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Abstract. Let Γ be a group and X denote a class of (left) Γ-modules which contains

all projectives. Assume that the trivial Γ-module Z admits an X -precover. In this paper,

we introduce and study a class of the derivations from a group Γ to a Γ-module A that

arises from X -precovers of the Γ-module Z. These derivations, that will be called X -

derivations, form a subgroup of the group of derivations Der(Γ, A). We study this group

explicitly when X is the class of Gorenstein projective Γ-modules, where X -derivations

are called Gorenstein derivations. Corresponding results will be discussed when X is the

class of flat Γ-modules.

1. Introduction

In many algebraic structures such as groups, associative algebras and Lie algebras, the

notion of a derivation plays an important role, especially in the study of extensions and

cohomology [6], [17], [22]. The abelian group Der(Γ, A) of derivations (sometimes called

crossed homomorphisms) from a group Γ to a Γ-module A appears in the first group

cohomology H1(Γ, A). In fact, H1(Γ, A) is the group of derivations modulo principal

derivations, denoted PDer(Γ, A). Also we know, from the classical homological algebra,

that H1(Γ, A) is isomorphic to the group e(Γ, A), the Yoneda Ext of the pair (Z, A), that
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is, the group of equivalence classes of short exact sequences 0→ A→ E → Z→ 0. So

e(Γ, A) ∼= Der(Γ, A)/PDer(Γ, A) ∼= H1(Γ, A) (†)

Let X be a class of (left) Γ-modules which contains all projective Γ-modules. The ex-

tension 0 → A → E → Z → 0 is called X -proper if it is HomΓ(X , )-exact. Let

eX (Γ, A) be the subset of e(Γ, A) consisting of all equivalence classes of X -proper ex-

tensions of Z by A. It is proved in [1] that eX (Γ, A) ∼= Ext1
X (Z, A) is a subgroup of

Ext1
ZΓ(Z, A) ∼= H1(Γ, A). Here Ext1

X (Z, A) is the 1st right derived functor of HomZΓ( , A)

with respect to X . It follows from the isomorphism (†) that eX (Γ, A) must correspond to

a subgroup XDer(Γ, A) ⊆ Der(Γ, A) containing PDer(Γ, A). In this paper, we introduce

and study the group XDer(Γ, A).

Let us be more precise. Let E : 0→ g→ ZΓ→ Z→ 0 be the augmentation sequence of

Γ. Assume that the trivial Γ-module Z admits an X -precover (see Definition 2.5 below).

Consider the X -proper extension ξ : 0 → L → X0 → Z → 0 of Z with X0 ∈ X . Since

X0 → Z is an X -precover and ZΓ is projective and hence in X , we deduce that there

exists a homomorphism f2 : g → L. By the terminology of [24, p 204], ξ = f2E (see

2.9 below). A derivation d ∈ Der(Γ, A) will be called an X -derivation (from Γ to A),

if there exists h ∈ HomΓ(L,A) and d0 ∈ PDer(Γ, A), such that d = hf2σ + d0, where

σ ∈ Der(Γ, g) is defined by σ(x) = x − 1, for all x ∈ Γ. It is obvious that, the set of all

X -derivations from Γ to A forms a subgroup of Der(Γ, A). This subgroup is denoted by

XDer(Γ, A). We will show that the group XDer(Γ, A) is independent of the choice of the

X -proper extension of Z and of the choice of the Γ-homomorphism f2. Also there exists

an isomorphism eX (Γ, A) ∼= XDer(Γ, A)/PDer(Γ, A). As application, we investigate the

behavior of this subgroup of derivations, when X = F is the class of flat Γ-modules and

when X = GP is the class of Gorenstein projective Γ-modules. It is shown that Γ is a

trivial group if and only if for any Γ-module A, FDer(Γ, A) = PDer(Γ, A) and is a finite

group if and only if for any Γ-module A, GDer(Γ, A) = PDer(Γ, A). An example also will

be given of a group Γ and a Γ-module A, such that PDer(Γ, A) is a proper subgroup of

GDer(Γ, A) and the latter is a proper subgroup of Der(Γ, A).

Throughout the paper, Γ is a group and ZΓ is its associated integral group ring. All

considered modules - if not specified otherwise - are left ZΓ-modules that, for simplicity,
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will be called (left) Γ-modules. The tensor product and Hom functor over ZΓ are denoted

by −⊗Γ − and HomΓ(−,−).

2. Preliminaries

Recall that for any group Γ, the cohomological dimension of Γ, cdΓ, is the projective

dimension of Z as a (left) trivial ZΓ-module, and the homological dimension of Γ, hdΓ, is

the flat dimension of Z as a left trivial ZΓ-module. Virtual cohomological dimension is a

refinement of the cohomological dimension, applying to virtually torsion-free groups. Γ is

virtually torsion-free if it has a torsion-free subgroup of finite index. By Serre’s theorem

[12, Theorem VIII.3.1] all such subgroups have the same cohomological dimension, and

this common dimension is called the virtual cohomological dimension of Γ, denoted vcdΓ.

Definition 2.1. A totally acyclic complex of projectives, is an exact complex

· · · → T2 → T1 → T0 → T−1 → T−2 → · · ·

of projective Γ-modules, which remains exact after applying the functor HomΓ(−, P ), for

any projective module P . A Γ-module G is called Gorenstein projective if it is a syzygy

of a totally acyclic complex of projectives, i.e. G = Ker(Ti → Ti−1) for some integer i.

2.2. It is clear that every projective Γ-module is Gorenstein projective. The class of all

projective Γ-modules will be denoted by P(Γ) and the class of all Gorenstein projective

Γ-modules will be denoted by GP(Γ).

The class of Gorenstein projective modules was introduced and studied by Enochs and

collaborators in a series of papers, as a natural generalizations of modules in Auslander’s

G-class to non-finitely generated ones, see e.g [15]. Since then, this concept has found

many applications in commutative algebra, algebraic geometry, singularity theory, and

relative homological algebra.

2.3. Gorenstein projective dimension. Using the class of modules in GP(Γ), one

can assign an invariant to any non-zero Γ-module A, the Gorenstein projective dimension

of A, denoted GpdΓ(A), to be the infimum of all non-negative integers n, such that there

exists an acyclic complex

0→ Gn → Gn−1 → · · · → G0 → A→ 0,
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in which all Gi’s are Gorenstein projective. If there is no such resolution of finite length,

we set GpdΓ(A) =∞. Also, we set GpdΓ0 = −∞. Since P(Γ) ⊆ GP(Γ), it is plain that

GpdΓA ≤ pdΓA. It is known that we have equality if pdΓA <∞.

Remark 2.4. The invariant GpdZΓZ, which is called the Gorenstein cohomological di-

mension of Γ and denoted by GcdΓ, has been introduced and studied extensively in [2].

This invariant has also been studied in [5].

Definition 2.5. For a given class X of (left) Γ-modules, a Γ-homomorphism φ : X → A

with X ∈ X is said to be an X -precover of A (or simply precover if X is understood) if

the induced homomorphism HomΓ(X ′, X) → HomΓ(X ′, A) is surjective for all X ′ ∈ X .

X is said to be precovering, if every Γ-module A admits an X -precover. For a good source

for studying covers with respect to various classes of modules, see [15].

For the proof of the following result one can consult [19, Theorem 2.10].

Proposition 2.6. Assume that A is a Γ-module and GpdΓA is finite. Then there exists

a short exact sequence 0 → L → G → A → 0 of Γ-modules in which G → A is a

GP-precover of A and pdΓL <∞.

It is shown in [2] that for any virtually torsion-free group Γ, GcdΓ ≤ vcdΓ with equality

if vcdΓ is finite. So the above proposition, in particular, implies that if Γ is a group of

finite virtual cohomological dimension, then Z admits a GP-precover.

Theorem 2.7. Let Γ be a group of finite Gorenstein cohomological dimension. Then GP
is a covering class, that is, any Γ-module A has a GP-precover.

Proof. Assume that A is an arbitrary Γ-module. In view of the above proposition, we just

need to show that GpdΓA is finite. This follows from [2, Proposition 2.11]. �

2.8. Relative Cohomology. Assume that X is precovering. In this case, for any

Γ-module A there is a complex

X• : · · · → X1 → X0 → A→ 0

in which Xi ∈ X and the complex remains exact after applying the functor HomΓ(X ′,−),

for any X ′ ∈ X . X• is called a (left) X -proper resolution of A. Since we have assumed

that the class X contains all the projective Γ-modules, every X -proper resolution will
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be exact. Known theorems from classical homological algebra, tell us that the deleted

complex · · · → X1 → X0 → 0 is unique up to homotopy and so can be used to compute

derived functors. We will use the notation ExtnX (A,B) for the nth right derived functor

of HomΓ(−, B) using an X -proper resolution of A. If A = Z, then ExtnX (Z,−) is defined

to be the nth relative cohomology group and will be denoted by Hn
X (Γ,−).

Now choose a projective resolution P• −→ Z over ZΓ. So there exists a morphism

of complexes ϕ : P• −→ X• lifting the identity morphism of Z. By applying the func-

tor HomΓ(−, B), for any Γ-module B, we get a comparison homomorphism εnX (B) :

Hn
X (Γ, B) → Hn(Γ, B), from relative cohomology to absolute ones. In fact, εnX =

HnHomΓ(ϕ,B).

Since the functor HomΓ(−, B) is a left exact functor, one can see easily that ε0
X (B) :

H0
X (Γ, B) → H0(Γ, B) is an isomorphism. In [1, Proposition 2.1], it is shown that

Ext1
X (A,B) is a subgroup of Ext1

Γ(A,B), for all Γ-modules A and B. Hence ε1
X :

H1
X (Γ, B)→ H1(Γ, B) is a monomorphism.

2.9. Assume that ε : 0 −→ E1 −→ E0 −→ C −→ 0 is a short exact sequence of Γ-modules

and α : E1 −→ A is a Γ-homomorphism. We denote the pushout of the extension ε along

α by αε. In addition, its equivalence class will be denoted by [αε], for details see [23,

Chapter VII].

2.10. Derivations. Let R be a commutative ring with identity, Λ a noetherian R-

algebra and let A be a Λ-bimodule. An R-linear map d : Λ −→ A is said to be a

derivation, provided that d(xy) = d(x)y+ xd(y) for all x, y ∈ Λ. It is easily seen that the

set of all derivations from Λ to A, denoted by Der(Λ, A), is a submodule of R-linear maps

from Λ to A. A derivation d ∈ Der(Λ, A) is said to be principal (or inner), if there exists

an object a ∈ A such that for any x ∈ Λ, d(x) = ax− xa. It is known that the set of all

principal derivatons, PDer(Λ, A), is a subgroup of Der(Λ, A). Now assume that Λ = ZΓ

and A is a left Γ-module. Considering A as a right Γ-module by trivial action, it will be

a bimodule. So, in this case, the above definition can be simplified as follows:

A map d : Γ −→ A is said to be a derivation from Γ to A, if d(xy) = d(x) + xd(y)

for all x, y ∈ Γ. The derivation d is called principal if there exists a ∈ A such that for

all x ∈ Γ, d(x) = xa − a. The group of derivations and principal derivations from Γ to



56 ABDOLNASER BAHLEKEH∗

A are denoted by Der(Γ, A) and PDer(Γ, A), respectively. Now let us explain that the

derivation functor is represented by the augmentation ideal.

Let E : 0→ g→ ZΓ
ε→ Z→ 0 be the augmentation sequence of Γ. We recall that the

augmentation ideal g of ZΓ is the kernel of the augmentation homomorphism ε : ZΓ→ Z
which is defined by ε(Σaixi) = Σai, ai ∈ Z, xi ∈ Γ. Also fix the derivation σ : Γ → g

defined by σ(x) = x − 1. It is well-known [24, Theorem 5.21] that, for any derivation

d : Γ → A, there exists a Γ-homomorphism h ∈ HomΓ(g, A) such that d = hσ. Indeed,

the map φ : HomΓ(g, A) −→ Der(Γ, A), sending each morphismh to hσ, is a natural

isomorphism of abelian groups; see also [26, Lemma 6.4.4].

3. X -derivations

We begin this section by recalling the notion of X -proper extensions of Z by a Γ-module

A. The extension 0 → A → E → Z → 0, which is HomΓ(X,−)-exact, for X ∈ X , is

called an X -proper extension of Z by A. The group of all equivalence classes of X -proper

extensions of Z by A is denoted by eX (Γ, A). Now, consider an X -precover π : X0 → Z
of Z. Since X0 → Z is a precover and ZΓ belongs to X , there exists homomorphism

f1 : ZΓ → X0 commuting the square on the right. Hence we get f2 and therefore a

commutative diagram

0 −−−−→ g
i−−−−→ ZΓ

ε−−−−→ Z −−−−→ 0

f2

y f1

y id

y
0 −−−−→ L

u−−−−→ X0
π−−−−→ Z −−−−→ 0,

in which L = Kerπ.

Definition 3.1. A derivation d ∈ Der(Γ, A) is called an X -derivation if there exists

h ∈ HomΓ(L,A) and d0 ∈ PDer(Γ, A), such that d = hf2σ + d0. It is obvious that the

set of all X -derivations from Γ to A, forms a subgroup of Der(Γ, A). This subgroup is

denoted by XDer(Γ, A).

The result below reveals that, our definition of X -derivations is independent of the

induced morphism f2 as well as the choice of the X -precover X0 → Z.

Lemma 3.2. The group XDer(Γ, A) is independent of the choice of the X -precover X0 →
Z and of the choice of the Γ-homomorphism f2.
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Proof. Let f ′2 : g → L be an another homomorphism that commutes the above diagram.

A relative version of the comparison lemma [15, Sec. 8.1] implies that there exists a

Γ-homomorphism θ : ZΓ → L such that f ′2 − f2 = θi. Thus for any h ∈ HomΓ(L,A) we

have h(f ′2−f2)σ = hθiσ ∈ PDer(Γ, A). Therefore hf ′2σ = hf2σ+d0 ∈ XDer(Γ, A), where

hθiσ = d0 ∈ PDer(Γ, A). This implies that our definition is independent of the induced

map f2.

Next assume that 0 → L′ → X ′0 → Z → 0 is another X -proper extension of Z with

X ′0 ∈ X . We have the following commutative diagrams:

0 −−−−→ g
i−−−−→ ZΓ

ε−−−−→ Z −−−−→ 0

f ′
2

y f ′
1

y id

y
0 −−−−→ L′

u′

−−−−→ X ′0
π′

−−−−→ Z −−−−→ 0,

0 −−−−→ g
i−−−−→ ZΓ

ε−−−−→ Z −−−−→ 0

f2

y f1

y id

y
0 −−−−→ L

u−−−−→ X0
π−−−−→ Z −−−−→ 0

g2

y g1

y id

y
0 −−−−→ L′

u′

−−−−→ X ′0
π′

−−−−→ Z −−−−→ 0.

Since f ′2 and g2f2 are lifted by the identity map over Z, for any h′ ∈ HomΓ(L′, A),

we have h′(f ′2 − g2f2)σ ∈ PDer(Γ, A). Now, since h′g2 ∈ HomΓ(L,A), this implies that

h′f ′2σ ∈ XDer(Γ, A). This completes the proof. �

The result below is well-known from the point of view of general homological algebra

and we include its proof only for the sake of completeness.

Lemma 3.3. Let E : 0 → g → ZΓ → Z → 0 be the augmentation sequence of Γ and

ξ : 0→ L→ X0 → Z→ 0 be an X -proper extension of Z with X0 ∈ X . Then

(i) Any equivalence class of extensions of Z by A is of the form [hE ], where h : g→ A

is a Γ-homomorphism.

(ii) Any equivalence class of X -proper extensions of Z by A is of the form [h′ξ], where

h′ : L→ A is a Γ-homomorphism.

Proof. Let us prove (ii). The proof of (i) is similar. Let ε : 0→ A→ E → Z→ 0 be an

extension of Z by A such that ε ∈ [h′ξ], for some Γ-homomorphism h′ : L→ A. Then we
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have the following commutative diagram

ξ : 0 −−−−→ L −−−−→ X0 −−−−→ Z −−−−→ 0

h′

y h

y id

y
ε : 0 −−−−→ A −−−−→ E −−−−→ Z −−−−→ 0.

Since X0 → Z is an X -precover, the upper row remains exact after applying the functor

HomΓ(X ′,−), for any X ′ ∈ X . This leads us to infer that the sequence

0→ HomΓ(X ′, A)→ HomΓ(X ′, E)→ HomΓ(X ′,Z)→ 0

is exact, i.e. ε is an X -proper extension of Z by A. Now suppose that ε : 0→ A→ E →
Z→ 0 is an X -proper extension of Z by A. Since X0 ∈ X , there exist Γ-homomorphisms

φ and h′ such that the following diagram commutes

ξ : 0 −−−−→ L −−−−→ X0 −−−−→ Z −−−−→ 0

h′

y φ

y id

y
ε : 0 −−−−→ A −−−−→ E −−−−→ Z −−−−→ 0.

Consequently, [ε] = [h′ξ] and so the proof is completed. �

Now, we are ready to prove the main result of this paper.

Theorem 3.4. eX (Γ, A) ∼= XDer(Γ, A)/PDer(Γ, A). In particular,

H1
X (Γ, A) ∼= XDer(Γ, A)/PDer(Γ, A).

Proof. Pick an X -proper sequence

0→ L
u→ X0

π→ Z→ 0,

with X0 ∈ X . Apply HomΓ(−, A) to this sequence to get the exact sequence

0→ HomΓ(Z, A)→ HomΓ(X0, A)
ϑ→ HomΓ(L,A)→ Cokerϑ→ 0.

By Lemma 3.3, one can easily show that θ : eX (Γ, A) → HomΓ(L,A)/Imϑ, defined by

θ([hξ]) = h+ Imϑ is an isomorphism. On the other hand, it is easy to check that the map

ϕ : HomΓ(L,A)/Imϑ→ XDer(Γ, A)/PDer(Γ, A),

defined by ϕ(h+ Imϑ) = hd2 + PDer(Γ, A), where d2 = f2σ, is onto.
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Suppose hd2 ∈ PDer(Γ, A). Thus there exists a Γ-homomorphism α : ZΓ → A such

that the diagram

g
i−−−→ ZΓ

f2

y α

y
L

h−−−→ A,

is commutative. Since the diagram

g
i−−−→ ZΓ

f2

y f1

y
L

u−−−→ X0

is the pushout diagram, there exists a unique Γ-homomorphism θ : X0 → A making

related triangles commute. Therefore h ∈ Imϑ, and so, ϕ is an isomorphism. Hence,

we obtain the isomorphism eX (Γ, A) ∼= XDer(Γ, A)/PDer(Γ, A). Now the proof can be

completed just by noting the fact that eX (Γ, A) ∼= H1
X (Γ, A). �

For a given class X of Γ-modules, we let ⊥X (respectively, X⊥) to be the class of all

Γ-modules A such that Ext1
Γ(A,X) = 0 (respectively, Ext1

Γ(X,A) = 0), for all X ∈ X .

⊥X and X⊥ are called left and right orthogonal classes of X .

Corollary 3.5. If A ∈ X⊥, then XDer(Γ, A) = Der(Γ, A).

Proof. Since A ∈ X⊥, all short exact sequences 0 → A → E → Z → 0 of Γ-modules

are X -proper. Hence eX (Γ, A) = e(Γ, A). This, in view of the above theorem, implies the

result. �

Corollary 3.6. If A is a trivial Γ-module, then

eX (Γ, A) ∼= XDer(Γ, A) ∼= {α ∈ HomGroup(Γ/[Γ,Γ], A) | α = hf2σ̄ for some h ∈ HomΓ(L,A)},

where [Γ,Γ] is the derived group of Γ and σ̄([Γ,Γ]x) = x− 1 for all x ∈ Γ.

Proof. By [26, Corollary 6.4.6], H1(Γ, A) ∼= Der(Γ, A) ∼= HomGroup(Γ, A). Since A is

an abelian group, for any d ∈ Der(Γ, A), d([x, y]) = 0 for all [x, y] ∈ [Γ,Γ]. There-

fore Der(Γ, A) ∼= HomGroup(Γ/[Γ,Γ], A). Hence the result follows from the definition of

XDer(Γ, A) and using the fact that PDer(Γ, A) = 0. �



60 ABDOLNASER BAHLEKEH∗

Let X = F be the class of all flat Γ-modules. It is known that the class F is precovering

(see [9]). Consequently Z admits an F -(pre)cover. In this case F -derivations will be

denoted by FDer(Γ, A).

3.7. Note that by Theorem 3.4, for any Γ-module A,

eF(Γ, A) ∼= FDer(Γ, A)/PDer(Γ, A) ∼= H1
F(Γ, A).

A Γ-module A is called cotorsion if A ∈ F⊥. That is, Ext1
Γ(F,A) = 0, for all flat

Γ-module F . The following corollary follows directly from Corollary 3.5.

Corollary 3.8. If A is a cotorsion Γ-module, then FDer(Γ, A) = Der(Γ, A).

Corollary 3.9. Γ is a trivial group if and only if for any Γ-module A, FDer(Γ, A) =

PDer(Γ, A).

Proof. FDer(Γ, A) = PDer(Γ, A) if and only if H1
F(Γ, A) = 0, which is equivalent to say

that hdΓ = 0. This, in turn, is equivalent to say that Γ is trivial, see [10, Proposition

4.12]. �

Remark 3.10. Let ZΓ be a coherent ring, i.e. every finitely generated (left) ideal of ZΓ

is finitely presented. Assume that GF is the class of all Gorenstein flat Γ-modules. Then

GF is a precovering class. In this case, we have a subgroup of Der(Γ, A) consisting of

GF -derivations, denoted GFDer(Γ, A).

Recall that a Γ-module M is said to be Gorenstein flat, if there exists an acyclic complex

of flat Γ-modules: F• : · · · → F1 → F0 → F−1 → · · · such that M = ker(F0 → F−1) and

for any right injective Γ-module I, the functor I ⊗Γ− leaves the complex F• exact. Such

a complex F• is called a complete flat resolution of M , see [16].

Now assume that Γ is a finite group. According to Proposition 4.12 of [3], Z is a

Gorenstein flat Γ-module. This, in particular, implies that GFDer(Γ, A) = PDer(Γ, A).

We finish this remark by giving some situations in which ZΓ is a coherent ring. Let Γ be

a finitely generated soluble group. Then ZΓ is coherent, if one of the following conditions

hold (see [11]):

(a) Γ is coherent, that is any finitely generated subgroup of Γ is finitely presented;

(b) Γ is polycyclic or is an ascending HNN-group over a polycyclic base group.
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4. Gorenstein derivations

In this section we consider the special case where X = GP(Γ) is the class of all Goren-

stein projective Γ-modules. We assume that Γ is of finite Gorenstein cohomological di-

mension. Note that by Theorem 2.7, this implies that GP is a precovering class. In this

case the group of X -derivations will be denoted by GDer(Γ, A) and its elements are called

Gorenstein derivations.

4.1. Let Γ be a finite group. By invoking [12, Proposition VI.2.6], in view of [12, Propo-

sition VI.3.5], we obtain that the trivial Γ-module Z is Gorenstein projective. Hence

id : Z → Z is an GP-precover of Z. So by the notations of the Definition 3.1, we then

have L = 0 and hence f2 = 0. Therefore, GDer(Γ, A) = PDer(Γ, A).

Proposition 4.2. Γ is a finite group if and only if for any Γ-module A, GDer(Γ, A) =

PDer(Γ, A).

Proof. Assume that for any Γ-module A, GDer(Γ, A) = PDer(Γ, A). This in view of

Theorem 3.4, implies that H1
GP(Γ, A) = Ext1

GP(Z, A) = 0, for any Γ-module A. So any

GP-proper extension of Z is split. In particular

0→ L→ G→ Z→ 0,

with G ∈ GP is split. Hence Z, being a direct summand of G, is Gorenstein projective.

Now the result follows from [2, Proposition 2.19]. The converse has been shown in 4.1. �

Remark 4.3. It is worth noting that the problem finding suitable conditions under which

for a given algebra Λ, every derivation is principal, has been the subject of some exposi-

tions; see for example [8, 7, 13, 14]. In the following two results, we provide some criteria

under which every derivation is a Gorenstein derivation.

If Γ is a finite group, then H1(Γ,Z) = 0, see e.g. [26, Exercise 6.1.5(2)]. So Der(Γ,Z) =

PDer(Γ,Z). On the other hand, by the above proposition, for any finite group Γ,

PDer(Γ,Z) = GDer(Γ,Z). Therefore we have proved the following corollary.

Corollary 4.4. Let Γ be a finite group. Then GDer(Γ,Z) = Der(Γ,Z)

Proposition 4.5. Let Γ be a group and A be a Γ-module. Then GDer(Γ, A) = Der(Γ, A)

if one of the following conditions holds:
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(i) cdΓ <∞.

(ii) pdΓA <∞.
(iii) idΓA <∞.

Proof. (i). Let cdΓ < ∞. Then the augmentation map ε : ZΓ → Z is an GP-precover

of Z, because pdΓZ and hence GpdΓZ is finite. So we can consider L = g, f1 = idZΓ and

f2 = idg. Hence HomΓ(L,A)f2 = HomΓ(g, A). On the other hand, by [24, Theorem 5.21],

HomΓ(g, A) ∼= Der(Γ, A). Therefore GDer(Γ, A) = Der(Γ, A).

(ii) and (iii). By [15, Remark 10.2.2] and [18, Theorem 3.8 (i)], if pdΓA < ∞ or

idΓA <∞, then A ∈ GP(Γ)⊥. Hence we obtain the result from Corollary 3.5. �

4.6. We recall that a finite p-group Γ, for some prime integer p, is Frattinian if Z(Γ) 6=
Z(M) for all maximal subgroups M of Γ. Here Z(Γ) is the center of Γ, that is, Z(Γ) =

{x ∈ Γ | xy = yx for all y ∈ Γ}. Γ is called strongly Frattinian, if CΓ(Z(φ(Γ))) = φ(Γ),

where CΓ(Z(φ(Γ))) = {x ∈ Γ | xy = yx for all y ∈ Z(φ(Γ))}. The Frattini subgroup of an

arbitrary group Γ, denoted by φ(Γ), is defined to be the intersection of all the maximal

subgroups, with the stipulation that it shall equal Γ if Γ has no maximal subgroups. It

is easy to see that under conjugation by the elements of Γ, Z(φ(Γ)) becomes a Γ/φ(Γ)-

module, where φ(Γ) and Z(φ(Γ)) are Frattini subgroup and the center of Frattini subgroup

of Γ, respectively. Now, let Γ be a non-abelian finite p-group of order p3. It is not hard to

check that Γ is Frattinian but it is not strongly Frattinian. Since Γ/φ(Γ) is a finite group,

as we saw above, GDer(Γ/φ(Γ), Z(φ(Γ))) = PDer(Γ/φ(Γ), Z(φ(Γ))). On the other hand,

by [25, Proposition 2], H1(Γ/φ(Γ), Z(φ(Γ))) 6= 0. Using this fact, in view of [26, Theorem

6.4.5], one may deduce that the group GDer(Γ/φ(Γ), Z(φ(Γ))) is a proper subgroup of

Der(Γ/φ(Γ), Z(φ(Γ))).

Lemma 4.7. Let H be a subgroup of Γ of finite index. Suppose that G → Z is a GP-

precover of Z over ZΓ. Then G→ Z is also a GP-precover of Z as ZH-module.

Proof. Since H is a subgroup of finite index of Γ, for any H-module A, HomH(ZΓ, A) ∼=
ZΓ⊗HA, see [12, Proposition III 5.9]. This fact shows that if P ∈ P(H) then HomH(ZΓ, P ) ∈
P(Γ). By using this fact and the adjointness of Hom and ⊗, we may obtain that GP(Γ) ⊆
GP(H). On the other hand, it is easy to show that if G′ ∈ GP(H), then ZΓ⊗HG

′ ∈ GP(Γ),

(see [5, Example 2.1 (c)]). Let G′ be a Gorenstein projective H-module. Another use of
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the adjointness of Hom and ⊗ implies we have the following commutative diagrams:

HomH(G′, G) //

∼=
��

HomH(G′,Z) //

∼=
��

0

HomH(G′,HomΓ(ZΓ, G)) //

∼=
��

HomH(G′,HomΓ(ZΓ,Z)) //

∼=
��

0

HomΓ(ZΓ⊗H G
′, G) // HomΓ(ZΓ⊗H G

′,Z) // 0.

Since ZΓ⊗H G
′ ∈ GP(Γ) and G −→ Z is a GP-precover of Z over ZΓ, the lower row is

exact. Therefore the upper row is also exact. So the proof is complete. �

Remark 4.8. We should remark that, as we have seen, the proof of the above lemma relies

on the fact that for any H-module A, there is a Γ-isomorphism HomH(ZΓ, A) ∼= ZΓ⊗HA.

It is worth to mention that the argument works in a slightly more general situation.

Namely, assume that φ : R −→ S is a ring extension such that S is a finitely generated

projective R-module and HomR(S,R) is a projective S-module. Then, if G → M is a

GP-precover of a given S-module M , it will be also a GP-precover of M as an R-module.

Theorem 4.9. Let H be a subgroup of Γ of finite index. Let A be a H-module. Then

GDer(H, A) = GDer(Γ,CoindΓ
HA). In particular, if H is a torsion-free subgroup of Γ and

vcdΓ <∞, then Der(H, A) = GDer(Γ,CoindΓ
HA).

Proof. Let 0→ L→ G→ Z→ 0 be a GP-proper extension of Z over ZΓ with G ∈ GP(Γ).

By the above lemma, this can also be regarded as a GP-proper extension of Z over ZH

with G ∈ GP(H). We consider the following commutative diagram:

0 // g′
i //

i2

��

ZH
ε //

i1
��

Z //

id
��

0

0 // g //

f2
��

ZΓ //

f1
��

Z //

id
��

0

0 // L
u // G

π // Z // 0,

where i1 and i2 are inclusion maps. Now let d′ ∈ GDer(H, A). By definition, d′ =

h′f ′2σ
′ + d′0, where h′ : L → A is an H-homomorphism, f ′2 = f2i2 and d′0 ∈ PDer(H, A).
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Since HomH(L,A) ∼= HomΓ(L,CoindΓ
HA), corresponding to h′, there exists a unique Γ-

homomorphism h : L → CoindΓ
HA. Since d′0 ∈ PDer(H, A), there is H-homomorphisms

ϕ′ : ZH → A such that d′0 = ϕ′|g′σ
′, where g′ is the augmentation ideal of ZH. Hence

we have a Γ-homomorphism θ = idZΓ ⊗H ϕ
′ : ZΓ → ZΓ ⊗H A ∼= CoindΓ

HA. Then d0 =

θ|gσ ∈ PDer(Γ,CoindΓ
HA). Therefore d = hf2σ+ d0 ∈ GDer(Γ,CoindΓ

HA). In fact, we have

defined

ψ : GDer(H, A)→ GDer(Γ,CoindΓ
HA),

by ψ(h′f ′2σ+d′0) := hf2σ+d0. For the converse, consider d = hf2σ+d0 ∈ GDer(Γ,CoindΓ
HA).

Since d0 ∈ PDer(Γ,CoindΓ
HA), there exists a Γ-homomorphism θ : ZΓ → CoindΓ

HA

such that d0 = θ|gσ. Since HomΓ(ZΓ,CoindΓ
HA) ∼= HomH(ZΓ, A), there exists an H-

homomorphism ϕ : ZΓ → A. Hence d′0 = ϕi1|g′σ
′ ∈ PDer(H, A) and then d′ = hf2i2σ

′ +

d′0 ∈ GDer(H, A). The second part, follows from the Proposition 4.5. �

Remark 4.10. A similar method as in the proof of the above theorem can be applied to

the case X = F to show that FDer(H, A) = FDer(Γ,CoindΓ
HA).

Corollary 4.11. Let H be a subgroup of Γ of finite index. Let A be a Γ-module. Then

GDer(H, A) = GDer(Γ,Z[Γ/H] ⊗ A), where Z[Γ/H] is permutation module and Γ acts

diagonally on the tensor product. In particular, GDer(H,Z) = GDer(Γ,Z[Γ/H]).

Proof. By [12, Proposition III.5.6(a)], IndΓ
HResΓ

HA ∼= Z[Γ/H] ⊗ A, where IndΓ
HResΓ

HA =

ZΓ⊗H ResΓ
HA. The result hence follows from the above theorem. �

4.12. There is an exact sequence of cohomology groups connecting the absolute, the Tate

and the relative cohomology groups. The sequence first was discovered by Avramov and

Martsinkovsky in [4, Theorem 7.1], for finite modules of finite Gorenstein dimension over

commutative rings. Then it was extended to different settings, such as non-finite modules

and also complexes, by several authors, see e.g. [20]. With our notation, we may rewrite

the sequence in the following form:

Let Γ be a group of finite Gorenstein cohomological dimension n. Then for any Γ-

module A, there exists a long exact sequence of cohomology groups

0 −−−→ H1
GP(Γ, A) −−−→ H1(Γ, A) −−−→ Ĥ1(Γ, A)

−−−→ H2
GP(Γ, A) −−−→ · · ·

−−−→ Hn
GP(Γ, A) −−−→ Hn(Γ, A) −−−→ Ĥn(Γ, A) −−−→ 0
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in which H i
GP denotes the ith relative cohomology and Ĥ i denotes the ith Tate cohomology

group.

In the following we give an example of a Γ-moduleA for which PDer(Γ, A) < GDer(Γ, A) <

Der(Γ, A). Here, ‘<’ denotes the proper subgroup.

Example 4.13. Let Γ be a group with cdΓ = ∞ and vcdΓ = 1. For example, assume

that Γ is a non-trivial non-free group with vcdΓ = 1.

Let H be a subgroup of Γ, such that [Γ : H] < ∞ and cdH = 1. Such subgroup

exists, because we have assumed that vcdΓ = 1. Set A := g ⊕ IndΓ
Hg
′, where g′ is the

augmentation ideal of ZH and IndΓ
Hg
′ is the induction module ZΓ⊗H g′.

The long exact sequence of Tate cohomology groups arising from the sequence

0→ g→ ZΓ→ Z→ 0,

in view of the fact that Ĥ i(Γ,ZΓ) = 0, for all integers i, implies that Ĥ0(Γ,Z) ∼= Ĥ1(Γ, g).

But since cdΓ =∞, by [21, 4.2], Ĥ0(Γ,Z) 6= 0. Hence Ĥ1(Γ, A) 6= 0.

Since vcdΓ = 1, it follows from [4, Theorem 4.2] and [12, Proposition X.2.1(a)] that

H i
GP(Γ,−) = 0, for all i ≥ 2. So, in view of the long exact sequence of 4.12, we get the

following exact sequence

0→ H1
GP(Γ, A)→ H1(Γ, A)→ Ĥ1(Γ, A)→ 0.

We claim that H1(H, g′) 6= 0. Assume on the contrary that H1(H, g′) = 0. So the se-

quence HomH(Z,ZH) −→ HomH(Z,Z) −→ 0 is exact. This implies that cdH = 0. This is

a contradiction. So the claim. But since cdH <∞, H1(H, g′) = H1
GP(H, g′). Now the rela-

tive version of the Shapiro’s lemma applies to show that H1
GP(H, g′) ∼= H1

GP(Γ,CoindΓ
Hg
′).

But [Γ : H] < ∞, so CoindΓ
Hg
′ = IndΓ

Hg
′. Therefore H1

GP(Γ, IndΓ
Hg
′) and hence H1

GP(Γ, A)

is nonzero. This completes the argument, because the non-vanishing of H1
GP(Γ, A), by

Theorem 3.4, implies that there exist Gorenstein derivations that are not principal. And

the non-vanishing of Ĥ1(Γ, A) implies that there should exists derivations which are not

Gorenstein.
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