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Abstract. This paper introduces a robust numerical method for analyzing the time-

fractional reaction-diffusion Brusselator system. The problem is discretized in the spa-

tial direction using the Fourier spectral method and in the temporal direction using a

high-order approximation for the Caputo derivative. By leveraging the Fourier spectral

method’s properties, we can eliminate the second spatial derivatives from the system.

The convergence of this method has been proven, and its efficiency and accuracy are

demonstrated through various numerical examples. The findings reveal a consistent rate

of convergence of two for multiple values of α, affirming the method’s efficacy in tackling

the established system.

1. Introduction

Fractional partial differential equations (FPDEs) are gaining widespread recognition as

a powerful modeling tool in diverse fields of science and engineering [1, 2]. By incorporat-

ing fractional derivatives, FPDEs offer unparalleled insights into non-local and spatially

heterogeneous phenomena, outperforming their integer-order counterparts. Applications

of FPDEs span a wide range of disciplines, including hydrology, image denoising, fi-

nance, physics, biology, chemistry, and more. FPDEs accurately simulate fluid flow and
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solute transport in porous media, enhance image quality by removing noise while pre-

serving essential features, and enable efficient pricing of complex financial instruments

[3, 4, 5, 6, 7, 8, 9, 10]. The versatility and effectiveness of FPDEs have led to their

growing adoption as a valuable tool for modeling non-local and heterogeneous phenom-

ena across a wide spectrum of disciplines. FPDEs provide deeper insights and enhance

our understanding of complex systems, making them an essential tool for researchers and

practitioners alike [11, 12].

The reaction-diffusion Brusselator system (RDBS) is a mathematical model used to

describe a type of chemical oscillator and pattern formation in reaction-diffusion systems.

The Brusselator is named after Brussels, where the model was first introduced. It is

a set of nonlinear differential equations that represent the dynamics of two chemical

species interacting through reactions and diffusion. This model is particularly significant

in the study of Turing patterns, which are spatial patterns that emerge spontaneously

in reaction-diffusion systems. The Brusselator system has applications in various fields,

including chemistry, biology, and physics, where it is used to model phenomena such

as chemical waves, morphogenesis, and the formation of spatial structures in biological

systems [13, 14].

The time-fractional RDBS (TFRDBS) is an extension of the classical Brusselator model,

incorporating time-fractional derivatives to account for memory effects and anomalous

diffusion processes. In this system, the time derivative in the governing equations is

replaced with a fractional derivative, which allows for a more accurate description of

processes where the rate of diffusion or reaction is not constant over time, such as in

heterogeneous or complex media. This model is particularly useful in fields like biology

and materials science, where anomalous diffusion and long-range temporal correlations

play a critical role, such as in the spread of biological species, signal transmission in

neurons, and the formation of patterns in heterogeneous materials [15]. In this paper, we

investigate the TFRDBS described by:


Dα

[0,t]φ− λ1 + (λ2 + 1)φ− φ2ψ − λ3
∂2φ
∂x2

= f1(x, t), x ∈ R, t > 0,

Dα
[0,t]ψ − λ2φ+ φ2ψ − λ3

∂2ψ
∂x2

= f2(x, t), x ∈ R, t > 0,

φ(x, t) = φ(x+ 2π, t), x ∈ R, t ≥ 0,

ψ(x, t) = ψ(x+ 2π, t), x ∈ R, t ≥ 0,

(1.1)



FOURIER SPECTRAL APPROXIMATION 89

where λ1, λ2 are the input chemicals and φ, ψ are the intermediate species.

The initial conditions for system (1.1) are given by

φ(x, 0) = φ(x+ 2π, 0) = φ0(x), x ∈ R,(1.2)

ψ(x, 0) = ψ(x+ 2π, 0) = ψ0(x), x ∈ R.(1.3)

The time-fractional derivative in the system (1.1) is the Caputo fractional derivative

(CFD) with order 0 < α < 1, and it is defined as

Dα
[0,t]φ(t) =

1

Γ(1− α)

∫ t

0

∂φ(η)

∂η
(t− η)−αdη,(1.4)

where Γ(·) denotes the usual gamma function.

The motivation for employing the fractional form of the reaction-diffusion Brussela-

tor system lies in its capability to capture memory effects and anomalous diffusion pro-

cesses, which are prevalent in real-world phenomena such as biological pattern formation,

chemical reactions, and material sciences. Traditional integer-order models often fail to

accurately represent these long-range temporal correlations. By incorporating the Ca-

puto fractional derivative, our approach provides a more flexible and precise description

of diffusion and reaction dynamics. Furthermore, the combination of the Fourier spec-

tral method with a high-order approximation for the fractional derivative enhances both

accuracy and computational efficiency compared to classical finite difference and finite

element methods, making it an effective choice for solving the TFRDBS.

Several studies have investigated the fractional BRDS using various analytical and nu-

merical approaches. Jena et al. [16] employed the fractional reduced differential transform

method (FRDTM) to obtain semi-analytical solutions and conducted a convergence anal-

ysis. Singh et al. [17] introduced the q-homotopy analysis transform method (q-HATM),

demonstrating its computational efficiency for nonlinear fractional differential equations.

Nisar et al. [18] applied the residual power series method (RPSM) to derive analytical

solutions and analyzed them graphically. Recently, Singh et al. [19] proposed an in-

novative Vieta-Fibonacci wavelet collocation method, showing its effectiveness in solving

the three-component fractional Brusselator system with high accuracy and computational

efficiency. The present work builds upon these contributions by utilizing the Fourier spec-

tral method for spatial discretization and a high-order approximation for the Caputo

derivative, providing a robust and efficient numerical approach for solving TFRDBS.
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Spectral methods are numerical techniques widely used for solving PDEs and FPDEs.

These methods rely on representing the solution of the PDE or FPDE as a sum of basis

functions, typically orthogonal polynomials or trigonometric functions [20, 21, 22, 23, 24,

25, 26]. One major advantage of the spectral method is its ability to converge when

dealing with smooth solutions rapidly. However, the limited regularity of solutions to

these problems, often due to constraints, makes achieving spectral accuracy challenging.

The main objective of this study is to introduce a rapid approach for achieving a numerical

solution to the TFRDBS by employing the Fourier spectral method. Utilizing the Fourier

spectral method for spatial discretization of the TFRDBS, we showcase its efficacy in

solving the system. This paper makes two key contributions. Firstly, we leverage the

Fourier transform to simplify the TFRDBS into an ordinary differential equation (ODE)

in frequency space. Subsequently, we employ an approximation for the Caputo derivative

to solve the resultant ODE. Secondly, we perform a convergence analysis of the proposed

method.

The structure of this paper is as follows: Section 2 outlines the application of Fourier

spatial discretization to the TFRDBS. In Section 3, we furnish a convergence proof for

the proposed methodology. Section 4 is devoted to presenting our numerical experiments’

results, demonstrating the numerical technique’s effectiveness. Finally, Section 5 offers

concluding remarks.

2. The Numerical Method

2.1. Fourier Spectral Approximation. We’ll employ the Fourier spectral method

to solve equation (1.1)-(1.3). This method consists of expressing the function φ ∈
L2(J), J := (0, 2π) subject to periodic boundary conditions (PBCs) using its Fourier

series representation as follows:

φ(x) ≈ F(φ)(x) := Σ∞k=−∞φ̂k exp(ikx).(2.1)

Here, k denotes the Fourier wavenumber, and {φ̂k}∞k=−∞ represent the Fourier coefficients,

which can be computed using the formula:

φ̂k =

∫ 2π

0

(2π)−1 exp(−ikx)φ(x)dx.(2.2)
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Consider that for any function φ ∈ L2(J) that is continuous, periodic and exhibits

bounded variation on J , the truncated series PN(φ) := ΣN
k=−N φ̂k exp(ikx) converges uni-

formly to φ.

Next, let’s define the points xj = j 2π
N
, 0 ≤ j ≤ N −1. We can then introduce the discrete

Fourier transform (DFT):

φ̃k :=
1

NAk
ΣN−1
j=0 φj exp(−ikxj), k = −N

2
:
N

2
.(2.3)

Here, Ak = 1 when |k| < N/2 and Ak = 2 when |k| = N/2. The definition of the DFT is:

φj := Σ
N
2

k=−N
2

φ̃k exp(ikxj), j = 0 : N − 1.(2.4)

We contemplate the space XN := SPAN{exp(ikx) : k = −N : N} and X = limN→∞XN .

In the context of the fractional Sobolev space, assuming φ ∈ Hm
p where m ≥ 2, the

semi-norm and norm of Hm
p (J) can be expressed by:

‖φ‖m = (Σ∞k=−∞(1 + k2)m|φ̃k|2)
1
2 , |φ|m = (Σ∞k=−∞|k|2m|φ̃k|2)

1
2 .(2.5)

The inner product of φ and % in Hm
p is given by:

〈φ, %〉 := Σ∞k=−∞(1 + k2)m%̄kφk.

Then, the standard weak formulation for (1.1) is to find φ and ψ in X such that
〈Dα

[0,t]φ, %〉 = 〈λ1 − (λ2 + 1)φ, %〉+ 〈φ2ψ, %〉+ λ3〈∂
2φ
∂x2
, %〉+ 〈f1, %〉,

〈Dα
[0,t]ψ, %〉 = λ2〈φ, %〉 − 〈φ2ψ, %〉+ λ3〈∂

2φ
∂x2
, %〉+ 〈f2, %〉,

〈φ(x, 0), %〉 = 〈φ0, %〉, 〈ψ(x, 0), %〉 = 〈ψ0, %〉, ∀% ∈ X .

(2.6)

Approximation scheme: We find φN , ψN ∈ XN such that:
〈Dα

[0,t]φN , %〉 = 〈λ1 − (λ2 + 1)φN , %〉+ 〈φ2
NψN , %〉+ λ3〈∂

2φN
∂x2

, %〉+ 〈f1, %〉,
〈Dα

[0,t]ψN , %〉 = λ2〈φN , %〉 − 〈φ2
NψN , %〉+ λ3〈∂

2φN
∂x2

, %〉+ 〈f2, %〉,
〈φN(x, 0), %〉 = 〈φ0, %〉, 〈ψN(x, 0), %〉 = 〈ψ0, %〉, ∀% ∈ X .

(2.7)

Taking the inner product of equation (2.7) with % = eikx, and applying (2.3), we obtain: Dα
[0,t]φ̃k(t) = λ1 − (λ2 + 1)φ̃k(t) + F(F−1(φ̃k(t))

2.F−1(ψ̃k(t)))− λ3k
2φ̃k(t) + f̃1(t),

Dα
[0,t]ψ̃k(t) = λ2ψ̃k(t)−F(F−1(φ̃k(t))

2.F−1(ψ̃k(t)))− λ3k
2ψ̃k(t) + f̃2(t),

(2.8)

The initial conditions are given by

φ̃(x, 0) = φ̃0(x), ψ̃(x, 0) = ψ̃0(x), xr ≤ x ≤ xm.
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Suppose that φj(t), ψj(t) ∈ L2(0, T ) for each spatial grid point xj. Then, for each wave

number k, the corresponding discrete Fourier coefficient φ̃k(t) and ψ̃k(t) also belong to

L2(0, T ).

2.2. Discretization of the Temporal Direction. Given positive values M and even N ,

consider tn = ndt and xj = a+ jh with dt = T/M , h = (b− a)/N represent the temporal

and spatial step sizes, respectively. The L1-2-3 formula, detailed in [27], provides an

approximation for the CFD of order α with 0 < α < 1 and an accuracy of 4 − α. This

formula is applicable when φ belongs to C4[0, tn] and is expressed as:

D̃αtnφ(t)
∣∣∣
t=tn

=
dt−α

Γ(2− α)
(δα0 φn − Σn−1

j=1 (δαn−j−1 − δαn−j)φj − δαn−1φ0),(2.9)

where the coefficients are defined as follows:

For n = 1, we have

δα0 = 1;

For n = 2, we have

δα0 = aα0 + bα0 , δ
α
1 = aα1 − bα0 ;

For n = 3, we have

δαl =


aαl + bαl + ωαl , l = 0,

aαl + bαl − bαl−1 − 2ωαl−1, l = 1,

aαl − bαl−1 + ωαl−2, l = 2,

For n ≥ 4, we have

δαl =



aαl + bαl + ωαl , l = 0,

aαl + bαl − bαl−1 + ωαl − 2ωαl−1, l = 1,

aαl + bαl − bαl−1 + ωαl − 2ωαl−1 + ωαl−2, l = 2 : n− 3,

aαl + bαl − bαl−1 − 2ωαl−1 + ωαl−2, l = n− 2,

aαl − bαl−1 + ωαl−2, l = n− 1,
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where

aαl = (l + 1)1−α − l1−α, 0 ≤ l ≤ n− 1,

bαl = 1
2−α [(l + 1)2−α − l2−α]− 1

2
[(l + 1)1−α + l1−α], l ≥ 0,

ωαl = −(1
6
((l + 1)1−α + 2l1−α) + 1

2−α l
2−α − 1

(2−α)(3−α)
((l + 1)3−α − l3−α)), l ≥ 0.

By applying (2.8) and (2.9), we obtain the following system of equations:

( dt−α

Γ(2−α)
δα0 + λ3k

2 + λ2 + 1)φ̃k,n+1 = λ1

+ dt−α

Γ(2−α)
(Σn

j=1(δαn−j − δαn−j+1)φ̃k,j − δαn φ̃k,0)

+F(F−1(φ̃k,n)2.F−1(ψ̃k,n)) + f̃1(tn+1),

( dt−α

Γ(2−α)
δα0 + λ3k

2 − λ2)ψ̃k,n+1

= dt−α

Γ(2−α)
(Σn

j=1(δαn−j − δαn−j+1)ψ̃k,j − δαn ψ̃k,0)

+F(F−1(φ̃k,n)2.F−1(ψ̃k,n)) + f̃2(tn+1).

(2.10)

Here, φ̃k,n := 1
NAk

∑N−1
j=0 φj(tn) exp(−ikxj), k = −N

2
: N

2
, and ψ̃k,n is defined similarly.

3. Theoretical Analysis

Theorem 3.1. (See [28]) For φ ∈ Hm
p , m ≥ 2 and m ≥ ρ ≥ 0, we get

‖φ− PNφ‖ρ ≤ Nρ−m|φ|m,

where PN(φ) := ΣN
k=−N φ̂k exp(ikx).

Theorem 3.2. Let φ, ψ ∈ L2(0, T ;Hm
p )(m ≥ 2) be solutions to (2.6), and let φN , ψN be

solutions to (2.7), it follows

‖φ(t)− φN(t)‖ ≤ CNρ−m, ‖ψ(t)− ψN(t)‖ ≤ CNρ−m

Proof. Let eN(tn) = φN(tn) − PNφ(tn), εN(tn) = ψN(tn) − PNψ(tn), n = 0, 1, ..,M . We

substitute PNφ(tn) and PNψ(tn) for φN(tn) and ψN(tn) in (2.7), therefore we get 〈
∂αeN (t)
∂tα


t=tn

, %〉 = −(λ2 + 1)〈eN , %〉+ 〈φ2
NψN − PNφ2PNψ, %〉+ λ3〈∂

2eN (tn)
∂x2

, %〉,

〈∂
αεN (t)
∂tα


t=tn

, %〉 = λ2〈εN , %〉 − 〈φ2
NψN − PNφ2PNψ, %〉+ λ3〈∂

2εN (tn)
∂x2

, %〉, ∀% ∈ XN .

We put % = eN(tn) and apply the Caputo approximation defined by (2.9). Then we have

dt−α

Γ(2− α)
(δα0 〈eN(tn), eN(tn)〉 − Σn−1

j=1 (δαn−j−1 − δαn−j)〈eN(tj), eN(tn)〉 − δαn−1〈eN(t0), eN(tn)〉)

= −(λ2 + 1)〈eN(tn), eN(tn)〉+ 〈φ2
NψN − PNφ2PNψ, eN(tn)〉+ λ3〈

∂2eN(tn)

∂x2
, eN(tn)〉.
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Also we have

〈φ2
NψN − PNφ2PNψ, eN(tn)〉 ≤ 〈φ2

NψN − PNφ2ψN , eN(tn)〉

+ 〈PNφ2ψN − PNφ2PNψ, eN(tn)〉

≤ ‖eN(tn)‖‖φ2
N − PNφ2‖‖ψN‖+ ‖PNφ2‖‖εN(tn)‖‖eN(tn)‖.(3.1)

Therefore

(
dt−α

Γ(2− α)
δα0 + λ2 + 1)‖eN(tn)‖2 ≤ ‖eN(tn)‖(‖∂

2eN(tn)

∂x2
‖

+ ‖PNu2‖‖εN(tn)‖+ ‖u2
N − PNu2‖‖vN‖

+
dt−α

Γ(2− α)

[
δαn−1‖eN(t0)‖+ Σn−1

j=1 (δαn−j−1 − δαm−j)‖eN(tj)‖
]
).

In the next step, we put % = εN(tn) and use the equation (2.9). Then, using (3.1), we

obtain:

(
dt−α

Γ(2− α)
δα0 )‖εN(tn)‖2 ≤ ‖εN(tn)‖(‖∂

2εN(tn)

∂x2
‖

+ ‖PNφ2‖‖εN(tn)‖+ ‖φ2
N − PNφ2‖‖ψN‖

+
dt−α

Γ(2− α)

[
δαn−1‖εN(t0)‖+ Σn−1

j=1 (δαn−j−1 − δαn−j)‖εN(tj)‖
]
).

Suppose that n = 1. Using eN(0) = 0 and εN(0) = 0, we have

(
dt−α

Γ(2− α)
δα0 + λ2 + 1)‖eN(t1)‖ ≤ ‖∂

2eN(t1)

∂x2
‖

+ ‖PNφ2‖‖εN(t1)‖+ ‖φ2
N − PNφ2‖‖ψN‖,(3.2)

and

(
dt−α

Γ(2− α)
δα0 )‖εN(t1)‖ ≤ ‖∂

2εN(t1)

∂x2
‖

+‖PNφ2‖‖εN(t1)‖+ ‖φ2
N − PNφ2‖‖ψN‖,(3.3)

where δα0 > 0.

Since φ, ψ ∈ C4[0, 1], the right-hand side of equations (3.2) and (3.3) are bounded. By

choosing a sufficiently small dt, we can conclude that eN(t1) = 0 and εN(t1) = 0.

By induction, we have eN(tj) = 0.
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Then, we derive:

‖φ(t)− φN(t)‖2 ≤ ‖φ(t)− PNφ(t)‖2 + ‖PNφ(t)− φN(t)‖2

≤ N2ρ−2m|φ(t)|2m + ‖eN(t)‖2 = N2ρ−2m|φ(t)|2m.

Conversely, The quantity |φ(t)|2m remains bounded. So we can conclude that there is a

constant C which ‖φ(t)− φN(t)‖ ≤ CNρ−m. The same result can be achieved for ψ. �

Lemma 3.3. (See [27]) Assume that φ ∈ C4[0, T ] and c
0D

α
t φ(t) = D̃αt φ(t) + ER(φ(t)).

Then, we have

ER(φ(t1)) =
−α

2Γ(1− α)
φ′′(θ1)

∫ t1

t0

(r − t0)(r − t1)(t1 − r)−α−1dr,

ER(φk(t2)) =
−α

Γ(1− α)
(
1

2
φ̃′′(θ1)

∫ t1

t0

(r − t0)(r − t1)(t2 − r)−α−1dr

+
1

6
φ′′′(θ2)

∫ t2

t1

(r − t0)(r − t1)(t2 − r)−αdr),

and for n ≥ 3, we have

ER(φk(tn)) =
−α

Γ(1− α)
(
1

2
φ′′(θ1)

∫ t1

t0

(r − t0)(r − t1)(tn − r)−α−1dr

+
1

6
φ′′′(θ2)

∫ t2

t1

(r − t0)(r − t1)(r − t2)(tn − r)−α−1dr

+
1

4!
|φ(4)(θ)|Σn−1

j=3

∫ tj

tj−1

3∏
i=0

(r − tj−i)(tn − r)−α−1dr

− 1

4!
φ(4)(θ4)

∫ tn

tn−1

3∏
i=1

(r − tn−i)(tn − r)−αdr,

in which

θ1 ∈ (t0, t1), θ2 ∈ (t1, t2),

θ ∈ (t2, tn−1), θ4 ∈ (tn−1, tn).

Remark 3.4. Let c
0Dtk

m∗αφ̃k(t) denote the m-th time CFD of φ̃k(t), defined as

c
0Dtk

α(c0Dtk
α(c0Dtk

α(. . . (φ̃k(t))).
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By leveraging Lemma 3.3 and the properties of CFDs, we can derive:

c
0D

m∗α
tk

φ̃k(t) = D̃m∗αtk
φ̃k(t) + Σm−1

s=1
c
0D

s∗α
tk
ERD̃(m−s−1)∗α

tk
φ̃k

(t) + ERD̃(m−1)∗α
tk

φ̃k
(t).(3.4)

Theorem 3.5. Suppose φ ∈ C4[0, T ]. For any tj, tn ∈ [0, T ] the following relation holds

|c0Dm∗α
tj
ER(φ̃k(tn))| = O(dt2−(m+1)α),(3.5)

Proof. By considering Lemma 3.3 and Remark 3.4, we can achieve the following formulas

c
0D

α
t1
ER(φ̃k(ψ)) =

α

2Γ(−α + 1)
φ̃′′(θ1)

∫ t1

t0

(

∫ v

t0

(r − t0)(v − r)−αdr)′(t1 − v)−αdv

=
−α2

2Γ2(−α + 1)
φ̃′′(θ1)

∫ t1

t0

(

∫ v

t0

(r − t0)(v − r)−α−1dr)(t1 − v)−αdv

=
−α2

2Γ2(−α + 1)
φ̃′′(θ1)

∫ t1

t0

(r − t0)(

∫ t1

s

(v − r)−α−1(t1 − v)−αdv)dr

=
−α2

2Γ2(−α + 1)
φ̃′′(θ1)

∫ t1

t0

(r − t0)(t1 − r)−2αdr

∫ 1

0

q−α−1(1− q)−αdq

=
−α2Γ(−α)

2Γ(−2α + 1)Γ(−α + 1)
φ̃′′(θ1)

∫ t1

t0

(r − t0)(t1 − r)−2αdr,

=
α

2Γ(−2α + 1)
φ̃′′(θ1)

∫ t1

t0

(r − t0)(t1 − r)−2αdr.

In the same manner, we can demonstrate

c
0D

m∗α
t1
ER(φ̃k) =

α

2Γ(−(m+ 1)α + 1)
φ̃′′(θ1)

∫ t1

t0

(r − t0)(t1 − r)−(m+1)αdr.

Therefore

|c0Dm∗α
t1
ER(φ̃k)| ≤ |

α

2Γ(−(m+ 1)α + 2)
| max
t0≤t≤t1

|φ̃′′k(t)|dt2−(m+1)α.(3.6)

Also, we have

|c0Dα
t2
ER(φ̃k(v))| ≤

∣∣∣∣ α

Γ2(1− α)

∫ t2

t0

[
α + 1

2
φ̃′′(θ1)

∫ t1

t0

(r − t0)(r − t1)(v − r)−α−2dr

+
α

6
φ̃′′′(θ2)

∫ v

t1

(r − t0)(r − t1)(v − r)−α−1dr

]
(t2 − v)−αdv

∣∣∣∣.
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Since the time step is less than one, we have t1 ≤ r ≤ v ≤ 1 and (v − r)−1 > 1. Then

∣∣∣c0Dα
t2
ER(φ̃k)

∣∣∣ ≤ ∣∣∣ α(α + 1)

Γ2(−α + 1)

∫ t2

t0

(

∫ v

t0

H(r)(v − r)−α−2dr)(t2 − v)−αdv
∣∣∣,

=
∣∣∣ α(α + 1)

Γ2(−α + 1)

∫ t2

t0

H(r)(

∫ t2

r

(v − r)−α−2(t2 − v)−αdv)dr
∣∣∣,

=
∣∣∣ α(α + 1)

Γ2(−α + 1)

∫ t2

t0

H(r)(t2 − r)−2α−1dr

∫ 1

0

q−α−2(1− q)−αdq
∣∣∣,

=
∣∣∣ 1

Γ(−2α)

∫ t2

t0

H(r)(t2 − r)−2α−1dr
∣∣∣,

where

H(r) =


1
2
φ̃′′(θ1)(r − t0)(r − t1), t0 ≤ r ≤ t1,

1
6
φ̃′′′(θ2)(r − t0)(t1 − r), t1 < r ≤ t2.

In the same manner, we can demonstrate

|c0Dm∗α
t2
ER(φ̃k)| ≤

∣∣∣∣∣ 1

Γ(−(m+ 1)α)

∫ t2

t0

H(r)(t2 − r)−(1+(m+1)α)dr

∣∣∣∣∣.
Therefore

|c0Dm∗α
t2
ER(φ̃k)| ≤ | 1

Γ(−(m+ 1)α)
|(1

2
φ̃′′(θ1)

∫ t1

t0

(r − t0)(t1 − r)(t2 − r)−(m+1)α−1dr

+
1

6
φ̃′′′(θ2)

∫ t2

t1

(r − t0)(r − t1)(t2 − r)−(m+1)α−1dr)(3.7)

≤ | 1

Γ(−(m+ 1)α + 1)
|
(

1

2
max
t0≤t≤t1

|φ̃′′k(t)|+
1

3
max
t1≤t≤t2

|φ̃′′′k (t)|
)
dt2−(m+1)α.

Moreover

|c0Dm∗α
tn ER(φ̃k(v))| ≤

∣∣∣ 1

Γ(−(m+ 1)α)

∫ tn

t0

L(r)(tn − r)−(m+1)α−1dr
∣∣∣,
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where

L(r) =



−φ̃′′(θ1)
2

(t0 − r)(t1 − r), t0 ≤ r ≤ t1,

φ̃′′′(θ2)
6

(t0 − r)(t1 − r)(t2 − r), t1 < r ≤ t2,

−φ̃(4)(θ)
4!

∏3
i=0(tj−i − r), tj−1 < r ≤ tj,

φ̃(4)(θ4)
4!

∏3
i=1(r − tn−i), tn−1 < r ≤ tn.

j = 3 : n− 1,

Therefore

∣∣∣c0Dm∗α
tn ER(φ̃k)

∣∣∣ ≤ ∣∣∣ 1

Γ(−(m+ 1)α)

∣∣∣(∣∣∣1
2
φ̃′′(θ1)

∫ t1

t0

(r − t0)(t1 − r)(tn − r)−(m+1)α−1dr
∣∣∣

+
∣∣∣1
6
φ̃′′′(θ2)

∫ t2

t1

(r − t0)(r − t1)(t2 − r)(tn − r)−(m+1)α−1dr
∣∣∣

+
∣∣∣ 1

4!
φ̃(4)(θ)Σn−1

j=3

∫ tj

tj−1

3∏
i=0

(r − tj−i)(tn − r)−(m+1)α−1dr
∣∣∣

+
∣∣∣ 1

4!
φ̃(4)(θ4)

∫ tn

tn−1

3∏
i=1

(r − tn−i)(tn − r)−(m+1)α−1dr
∣∣∣).

So, we can write:

|c0Dm∗α
tn ER(φ̃k(tn))| ≤

∣∣∣ 1

Γ(−(m+ 1)α + 1)

∣∣∣(1

2
max
t0≤t≤t1

|φ̃′′k(t)|dt2−(m+1)α

+
1

3
max
t0≤t≤t2

|φ̃′′′k (t)|dt3−(m+1)α +
1

4
max

t0≤t≤tn−1

|φ̃(4)
k (t)|dt4−(m+1)α

+
1

4
max
t0≤t≤tn

|φ̃(4)
k (t)|dt3−(m+1)α).

Then

|c0Dm∗α
tj
ER(φ̃k(tn))| ≤ χjidt

2−(m+1)α,(3.8)
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where

χji(φ̃k) =



| α
2Γ(−(m+1)α+2)

|maxt0≤t≤t1 |φ̃′′k(t)|, j = 1,

| 1
Γ(1−(m+1)α)

|(1
2

maxt0≤t≤t1 |φ̃′′k(t)|+ 1
3

maxt1≤t≤t2 |φ̃′′′k (t)|), j = 2,

| 1
Γ(−(m+1)α+1)

|(1
2

maxt0≤t≤t1 |φ̃′′k(t)|+ dt
3

maxt0≤t≤t2 |φ̃′′′k (t)|
+dt2

4
maxt0≤t≤tn−1 |φ̃

(4)
k (t)|+ dt

4
maxt0≤t≤tn |φ̃

(4)
k (t)|). j = 3, 4, · · ·

�

Theorem 3.6. Suppose that φ, ψ ∈ C4[0, tn] are the exact solutions of (1.1) And φ̃, ψ̃,

φ̃c, ψ̃c are approximate solutions of (2.8) by Eqs. (1.4) and (2.9). Then, we have:

|ej,n| = O(dt2), |εj,n| = O(dt2).

where

ej,n = φ̃j(tn)− φ̃cj(tn), εj,n = ψ̃j(tn)− ψ̃cj(tn).

Proof. We replace (2.10) in (2.8) and consider Lemma (3.3), then obtain

|φ̂j,n − φ̃cj,n| ≤ Σn−1
s=1dt

(n+1−s)α|c0D
(n−s)∗α
ts ER(φ̃j(ts))|+ dtα|ER(φ̃j(tn))|,(3.9)

then by applying Theorem 3.5 for equation (3.9) we get |ej,n| = O(dt2). In the same way,

we can show that |εj,n| = O(dt2). �

Theorem 3.7. The proposed numerical method is consistent.

Proof. We start with the expression:(
dt−α

Γ(2− α)
δα0 + λ3k

2 + λ2 + 1

)
φ̃k,n+1 =

dt−α

Γ(2− α)

(
n−1∑
j=1

(δαn−j−1 + δαn−j)φ̃k,j + δαn−1φ̃k,0

)
+ ˜(φ2ψ)k,n.

By substituting Taylor expansions into the numerical scheme, we obtain:(
dt−α

Γ(2− α)
δα0 + λ3k

2 + λ2 + 1

)
φ̃k,n+1 =

dt−α

Γ(2− α)

(
δα0 φ̃k,n +

( n−1∑
j=0

δαj − δα0
)
dtφ̃′k,j

+O(dt2)
)

+ ˜(φ2ψ)k,n.
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Using
∑n−1

j=0 δ
α
j = dtα−1 from [27], the equation simplifies to:(

dt−α

Γ(2− α)
δα0 + λ3k

2 + λ2 + 1

)
φ̃k,n+1 =

dt−α

Γ(2− α)

(
δα0 φ̃k,n + dtαφ̃′k,j − δα0 dtφ̃′k,j

)
+ ˜(φ2ψ)k,n +O(dt).

Define A = dt−α

Γ(2−α)
δα0 + λ3k

2 + λ2 + 1. The truncation error is en+1 = φ̃(tn+1)− φ̃n+1. By

Taylor expanding φ̃(tn+1):

en+1 =
1

A

( dt−α

Γ(2− α)
en + 2en ˜(φ(t)ψ)k,n + ˜(φ2(t)ψ)k,n + e2

nφ̃k,n

−(λ3k
2 + λ2 + 1)φ̃(tn) + dtαφ̃′k,j − δα0 dtφ̃′k,j

)
+O(dt).

Thus,

en+1 =
dt−α

AΓ(2− α)
en +

1

A

(
+ 2en ˜(φ(t)ψ)k,n + ˜(φ2(t)ψ)k,n + e2

nφ̃k,n

−(λ3k
2 + λ2 + 1)φ̃(tn) + dtαφ̃′k,j − δα0 dtφ̃′k,j

)
+O(dt).

Since dt−α

AΓ(2−α)
< 1, the truncation error en+1 approaches zero as dt decreases. Therefore,

we conclude that the numerical method is consistent. The proof for the second equation

in the system is identical. �

Theorem 3.8. The numerical method is stable if |Mk,n| < λ3k
2 + λ2 + 1 whereMk,n =

( ˜φ2 + 2φψ)k,n.

Proof. Let E0 denote the perturbation in the first step, and defineMk,n = ( ˜φ2 + 2φψ)k,n.

Then we have

(
dt−α

Γ(2− α)
δα0 + λ3k

2 + λ2 + 1

)
En+1 =

dt−α

Γ(2− α)

 n∑
j=1

(δαn−j − δαn−j+1)Ej + δαnE0

+Mk,nEn,

where δα0 > δα2 > · · · > δαn > 0 and δ1 ∈ (−7
6
, 1). Suppose En = rn+1, with |r| > 1.

When δα1 > 0, the equation reduces to:(
dt−α

Γ(2− α)
δα0 + λ3k

2 + λ2 + 1

)
|r| ≤ dt−α

Γ(2− α)
δα0 + |Mk,n|.
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Since |Mk,n| < λ3k
2 +λ2 +1, we deduce that |r| < 1, which leads to a contradiction with

the initial assumption. We now turn to the case where δα1 < 0, from which we obtain:(
dt−α

Γ(2− α)
δα0 + λ3k

2 + λ2 + 1

)
|En+1| ≤

dt−α

Γ(2− α)

 n∑
j=1

(δαn−j − δαn−j+1)|Ej |+ δαn |E0|


+ Mk,n|En|+ 2(δα2 − δα1 )|En−1|.

Since |Mk,n| < λ3k
2 + λ2 + 1, we obtain

dt−αD̃αtn+1
|En+1| ≤ 2(δα2 − δα1 )|En−1|.

Therefore, we conclude that

dt−α ln(|r|)(n+ 1)1−αE1,2−α((n+ 1) ln |r|) ≤ 2(δα2 − δα1 )|r|n,

where Ea,b(z) denotes the Mittag-Leffler function.

It follows that

dt−α ln(|r|)n
1−α
2 |r|n ≤ 2(δα2 − δα1 )|r|n.

Therefore,

(dt
√
n)−α ln(|r|)

√
n ≤ 2(δα2 − δα1 ).

This leads to a contradiction when dt is sufficiently small. Therefore, the desired result

holds. An analogous reasoning applies to the second equation of the system. �

4. Numerical Examples

We give three numerical examples to demonstrate the method’s efficiency for TFRDBS.

All the computations are carried out using Matlab 9.8.0 (R2020a). We measure the error

by infinity norm and root mean square (RMS) errors:

ERMS = (
1

M
ΣM
i=1(φexact(T )− φapprox(T ))2)

1
2 ,

ERMS = (
1

M
ΣM
i=1(ψexact(T )− ψapprox(T ))2)

1
2 ,

and

E∞ = ‖φexact(T )− φapprox(T )‖∞,

E∞ = ‖ψexact(T )− ψapprox(T )‖∞.
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Example 4.1. Consider the following TFRDBS{
Dα

[0,t]φ = −1.3φ+ φ2ψ + ∂2φ
∂x2

+ f1(x, t),

Dα
[0,t]ψ = 0.3φ− φ2ψ + ∂2ψ

∂x2
+ f2(x, t),

(4.1)

where 0 < α < 1, 0 ≤ t ≤ 1 and

f1(x, t) =
Γ(1.9)

Γ(1.9− α)
t0.9−α sin(2πx) + 1.3 sin(2πx)− sin2(2πx) cos(2πx) + 4π2sin(2πx),

f2(x, t) =
Γ(1.9)

Γ(1.9− α)
t0.9−α cos(2πx)− 0.3 sin(2πx) + sin2(2πx) cos(2πx) + 4π2 cos(2πx),

For (4.1), the following initial conditions are considered:

φ(x, 0) = sin(2πx), ψ(x, 0) = cos(2πx).

The exact solutions of the above problem can be expressed as φ(x, t) = (t0.9) sin(2πx)

and ψ(x, t) = (t0.9) cos(2πx).

Please take the following information into consideration: Tables 1 and 2 show the conver-

gence rate, the RMS, infinity norm error, and CPU time of φ and ψ for 0 ≤ α ≤ 1 with

N = 16 and dt = 0.1, 0.05, 0.025, 0.0125, 0.0063, respectively. The numerical analysis re-

sults show that the proposed method’s convergence rates closely approach 2 for 0 ≤ α ≤ 1.

The numerical and exact solutions are compared in Figure 2 with α = 0.1, N = 32 and

dt = 0.001. Figure 3 shows the error for different dt and α with N = 32. Figure 5 depicts

the error of φ and ψ for N = 512 and α = 0.05, dt = 0.002.

Example 4.2. Consider the following TFRDBS{
Dα

[0,t]φ = −1.7φ+ φ2ψ + 0.1∂
2φ
∂x2

+ f1(x, t),

Dα
[0,t]ψ = 0.7φ− φ2ψ + 0.1∂

2ψ
∂x2

+ f2(x, t),
(4.2)

where 0 < α < 1 and 0 ≤ t ≤ 1. The initial conditions are:

φ(x, 0) = x2(1− x)2, ψ(x, 0) = x4(1− x)4.

We choose f1(x, t) and f2(x, t) so that the exact solutions of the system (4.2) are φ(x, t) =

t0.9x2(1− x)2 and ψ(x, t) = t0.9x4(1− x)4.

In Figure 4, the comparison between the exact and numerical solutions of this example

is illustrated for α = 0.5 using dt = 0.001, and N = 128. Meanwhile, in Figure 5, the

error is portrayed for α = 0.5 using dt = 0.01, and N = 1024. Remarkably, the error
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Table 1. The obtained results for φ using the proposed method when

N = 16 in Example 1.

α dt E∞ C −R ERMS CPU(s)

0.1 0.1000 7.30458166e−7 − 5.16607900e−7 0.0078

0.0500 1.86881453e−7 1.9667 1.32169686e−7 0.0114

0.0250 4.92599613e−8 1.9236 3.48385205e−8 0.0196

0.0125 1.31276872e−8 1.9078 9.28439982e−9 0.0443

0.0063 3.51490136e−9 1.9011 2.48587142e−9 0.1075

0.3 0.1000 1.39687251e−6 − 1.39687251e−6 0.0074

0.0500 3.54779461e−7 1.9772 3.54779461e−7 0.0105

0.0250 9.45386313e−8 1.9079 9.45386313e−8 0.0199

0.0125 3.63212381e−9 1.8798 2.56877695e−8 0.0441

0.0063 9.97790405e−9 1.8640 7.05675476e−9 0.1037

0.5 0.1000 2.85281251e−6 2.01762597e−6 0.0058

0.0500 7.24873382e−7 1.9766 5.12659449e−7 0.0090

0.0250 2.01649783e−7 1.8459 1.42614698e−7 0.0197

0.0125 5.87724808e−8 1.7786 4.15662076e−8 0.0398

0.0063 1.77471135e−8 1.7276 1.25514529e−8 0.0878

remains minimal, underscoring the efficiency of the present method, as demonstrated in

Figure 5. Additionally, Table 3 presents the convergence rate, the RMS, infinity norm

error, and CPU time for dt = 0.01, 0 ≤ α ≤ 1, and various values of N .

Example 4.3. Consider the following TFRDBS{
Dα

[0,t]φ = 1− 1.5φ+ φ2ψ + 0.002∂
2φ
∂x2

+ f1(x, t),

Dα
[0,t]ψ = 0.5φ− φ2ψ + 0.002∂

2ψ
∂x2

+ f2(x, t),
(4.3)

where 0 < α < 1, 0 ≤ t ≤ 1 and For (4.1), the following initial conditions are considered:

φ(x, 0) = esin(2πx), ψ(x, 0) = ecos(2πx).

In this example, we examine the Brusselator model, which is defined by several key pa-

rameters that significantly influence the dynamics of the chemical reactions taking place
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Figure 1. Exact and numerical solutions for φ (up) and ψ (down) for

α = 0.1, N = 32 and dt = 0.001 in Example 1.

Figure 2. Infinity error for φ (left) and ψ (right) when N = 16 in Example 1.

within it. The parameter λ1 = 1 represents the rate at which substance ψ is produced,

typically expressed in moles per liter per second (mol/(L·s)). Conversely, λ2 = 0.5 in-

dicates the rate at which substance ψ is consumed in reactions. Additionally, λ2 also
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Table 2. The obtained results for ψ using the proposed method when

N = 16 in Example 1.

α dt E∞ C −R ERMS CPU(s)

0.1 0.1000 7.42078264e−7 − 5.23652646e−7 0.0131

0.0500 1.89872644e−7 1.9665 1.33984985e−7 0.0235

0.0250 5.00530056e−8 1.9235 3.53202700e−8 0.0346

0.0125 1.33402906e−8 1.9077 9.41367583e−9 0.0737

0.0063 3.57217999e−9 1.9009 2.52073552e−9 0.1574

0.3 0.1000 2.00990872e−6 − 1.41831216e−6 0.0122

0.0500 5.10783350e−7 1.9763 3.60440124e−7 0.0235

0.0250 1.36196464e−7 1.9070 9.61087949e−8 0.0342

0.0125 3.70340237e−8 1.8788 2.61335972e−8 0.0735

0.0063 1.01823252e−8 1.8628 7.18532440e−9 0.1491

0.5 0.1000 2.91129813e−6 2.05440064e−6 0.0116

0.0500 7.41110224e−7 1.9739 5.22978938e−7 0.0201

0.0250 2.06592730e−7 1.8429 1.45787242e−7 0.0357

0.0125 6.03562739e−8 1.7752 4.25922374e−8 0.0639

0.0063 1.82739675e−8 1.7237 1.28957005e−8 0.1237

Figure 3. Error for φ (left) and ψ (right) with α = 0.05, N = 512 and

dt = 0.002 in Example 1.
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Table 3. The obtained results for φ with a time step of dt = 0.01 in

Example 2.

α N E∞ Ratio ERMS CPU(s)

0.05 256 6.32111546e−6 − 3.62214720e−6 0.4485

512 1.58281561e−6 1.9961 1.28136447e−6 0.4862

1024 3.97132468e−7 1.9853 3.54102947e−7 0.8807

2048 1.00573886e−7 1.9428 1.00082705e−7 1.5812

0.1 256 6.29181354e−6 − 3.60021790e−6 0.3450

512 1.57732730e−6 1.9883 1.27463599e−6 0.4817

1024 3.97597546e−7 1.9548 2.53263659e−7 0.8517

2048 1.02527309e−7 1.8323 1.00556537e−7 1.5848

0.2 256 6.23901320e−6 − 3.55869996e−6 0.2960

512 1.57089325e−6 1.9488 1.26361019e−6 0.4784

1024 4.02755042e−7 1.8122 3.55331218e−7 0.8492

2048 1.10582691e−7 1.4265 1.07733105e−7 1.5675

describes the production or consumption rate of substance φ, measured in the same units

of mol/(L·s). Furthermore, the diffusion coefficient λ3 = 0.002, measured in square cen-

timeters per second (cm2/s), indicates how rapidly substances ψ and φ diffuse throughout

their environment. Also we choose f1(x, t) and f2(x, t) so that the exact solutions of the

above problem are as follows:

φ(x, t) = tn−1Em,n−1(tm)esin(2πx), ψ(x, t) = tn−1Em,n−1(tm)ecos(2πx).

Here Em,n(t) is Mittag-Leffler function.

Tables 5 and 6 detail the convergence rates, RMS errors, infinity norm errors, and CPU

times for the functions φ and ψ across 0 ≤ α ≤ 1 with N = 16 and various time steps.

The analysis shows that the convergence rates of the proposed method are nearing 2 in

this range. Figure 6 shows the errors for φ and ψ at N = 128, α = 0.9, and dt = 0.002.
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Table 4. The obtained results for ψ with a time step of dt = 0.01 in

Example 2.

α N E∞ Ratio ERMS CPU(s)

0.05 256 3.23055897e−6 − 2.41374049e−6 0.4560

512 8.09802531e−7 1.9961 7.54510342e−7 0.4798

1024 2.04524961e−7 1.9853 2.03588440e−7 0.8673

2048 5.3200041e−8 1.9428 4.09611940e−8 1.5709

0.1 256 3.14839887e−6 − 2.37040933e−6 0.3020

512 7.93501368e−7 1.9883 7.41227078e−7 0.4768

1024 2.04690246e−7 1.9548 2.02066680e−7 0.8629

2048 5.74820452e−8 1.8323 4.15070419e−8 1.5555

0.2 256 2.98353570e−6 − 2.22887552e−6 0.2949

512 7.72825001e−7 1.9488 7.01982701e−7 0.4777

1024 2.20064291e−7 1.8122 2.08683310e−7 0.8530

2048 8.18689248e−8 1.4265 7.64620800e−8 1.5660

Table 5. The obtained results for φ using the proposed method when

N = 16 in Example 3.

α dt E∞ C −R ERMS CPU(s)

0.7 0.0100 8.99389937e−6 − 4.61487619e−6 0.9984

0.0050 1.92354191e−6 2.2252 9.53524054e−7 1.9599

0.0025 5.81071455e−7 1.7270 2.74005692e−7 4.2684

0.8 0.0100 1.89264678e−5 − 9.60103736e−6 0.9732

0.0050 3.98758350e−6 2.2468 2.09132133e−6 1.9948

0.0025 1.03323257e−6 1.9483 4.86620017e−7 4.1974

0.9 0.0100 3.88691997e−5 − 1.97795002e−5 0.9547

0.0050 8.90377104e−6 2.1261 4.60807020e−6 1.9444

0.0025 2.14469164e−7 2.0536 1.08508572e−6 4.2914
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Figure 4. Exact and numerical solutions for φ (up) ψ (down) with α =

0.5, dt = 0.01 and N = 1024 in Example 2.

5. Concluding Remarks

This research paper introduces a reliable numerical approach to solve the TFRDBS

using a Caputo derivative of order 0 < α < 1. Spatial discretization of the problem

was accomplished using the Fourier spectral method, ensuring efficiency and accuracy in

our analysis. Further, a high-order approximation for the Caputo derivative, boasting a

convergence order of 4−α, was utilized to tackle this system. Moreover, the convergence of

this method has been validated as 2, as evidenced by the results of a numerical experiment.

These findings illustrated consistent convergence rates of 2 across various values of α.

Consequently, it was deduced that the method stands as an effective tool for resolving

established systems.
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Figure 5. Error for φ (left) ψ (right) with α = 0.5, dt = 0.01 and N =

1024 on [0, 1]× [0, 1] in Example 2.

Table 6. The obtained results for ψ using the proposed method when

N = 16 in Example 3.

α dt E∞ C −R ERMS CPU(s)

0.7 0.0100 1.71358254e−5 − 9.80544420e−6 1.0351

0.0050 3.64434451e−6 2.2333 2.00038146e−6 1.9890

0.0025 9.08167921e−7 2.0046 4.56865421e−7 3.9809

0.8 0.0100 3.73326760e−5 − 2.15622351e−5 1.0177

0.0050 8.27073878e−6 2.1744 4.69353672e−6 1.9385

0.0025 1.95168714e−6 2.0833 1.03892357e−6 3.9796

0.9 0.0100 7.92261077e−5 − 4.60146691e−5 0.9534

0.0050 1.86063840e−5 2.0902 1.07301029e−5 1.9356

0.0025 4.47500981e−6 2.0558 2.50829460e−6 1.9356
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Figure 6. Error for φ (left) ψ (right) with α = 0.9, dt = 0.002 and N =

128 on [0, 1]× [0, 1] in Example 3.
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