be a finitely generated graded R-module. According to [15, Lemma 1.1.2] the
function ¢ : Assp(lN) — Assg,(N) defined by #(p) = p N Ry is surjective and so
Assgy(N) = U;ez Assg,(IV;) is a finite set. Since N is not assumed to be a finitely
generated Rgp-module then the notation depth(mg, N), to be meaningful, needs to be
investigated. It is easily seen that an element z € my is N-regular if and only if it is
Nj-regular for all ¢ € Z with N; # 0. Let x and y be two maximal N-regular sequences
(in mg) of length n and m, respectively. Then, by the prime avoidance theorem, there is
i € Z such that my € Assg,(V;/xN;). Since y is also an N;-regular sequence, then n < m,
and so, n = m by symmetry.

(2) Let L be an R-module and assume that x is an L-regular sequence such that
pdr(L/xL) is finite. Then, it is easily seen, that, pdz(L/x"L) is finite, for all n € N. In
fact, by [5, Theorem 1.1.8], x" ! L/x"L = L/xL. Now, for any natural integer n, from the
short exact sequence 0 — x" 'L /x"L — L/x"L — L/x" 'L and an inductive argument

on n the result follows.

Corollary 2.5. Let i € Ny, dim(Ry) = 2 and assume that x = x1,xs € My i a sequence
of elements which is R-regular and that xy is N-reqular. Then, for each non-negative
integer n, the following statements hold.

(1) The R-modules (mOR(Hg+(R/x"R, N)) + @1 Hiy (R/X"R, N)> Ja\Hiy (R/x"R, N)
and To,r(Hp (R/X"R, N/x1N)), Hy (R/X"R,Tunor(N)) are graded Artinian with
Hilbert-Kuirby polynomials of degree less than 1.

(2) If x is also an N-regular sequence, J = (x3) and pdz(M) is finite (e.g. R is
reqular) then one may replace R/x™R with M/J"M and the statements of (1) are

still true.

Proof. Note that it is possible to find x; in a way that to be regular on both of R and N
provided that depth(mg, V) is a positive integer. Now, by Remark 2.4(2), we know that
pdp(R/x"R) < 2. So, the result is obvious by Proposition 2.3. Finally, by [5, Theorem

1.1.7], x1 is an N/J"N-regular element and again by Proposition 2.3 we are done. O

Corollary 2.6. Let R be a (graded) reqular local ring, i a non-negative integer, and
let dim(Ry) = 2 (e.g. R = F[[X1, Xo]|[Xs,...,X,] where X; are indeterminate over
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the field F). Assume that depth(mg, N) is non-zero. Then there exists an element x €
mg such that (Tayr(Hg, (M, N))+xHp (M, N)) /xHg (M,N), Lur(Hg (M, N/zN)) and
H]"ﬁ(M, FmOR(N)) are Artinian graded R-modules with Hilbert-Kirby polynomials of degree

less than 1.

Proof. Since R is regular, by the Theorem of Auslander-Buchsbaum-Serre ([5, Theorem
2.2.7]), every R-module has finite projective dimension. A prime avoidance argument,
gives an element = € mg \ |J Assg(V)UJ Ass(Ry) which is part of a system of parameters
for Ry and, at the same time, an N-regular element. Now, the result follows by Proposition

2.3. U

3. Proof of theorem A

To prove the theorem we need a definition and some facts.

Definition 3.1. (1) Let 7" be an Rp-module. An element x € mg is called my-filter
regular with respect to T if x ¢ |J Assg,(T) \ my. This is equivalent to say that z is a
T /T, (T)-regular element.

Note that if T' is finitely generated, then each my-filter regular element is a parameter
element with respect to T

(2) A numerical function f : Z — Z is of reverse polynomial type of degree d if there
exists a polynomial P(X) € Q[X] of degree d such that f(n) = P(n), for all n < 0.

Theorem A. (cf. [3, Proposition 5.4]) Let R be a Noetherian homogeneous ring with
base ring (R, mg) of dimension 2 and let pdz(M) be finite. Let i € Ny and assume that
there exists only finitely many p € Assg(Hp (M, N)) such that dim(Ro/Ry Np) > 1. If
my € Ass RO(H};%(M ,N),,) for infinitely many n < 0, then there exists x € my such that

(R, (0 : Hi, (M, N, %) is of reverse polynomial type of degree less than i.
+

Proof. By Proposition 2.1(3), the sequence {Assg,(Hp, (M, N)n)}nez, is asymptotically
stable for n — —oo, and so, there exists ky € 7Z such that, for all £ < ky we have
Assp,(Hy (M, N)y,) = Assg,(Hy (M, N);). Thus, by assumption, we deduce that mg €
Assp,(Hy, (M, N),) for all n < 0. A prime avoidance argument implies that there exists

zem\ ( Upnho)u(UMin(Ro)) U (\J Assm,(H, (M, N)a) \ {mo} ).

peAssp(N/Ln, r(NV)) Je{i,i+1},nk0
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Such an element is a parameter element for Ry and, at the same time, is my-filter regular
with respect to N and H}LF(M, N), for j € {i,i + 1} and for all n <« 0. The short
exact sequence 0 — Ly, r(N) — N — N = N/T},,r(N) — 0 induces the long exact

sequence
(3.1) Hy, (M, Loyr(N)) — Hp (M, N) == Hy, (M, N) — Hi#"(M, Ly, r(N)).

By Proposition 2.1(2), the outer modules in the exact sequence (3.1) are Artinian graded
R-modules with Hilbert-Kirby polynomial, and so ker(x) and coker(y) are Artinian graded
R-modules with Hilbert-Kirby polynomial. From the exact sequence (3.1) we get the short

exact sequences

0 — ker(u) — Hp (M,N) — im(u) — 0
and
0 — im(p) — H1i%+<M7 N) — coker(p) — 0
which, in turn, by applying Homg(R/zR, -), imply the exact sequences
(32)  0— (0 tker(yxr) — (0 H}, (M) ) — (0 tim( ¥) — Extp(R/2R, ker(u))
and
(3.3) 0 — (0 tim(mx) — (0 3H§+(M,N)x) — (0 eoker(n) ),

respectively. Again, by Definition 2.2, we deduce that (0 :er(u) ), (0 ‘coker(n) =) and
the extension module Exth(R/xzR, ker(u)) are Artinian graded R-modules with Hilbert-
Kirby polynomial of degree less than ¢ and 7 + 1, respectively. Thus, to show the claim,
it suffices, by the exact sequences (3.2) and (3.3), to prove that (g, (0 :H}'u(M,N)nx) is of
reverse polynomial type of degree less than i. Therefore, by replacing N with NV, without
loss of generality, we may (and do) assume that N is myR-torsion-free which implies that x
is an N-regular element. Now, the short exact sequence 0 — N =+ N — N/zN —0

implies the long exact sequence
(3.4) cee — Hf;h(M,N) = Hh(M, N) — HA(M,N/&:N) —
from which we get the exact sequence

(3.5) 0 — Tnor(Hi, (M, N)/zHl (M,N)) — Tnor(Hg (M, N/zN)).
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By Proposition 2.3(2), [, r (H}'ﬁ(M, N/zN)) is an Artinian graded R-module with Hilbert-
Kirby polynomial of degree less than ¢, and so, by the exact sequence (3.5) the same is
true for T,z (Hj (M, N)/xH} (M, N)). Also, from the short exact sequence

0— I’H;'%+(M, N) — H§%+(M, N) — HE+(M, N)/foﬁ(M, N)—0
(that gives rises by the exact sequence (3.4)), we get the exact sequence
(3.6) 0— FmoR(l’HfaJr(M’ N)) = FmoR(ngJr(Mv N))
— FmOR(Hfﬁ(M, N)/a:HEAM, N))

Therefore, from the exact sequence (3.6), we conclude that coker(v) is an Artinian graded
R-module with Hilbert-Kirby polynomial of degree less than i. Since z is an my-filter

regular element with respect to H§+(M , N, applying 'y, (+) to the short exact sequence
(3.7) 0— (0 :HHM,N)ngs) — Hp (M,N),, — xHp (M,N), — 0

(that results from the exact sequence (3.4)), and using [4, Corollary 2.1.7(i)], we get the

short exact sequence
(3.8) 0 — (0 :HMM,N)HJ:) — Loy (Hp (M, N),) — Ty (xHy (M, N),) — 0,

for all n < 0. Now, according to Proposition 2.1(1) and the exact sequences (3.6), (3.7)
and (3.8), for all n < 0, we have

gRo (O :Hg+(M,N)nx) = ERO (FmQR(H;-z+(M7 N))n) — KRO (FmOR('TH;{+(M; N))n)
= (g, (coker(v),)
= L coker(v) (n>

Therefore, (g, (0 : Hi, (M, N, T) is of reverse polynomial type of degree less than i. O
+

Remark 3.2. Let dim(Ry) = 2 and let qo be an my-primary ideal of Ry. It is easily seen
that for a finitely generated Ro-module 1" we have (g, (1) = {7 (T ®r, ]/%T)) and qo Ry is
mgRo-primary. Also, by the Flat Base Change Theorem for generalized local cohomology
and [10, Lemma 3.2.4], we have

(0 a5, (a1, 3y b0) @ro Bo = (0 HY, (M88y Ro. Ny Fo) qo L),
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where fx’+ = ]/%T) ®pr,R+. In what follows, we are going to prove that there exists an
element x € mg such that Cp, (0 :p (v, N, Z) is of reverse polynomial type of degree less
than i. By what we have said above, without loss of generality, we may (and do) assume
that (Ry, mg) is a complete local ring. For all i € Ny and all n € Z, by countable prime

avoidance [16, Corollary 2.2], we have

{pN Ry : p e Assp(N/Tur(N))} UAss(Rg) U Assg, (Hp, (M, N),)) \ {mo} # ¢.

This means that there exists
remg\ (| JAss(Ry)) U ( U »nRo)u( | Assg,(Hp, (M, N),))
pEAssp(N/Tngr(N)) i€No, n€Z
which is a parameter element for Ry and at the same time is an my-filter regular element
with respect to N and Hh(M, N),, for all i € Ny and all n € Ny. Now, as we did in the
proof of Theorem A it is easily seen that (g, (O tHy (M, N) ZL‘) is of reverse polynomial type

of degree less than 1.

4. Proof of theorem B

To prove Theorem B we need the following preliminaries.

Definition 4.1. Following [2], a graded R-module X = &,7X,, is said to be tame if
X, =0forall n < 0or X, #0 for all n < 0.

It is known that any Noetherian or Artinian R-module is tame ([2]).

Remark 4.2. (1) Recall the following facts ([5, Lemma 4.1.2, Theorem 4.1.3. and The-
orem 4.1.4]) :

(A) A numerical function f : Z — Z is of polynomial type of degree d, if there exists
a polynomial P(X) € Q[X], of degree d, such that f(n) = P(n), for all n > 0. It
is not hard to see that, a numerical function f, is of polynomial type of degree d, if
and only if A f is of polynomial type of degree d—1, where Af(n) = f(n+1)— f(n).

(B) Let P(X) € Q[X] be a polynomial of degree d. Then P(n) € Z for all n > 0 if
and only if P(X) = 221:0 a;(*1") for some integers ag, ..., aq € Z.

(C) Let R = ®en, R; be a homogeneous Noetherian ring with Artinian base ring Ry. If
L = ®ezL; is a finitely generated graded R-module of dimension d, then g, (L,)
is of polynomial type of degree d — 1.
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(2) Let (S,n) be a local ring, L a finitely generated S-module of dimension d and let q
be an n-primary ideal of S. As g(q"L/q" ™ L) = s(L/q" L) —ls(L/q"L) then, by what
we have said above, the numerical function ¢g(L/q"L) is of polynomial type of degree
d. Thus there exists integers ey, ...,eq € Z such that ¢g(L/q"L) = Z?:o e; ("), for all
n > 0. The polynomial P(X) = Zf:o e;(* ') and the integer eq(q, L) := dleq are called
the Hilbert-Samuel polynomial and the Samuel multiplicity of L, respectively. It is easily
seen that 4(qS, 5 ®s L) = eq(q, L).

(3) With the same notation as in (2) and according to the associativity formula for

Samuel multiplicity (see for example [6, Theorem 1] and [5, Corollary 4.7.8]),

cla. )= Y L, (Lyeala. S/p)
peAssh(L)
where Assh(L) stands for the set of all p € Supp(L) such that dim(R/p) = dim(L).

(4) Let R = @®;en, R; be a homogeneous Noetherian ring, whose base ring (Ro, mg), is
complete with respect to the mg-adic topology. If A = @,czA, is an Artinian graded
R-module, then *D(A) = *Hompg(A, *Er(R/m)) is a Noetherian graded R-module and
Pa(X) = P-pay(—X), where P-p(4y(—X) stands for the Hilbert polynomial of *D(A)(see
[14, Remark 2(D)]). Hence, if (g, (A,) is finite for all n € Z, then, by [5, Theorem, 4.1.3],

(4.1) deg P4(X) = deg P-p(ay(—X) = dim (*D(A)) — 1.

Now, we are ready to prove Theorem B.

Theorem B. (cf. [3, Theorem 5.7]) Let dim(Ry) = 2, qo an mg-primary ideal of
Ry and suppose that pdg(M) is finite. If dimRO(H}gjL(M, N),) > 1 for all n < 0,
then ed(qg,Hh(M, N),.) is of reverse polynomial type of degree less than i, where d =
dimp, (*D(Hiy, (M, N) ©p, Ro)).

Proof. First of all assume that dimg,(Hp, (M, N),) = 2, for infinitely many n. So, there
exists p € Assh(Hp, (M, N),)NAssh(Ry), for infinitely many n. As Ry is a graded ring with
an Artinian local base ring, by [7, Lemma 2.1(i)] and [19, Theorem 2.2|, we deduce that
H5R+)p(Mp, Ny)n & Hi(M,, N,),, is Artinian, and so, tame, where n denotes the *maximal
ideal of R,. Tt means that p € Assh(Hy (M, N),) for all n < 0, ie., the sequence
{Supp(H} (M, N),) bnez is asymptotically stable for n — —oo. Thus there exists an inte-
ger k such that Supp(Hpy (M, N)i) = Supp(Hp, (M, N),) for all n < k. Now, consider the



32 SAEEDEH KARIMBEYGLU, AHMAD KHOJALI* AND NASER ZAMANI

polynomial Q(X) = ZpeSupp(Hng(M,N)k) PHh(MyN)p(X)ed(qo, Ry/p). Then, by the associa-
tivity formula for the Samuel multiplicity, it is easily seen that e4(qo, H A(M ,N)») = Q(n)
for all n < 0. Thus we may assume that there are only finitely many p € Assh(Rg) such
that dimpg,(Hp, (M, N),) = 2. Then dimg,(Hy (M, N),) = 1, for all n < 0. By the

graded Flat Base Change Theorem for generalized local cohomology we have

+

H§+(M, N), ®p, Ry = H(il?o)+<M’ N),, for alln € Z,

where M = M ®p, ]/%\0 and N = N ®pg, ]/%\0. As qoji’\o is mol/%g—primary, then, by Remark 4.2,
we may (and do) assume that (Rg, mp) is complete. Now, from the short exact sequence

0 — Luor(N) — N — N = N/Ty,r(N) — 0 we get the long exact sequence
(4.2)  Hp (M,Tyr(N)) — Hp (M,N) —— Hp (M,N) — Hp'(M,Ty,r(N)).

According to Proposition 2.2(2) the outer modules in the exact sequence (4.2) are Ar-
tinian and so ker(u) and coker(u) are Artinian R-modules. Hence, by Definition 2.2(1),
we deduce that ker(u),,coker(u), are finite length Rg-modules, for all n € Z. Thus
ea(qo, coker(u),) = eq(qo, ker(u),) = 0, for all n < 0. Now, from the short exact sequence

(4.2) we get the short exact sequences
0 — ker(u) — Hp (M,N) — im(pu) — 0
and
0 — im(u) — Hp (M, N) — coker(p) — 0.
Using the fact that eq(qo, —) is additive, for all n < 0, we have
ea(do, Hp (M, N)y) = eq(ao, im(p)n) = ea(do, H, (M, N),).

Therefore, without loss of generality (by replacing N with N) we may assume that N is
mo-torsion-free, and so, by [4, Lemma 2.1.1(ii)], countable prime avoidance ([16, Theorem

2.1]) and Proposition 2.2(1), we deduce that there exists
zemg\ ([ JAss(Ry)) U (| JAssp (V) U (| Assg,(Hp, (M, N),) \ {mp})
iENo,nEZ

which is a parameter element for Ry and at the same time, N-regular and a filter

regular element with respect to l—]}i;q(lw7 N),, for all i € Ny and all n € Zy. Set
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T := Hp (M, N)y/Tngr(Hp (M, N),). As xis T,-regular and dim(7;,) = 1 for all n < 0,
then it is concluded that, for all n < 0, we have

(4.3) ed(CIO, H;;L_‘_(M, N)n) = ed(qO, Tn/an) — gRo(Tn/l'Tn) _ gRo(Un)
where
(44) U= Hy (M, N) L Hip (M, N) /Ty (Hyy (M, N))

Lo (H (M, N)) + xHp (M,N) — x(Hp (M, N) /I, (Hg (M, N)))
Now, the short exact sequence 0 — N -+ N — N/xN — 0 gives the long exact
sequence
-+ — Hp (M,N) = Hjp (M,N) — Hp (M,N/aN) — -+,
which in turn implies the monomorphism
(4.5) 0— H}'ﬁ(M, N)/:L‘H}i%+(M, N) — H§+(M, N/xN).

By Proposition 2.3(2), 'y, R(H§+(M , N/zN)) is an Artinian graded R-module with Hilbert-
Kirby polynomial of degree less than i. As ¢, (U), is finite, for all n <0, then, by linearity
of length function and Proposition 2.3(2), for all n < 0, we have

) ( Hy (M, N), ) _y (E,OR(HA(M, N)y) +xHp (M, N),
"\eH} (M, N), ) — ™ vHy (M, N),

) + (U,

Thus, to complete the proof, it suffices to prove that (g,(Hpy (M, N)/xHp (M, N)), is
of reverse polynomial type of degree less than i. From the exact sequence (3.6), and
Proposition 2.3(2), it is concluded that Tw,z(Hj (M, N)/xHy (M,N)) is an Artinian
graded R-module with Hilbert-Kirby polynomial of degree less that i. This means that,

for all n < 0, we have

Cr, <(H;;+(M, N)/xH} (M, N ))n) = (g, ((FmOR(H£+(M ,N)/wHp (M, N )))n>

Tgr (Hiy (M.N) 2, (MN))) (n).

and we are done. O
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