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ABSTRACT. This work focuses on the study of Killing vector fields related to Fried-
mann-Lemaitre-Robertson-Walker (FLRW) spacetimes. After establishing the general
properties of these symmetries, we concentrate on a specific subclass of FLRW models,
known as the Lanczos universe. For this particular family of homogeneous spacetimes, we
develop an algebraic description that captures their essential geometric structure. Using
this algebraic approach, we also investigate the existence and properties of generalized

Ricci solitons within the framework of Lanczos spacetimes.

1. Introduction

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric represents a fundamen-
tal solution to Einstein’s field equations in general relativity, providing a mathematical
description of a universe that is homogeneous (the same at every point) and isotropic
(the same in all directions) [22, 14]. This metric forms the geometric foundation of the
standard ACDM (Lambda Cold Dark Matter) cosmological model, which describes the

large-scale structure, evolution, and dynamics of the universe [17, 20].
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The FLRW spacetime in the standard local coordinates (¢, 7,6, ¢) is expressed by the
line element :
dr?

1 —Ekr?

(1.1) ds* = 2dt* — a(t)? ( + 72(d6* + sin? 9d¢2)) ,

where ds? measures the separation between events in spacetime, ¢ is the cosmic time, and
a(t) is the scale factor, which determines how the universe expands or contracts over time.
The curvature parameter k classifies the spatial geometry: k£ = +1 for a closed, spherical
universe, k = 0 for a flat, Euclidean universe, and k = —1 for an open, hyperbolic universe
[6].

While the FLRW metric describes a broad class of homogeneous and isotropic uni-
verses, certain specialized models within this framework possess distinctive geometric and
physical features. One notable example is the Lanczos universe, which presents a unique
solution to Einstein’s equations within the FLRW family. Although less commonly in-
vestigated compared to other cosmological models, the Lanczos universe offers valuable
insights into alternative geometric structures of spacetime and has been recognized for its
distinctive mathematical structure [13, 21].

Originally introduced by Cornelius Lanczos [13], the Lanczos universe is a spatially
homogeneous and isotropic cosmological model with positive spatial curvature (k = +1),
characterized by the scale factor a(t) = cbcosh(t/b). It represents a closed de Sitter—type
spacetime that undergoes a nonsingular bounce, smoothly connecting two asymptotically
de Sitter phases. This model belongs to the family of nonsingular FLRW solutions intro-
duced by Lanczos [13] and discussed in standard references [21, 11, 7].

Studies of the Lanczos universe have focused on its algebraic structure, dynamical
behavior, and stability under various matter-energy distributions [9]. In particular, its
non-trivial geometry provides fertile ground for investigating generalized Ricci solitons,
symmetry properties, and the behavior of Killing vector fields within a cosmological setting
[4].

Moreover, the Lanczos universe serves as a bridge between idealized, maximally sym-
metric models and more complex, realistic cosmological scenarios. Its rich geometric prop-
erties offer new perspectives on the mathematical classification of homogeneous spaces and
contribute to the ongoing effort to understand the diversity of possible cosmic evolutions

beyond standard isotropic models.
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In this context, analyzing the Lanczos universe not only deepens our understanding of
alternative solutions to Einstein’s equations but also enhances our ability to model and
interpret the universe’s structural and dynamical complexities.

The structure of this work is organized as follows. In the next section, we review the
fundamental concepts related to homogeneous spaces and provide the necessary back-
ground on generalized Ricci solitons. Section 3 is devoted to the investigation of Killing
vector fields on FLRW spacetimes, where we derive the corresponding system of partial
differential equations governing these symmetries. In Section 4, we turn our attention to
the Lanczos universe, presenting a comprehensive analysis of its Killing vector fields and
their algebraic properties. Finally, section 5 develops an algebraic approach for exam-
ining generalized Ricci solitons within the Lanczos spacetime, highlighting the interplay

between geometric symmetries and soliton structures.

2. Preliminaries

In this section, we introduce foundational concepts required for the analysis developed in
the subsequent parts of this work. Specifically, we provide a concise overview of (pseudo-
JRiemannian homogeneous spaces and generalized Ricci solitons, both of which play a
central role in understanding the geometric and algebraic structures considered later.

A (pseudo-)Riemannian homogeneous space (M, g) is a manifold equipped with a metric
g, exhibiting the property that its isometry group I(M) acts transitively on M. This
implies that the geometry of the space is uniform—any two points are indistinguishable
under isometries. Such spaces can be identified with coset spaces M ~ G/H, where
G = I(M) is the full isometry group, and H is the isotropy subgroup fixing a chosen base
point.

The infinitesimal structure of these spaces is encoded via the Lie algebra g of GG, and
the reductive decomposition g = h @ m, where b corresponds to £ie(H), the Lie algebra
of the isotropy sublagebra, and m identifies with the tangent space at the origin. The

isotropy representation ¢ is described by:
(2.1) p:g—=glm), o@)(y) =z, Y, Yregyem,
ensuring that the metric g remains invariant under the action of H:

(2:2) ‘o(z)-g+g-p(x) =0, Vzeb.
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The geometry is further described by the canonical connection A:

1

(2.3) Al@)(ym) = 5lo, yln + v(2,9),

where v is a symmetric bilinear map satisfying the compatibility condition:

29(”(377 y>7 Zm) = g(xma [27 y]m) + g(yma [27 SU]m);

for all z,y,z € g.

The curvature of the space is captured algebraically via:
(2.4) R:mxm—gl(m), R(z,y)=[Az), Ay)] — Al[z,y]),
from which one can derive the Ricci tensor g and scalar curvature 7 through:

o(z,y) =tr (z— R(z,2)y), 7 =rtry(o).

This algebraic characterization of homogeneous spaces provides a powerful motivation
for analyzing different geometric models in general relativity. For example, homogeneous
Siklos spacetimes were studied through their Lie algebra structures in [23], while the
broader role of algebraic methods in understanding non-reductive homogeneous pseudo-
Riemannian manifolds was established in the work of Fels and Renner [8]. Similar tech-
niques have also been applied to the classification and geometric study of homogeneous
Godel-type spacetimes [2].

Beyond these classical structures, Ricci solitons provide a natural generalization of
Einstein manifolds. A Ricci soliton is a (pseudo-)Riemannian manifold (M, g) equipped

with a vector field V' satisfying:
(2.5) Lyvg+ o= Ag,

where Ly denotes the Lie derivative along V', and X is a real constant. Depending on the
sign of A, Ricci solitons are classified as shrinking (A > 0), steady (A = 0), or expanding
(A < 0). Ricci solitons model self-similar solutions to the Ricci flow and often arise in the
study of singularities or long-term geometric evolution.

A more general framework is provided by the generalized Ricci soliton equation (see

[15]):

(2.6) Lyvg+2nV" 0V’ —2B8p =2\,
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where 1, 5, A € R are scalar parameters, V"’ is the metric dual 1-form associated to V/,
and ® denotes the symmetric product. This extension introduces additional flexibility,
capturing a wider class of geometric flows, soliton-like structures, and possible physical
interpretations [4].

Several notable special cases of (2.6) include:

e Classical Ricci Solitons: Recovered when = 0 and § = —1, originally intro-
duced in the study of self-similar solutions to the Ricci flow [10].

e Gradient Ricci Solitons: If V = V f for some smooth potential f, n = 0, and
8 = —1, yielding:

Vif+0= Mg,

which are of fundamental importance in understanding singularities of Ricci flow
[5].

e Trivial Solutions (Killing Fields): If n = § = A = 0, the equation reduces to
Lyg = 0, identifying V' as a Killing vector field [16].

e Curvature-Modified Solitons: When § # —1, the Ricci tensor enters with a
rescaled contribution, modifying the flow’s geometric response, allowing for diverse
extensions in geometric analysis [4].

e Einstein—Weyl structures: For the parameter choice n = 1 and g = —ﬁ
(with n > 2), the generalized Ricci soliton equation (2.6) reduces to the Einstein—
Weyl equation in conformal geometry. In this case, the vector field V' represents
the Weyl potential of a torsion—free Weyl connection whose symmetric, trace—free
Ricci part vanishes [1].

e Metric projective structures with skew—symmetric Ricci representative:
Settingn =1, g = —ﬁ, and A = 0, equation (2.6) describes the condition that a
metric projective structure admits a skew—-symmetric Ricci tensor representative
within its projective class. In dimension two, this specialization corresponds to
the projective Einstein—Weyl system [19].

e Vacuum near—horizon geometry equation: For » = 1 and g = %, equa-
tion (2.6) reproduces the vacuum near—horizon geometry equation from general

relativity, with A interpreted as the cosmological constant [15].
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e Einstein Spaces as Trivial Solitons: For V = 0, (2.6) simplifies to:
A
0= —7,9,
B

recovering the Einstein condition, provided g # 0 [21].
Critical Observations:

e The balance between curvature contributions and nonlinear vector—driven defor-
mations in the generalized Ricci soliton equation is governed by the parameters n
and . They determine the behavior of the soliton under the combined influence of
the Ricci tensor and the vector term V?®V?. Certain parameter choices specialize
(2.7) to well-known geometric types (e.g., Einstein metrics when V' = 0 and the
classical Ricci-soliton case), with illustrative Lorentzian examples in Godel-type
analyses [3] and in Lorentzian Walker settings [18]. This parameter flexibility
interpolates between curvature-dominated and vector-dominated regimes.

e The quadratic term V° ® V?; for > 0 its influence grows with ||[V]|, and in
Lorentzian settings the causal structure can amplify its nonlinear impact. Such
terms can lead to steady or expanding soliton configurations with anisotropic
features; see homogeneous Siklos examples [23]. An analogous vector—curvature
coupling appears for generalized Ricci-type solitons on certain CR-manifolds [12].

e The parameter 5 tunes the weight of the Ricci tensor in (2.7), adjusting the
balance between curvature and the vector term. In the classical Ricci—soliton
specialization (n = 0, f = —1), the standard shrinking/steady/expanding clas-
sification is determined by the sign of A; see Lorentzian Godel-type models [3].
In the fully generalized setting, varying [ rescales the Ricci contribution but the
shrinking/steady/expanding nature remains governed by A.

e Generalized Ricci solitons encompass both self-similar evolutions and steady-state
configurations: they capture equilibria where curvature and vector effects balance,
as well as metric self-similarity under diffeomorphisms and scaling. Examples ex-
hibiting steady or expanding regimes in homogeneous Lorentzian settings include
the Siklos family [23]; see also related phenomena for generalized Ricci-type soli-

tons on CR-manifolds [12].

In analogy with the classical case, a generalized Ricci soliton can be viewed as a self-

similar or steady solution of a generalized Ricci-type flow whose right-hand side reproduces
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the terms of the soliton equation:

% =280—-20V’OV,

up to pull-back by the diffeomorphisms generated by V. For n = 0 and § = —1, one
recovers Hamilton’s Ricci flow 0,9 = —2p, so the generalized soliton equation represents its
natural extension incorporating nonlinear vector effects. In this interpretation, generalized
Ricci solitons describe equilibrium or self-similar geometries of the above flow, with A
distinguishing shrinking, steady, and expanding regimes.

All things considered, homogeneous spaces and generalized Ricci solitons are funda-
mental building blocks for investigating symmetry, curvature, and geometric evolution,
especially in cosmological models where both isotropic and anisotropic structures natu-
rally occur.

This summary follows Table 1 of [15], showing that many familiar curvature—vector cou-

pling equations appear as particular parameter regimes of (2.6).

TABLE 1. Representative specializations of the generalized Ricci soliton

equation (2.6).

Geometric type n g A
Killing’s equation 0 0 0
Homotheties 0 0 arbitrary
Classical (gradient) Ricci solitons 0 —1 arbitrary
Curvature-Modified Solitons * £ —1 arbitrary
Einstein-Weyl structures (n > 2) 1 —-L arbitrary
Metric projective structures with skew—symmetric Ricci tensor 1 — nil 0
Vacuum near—horizon geometry equations 1 % arbitrary

3. Killing vector fields of FLRW spacetimes

The FLRW metric, expressed in Equation (1.1), serves as the foundation for our anal-
ysis. For simplicity in tensorial computations, we set the coordinates as (t,7,6,¢) =

(1,9, z3,4). Consider an arbitrary vector field

X — Xl(xh Lo, T3, .T4)81 +X2<$1a XTo, T3, .174)82 +X3(ZE17 T, X3, l‘4)63 +X4(.I'1, XTo, T3, ZL'4)84,
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where each component X" is a smooth function of the variable (z1, x5, x3, 24) and 0; := ai-
are coordinate vector fields. The non-vanishing Christoffel symbols associated with the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric can be expressed in the following

explicit form:

F%l = Fgl = Fil = %’ F%Z = _%(g(_xf))?
F%Q = _kglzgilv F%Q = é:

Fi2 _ %7 Fil),g _ x%a(xlc%a’(ﬂm)?
2, = zo(kzd — 1), ['}; = cot(x3),

Tl = % Sin2(x3);(ml)a/(wl), 2, = xysin®(z3)(kxd — 1),

'3, = —sin(z3) cos(z3).

We compute the Lie derivative Lxg of the metric tensor g along the prescribed vector
field X. The Lie derivative of the metric tensor can be formulated in terms of covariant

derivatives as:

(Lxg)(Y, Z) = X(9(Y, Z)) — g(VxY, Z) = g(Y,Vx Z)
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The Killing condition enforces the nullity of these derivatives, leading to the subsequent

constraints:
(3.1)
4
(91X1 - O7

Sin2($3)83X4 + 84X3 = 0,

220, X3 + 03 X2 = 0,

17k:p§

A3 X — a(x)?230, X3 =0,
a(z1)?0, X% + A(kx3 — 1)0, X! = 0,

20, XY — a(zy)?x3sin?(23)0, X* = 0,

a(z1)?22 sin?(13)0, X4 — —+—0,X2% = 0,

kngl
a(z1)r203 X3 + d (x1) 22 X! + a(x1) X? = 0,

a(x1)D X2 + a (21) X1 4 dzke2 y2

1—ka:%

a(xy)zg sin(z3) 4 X* + a' (x1)z2sin(ws) X' + a(x1) sin(xs) X2 + a(@y)zs cos(z3) X? = 0.

\

4. Analysis of Killing vector fields on the Lanczos universe

The Lanczos universe is a notable exact solution to Einstein’s field equations, intro-
duced by Cornelius Lanczos in 1924 [13]. It is a special case of the Friedmann-Lemaitre—
Robertson—Walker (FLRW) class of cosmological models, characterized by homogeneity,
isotropy, and positive spatial curvature. Unlike standard big bang models, the Lanczos
universe avoids an initial singularity and instead describes a bouncing cosmology with
exponential behavior at early and late times.

According to the metric of the equation (1.1), the scale factor in this model is:

a(t) = cbcosh (2) ,
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which is symmetric under time reversal and possesses a minimum value at ¢ = 0, i.e.,
amin = ¢b. This implies that the universe undergoes a nonsingular bounce, contracting to
a finite minimum size before re-expanding.

The line element of the Lanczos universe in comoving coordinates (t,, 0, ¢) is given by:

2
ds* = c*dt? — (cb)? cosh? (%) <1d7’ 5+ r?(d6? + sin® 9d¢2)) )
—r

where c is the speed of light, b is a constant with dimensions of time. This metric represents
a closed universe (k = +1) filled with a vacuum energy component equivalent to a positive
cosmological constant.

The Lanczos universe provides a valuable exact solution for exploring nonsingular cos-
mological models. Its exponential expansion at large |¢| mimics de Sitter behavior, making
it relevant in studies of early-universe inflation and quantum cosmology [11, 7].

By setting the scale factor of the Lanczos universe and £ = 1 in the system of equations
for Killing vector fields of the equation (3.1), and by standard calculations, one gets the
following family of ten Killing vector fields:
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Ky = /23 =10, — 2 tanh (1) /a3 — 10
Ky = xqcos(xs) 0y + (1-25) cos(z3) tanh <$1> Oy — L sin(x3) tanh ( ) 03
b b by b ’
) ) (1—23) . ) T
K3 = xgsin(x3) sin(z4)0; + D sin(x3) sin(z4) tanh <?> 0o
1 T
+ b cos(x3) sin(z,) tanh ( b1> 0 + by sin(ag) cos(z4) tanh < ) O,
1— 2
K4 = xgsin(x3) cos(r4)0) + (1= 2) sin(x3) cos(x4) tanh <%> Os
1 1 .
+ s cos(z3) cos(xy) tanh ( ; ) O3 — by sin(zs) sin(x,) tanh < ; ) O,
K5 = COS((L’g) l‘% - 162 — Sln(fL‘S) $% - 183,
T2
L _ B cos(x3) sin(xy) cos(zg) [
K = sin(z3) sin(z4) 105 + \/x3 — 105 + 2y sin(zs) x5 — 10y,
K7 = sin(x3) cos(x4)\/ 23 — 105 + COS(xS) cos(:zc4) x5 — 105 — SH%(—:M)
T Tosin(x3)
KS = 84,
Ky = — cos(x4)05 + cot(z3) sin(z4)0s,
Ko = sin(x4)03 + cot(x3) cos(x4)0y.
V2 T

Now, the isotropy subalgebra in the base point (0, *3*, 7,

vectors

e = K1 — ’iK4,
€ = K2>
es = K3,
€4 = K5 — iKg,
€y = K6 — iKS,
e = Ko,

123

ZL’% - 184,

0) is generated by the following
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Ks,us =

K¢ and

uy = K7, the Lie algebra in the basis {e, €2, €3, €4, €5, €6, U1, ug, Uz, us } is determined as

e1 e es eq es e6 u1 U u3 Uy
e1 | 0 z—g Z—g —2e9 —2e3 0 1;‘—24 —e2 —e3 2iu; —
ie1
€2 7};4 0 Z% —e1 0 es 7}%2 —u1 0 0
es 71);5 226 0 0 —e1 —eg %33 0 —uq 0
eq | 2es el 0 0 2eg es (2] —iug €g 2iug —
ieq
e5 | 2es 0 e1 —2eg 0 —eq es —eg —iUyq 2iuz —
s Now, us-
eg | O —e3 eo —es eq 0 0 —us ug 0
Ul 7;;4 Z% Z% —eg —e3 0 0 —e2 —e3 u] —
ieq
ug | e ul 0 1Ug e6 us e2 0 e6 iug  —
ieq
us | es 0 ul —eg iUy —ug e3 —eg 0 ius  —
ies
ug | —2iur+ O 0 —2ius+ —2iuz+ O —iu1 + —iug + —tuz + O
ie1 ieq ies ieq ieq ies
ing the relation (2.1), isotropy representations corresponding to the generators hy, - - - , hg
are calculated as
0 0 0 2¢ 0 -1 00 0 0 -1 0
000 O —% 0 00 0 0
Hl — H2 ) H3 = 1 )
0 00 O 0 0 0O -z 0 0
z 0.0 0 0 0O 00 0O 0 0 O
0O 0 0 O 00 0 O 0O 0 0O
0 0 0 2 00 0 O 0O 0 1 0
H4 — H5 . ) H6 -
0O 0 0 O 00 0 2 0 -1 0 0
0 —2 0 0 0 0 — O 0O 0 0O

Then, equation (2.2) yields that an arbitrary symmetric matrix ¢ is an invariant metric

if and only if 'H,g + gH, = 0 for s

= 1,---,6. Thus, the invariant metric is directly
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calculated as

a 0 0 0
0 —ab? 0 0
(41) g = 9 )
0 0 —ab 0
0 0 0 —2ab?

where a # 0 is an arbitrary real constant.

5. Generalized Ricci solitons on the Lanczos universe

We now direct our attention to the Ricci soliton equation (2.5). To this end, it is
necessary to compute the connection, curvature, and related geometric quantities. All
computations are carried out in the complexified tangent algebra, and the reality condition

is imposed at the end by restricting to real-valued tensors. According to equation (2.3),

setting A; := A(w;), the components of the Levi-Civita connection with respect to the
basis {u1,- -+ ,us} of m and the dual basis {w!, -+, w*} are fully determined as follows
0 0 0 i 0O 0 00
0 00O 0 0 0 1
Al = ’ A2 = )
0 00O 0 0 00
i i
o2 0 00 0 ~3 0 0
00 0 O
A 00 0 O A
= =0
T loo o il !
00 —= 0
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Now, matrices of curvature operators are calculated by the equation (2.4) as

0 Lo 0 0 -1 0
. 2 2
—— 0 00 0 0 0 0
Rip =1 212 , Rz = 1 ;
—— 0 0 0
0O 0 00 T
0O 0 00 0 0 0 0
0 00 —1 00 0 0
1
0 00 O 00 —5 0
Ry = , Roz = 1 5
0 00 0 o L oo o
1 2
oz V00 00 0 0
000 0 000 0
000 —1 000 0
Roy = Ry —
*“looo ol T loo o -1
0 X0 o 00 L o
2 2

Finally, the Ricci tensor is obtained as follows

3

5z 03 0

0 —= 0 0
0= 2 4

0 0 -5 0

Let V = viuy + vous + v3uz + vauy be an arbitrary vector field on the homogeneous
Lanczos space (G/H,g). Note that the components v; of the potential vector field V' are
constant with respect to the basis {us,...,us} of the factor space m. Using the explicit
form of the Levi-Civita connection, the Lie derivative of the metric g with respect to V

is given by:

2tvsa 0 0 —i1v1a
0 —2ivsab? 0 ivyab?

Lyvg =
0 0 —2ivgab® ivsab?

—ivya  ivgab? ivsab? 0
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According to the Ricci soliton equation (2.5), the following system of equations is

deduced:

(vla:(),
voab = 0,
vgab = 0,
3—2nab*=0,

, 3
2@1@@—1-@—77@:0,

3
2ivgab?® + 5~ nab*=0.

This system implies the vector field V' must vanish, indicating that no non-trivial Ricci

solitons exist on the homogeneous Lanczos space.

Remark 5.1. The homogeneous Lanczos space (G/H, g) does not admit any non-trivial

Ricci solitons.

We now turn to generalized Ricci solitons. The symmetric tensor V> ® V? reads:

vl —01 09 b?  —vyv3b?  —20; vy b2
2 214 4 4
Vo — a2 —V1 Uy b v3b Vg U3 b 2094 b
—v1 0307 wvyvs b vab! 205 vy b

20104 0% 2vpv4 bt 203040 402!
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Then, using the equation (2.6), we derive the following necessary and sufficient condi-
tions:
(27]1)1112@2172 =0,
2nv,v3a°b* = 0,
27702@3&2194 =0,
wia + 4nvla2v4b2 =0,
ivyab? +47]U2a2 o, = 0,
ivgab? +477113a2 bt oy =0,
8nuvia’b* + 65 +4Xab* =0,

3
2iv4a+27721fa2—b—§—2)\a:0,

2ivsab® — 2nvaa*b* — 38 — 2 ab® = 0,

\2iv4ab2 — 2nvia®b* — 33 — 2\ab* = 0.

We assume 71 # 0 to focus on non-trivial generalized Ricci solitons. Since both ¢ and
o are diagonal in this invariant frame, and taking into account the contribution of Ly g,
the off-diagonal components ((i,7) = (1,2),(1,3),(2,3)) of the generalized Ricci soliton
equation reduce to
2p(V'OV), =0, (i,5) = (1,2),(1,3),(23).
This condition immediately implies that at least two of the coefficients among vy, vs, v3
must vanish. Now, standard calculations yield that assuming non-vanishing any one

of these coefficients would give a contradiction. For instance, when v; = vy = 0, the

_i(38+2Xab?)

52— and consequently, the tenth equation becomes

ninth equation yields vy =
2nv2a?b* = 0, implying that v3 = 0. Thus, we should have v; = vy = v3 = 0. Then,

seventh and eighth equations give

1 1 — 2)\ab?
B=—"

U g T Ty

Any soliton vector V' aligned with uy4 is spacelike since the vector wu; is timelike and uy4
is spacelike with respect to the invariant metric (4.1) (assuming a < 0). The isotropic

structure of the geometry is encoded by such invariant vector fields, which are crucial for
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describing the symmetry of homogeneous spacetimes and identifying the direction along
which the metric admits soliton-type deformations.

We summarize the above results in the following theorem.

Theorem 5.2. A homogeneous Lanczos space (G/H,g) is a generalized Ricci soliton if
and only if the vector field V' satisfies
i

= g

and 8 = % Moreover, there are no generalized Ricci solitons in the field of Real

numbers.

6. Conclusion

In this study, we examined into the geometric properties of the Lanczos universe, a
notable exact solution within the Friedmann-Lemaitre-Robertson-Walker (FLRW) class
of cosmological models. Our primary objective was to investigate the existence and char-
acteristics of generalized Ricci solitons within this specific spacetime. We began by thor-
oughly analyzing the Killing vector fields of general FLRW spacetimes, establishing a
system of partial differential equations that govern these fundamental symmetries. This
analysis laid the groundwork for our specialized examination of the Lanczos universe.

For the Lanczos universe, characterized by its scale factor a(t) = cbcosh (%) and posi-
tive spatial curvature (k = +1), we identified a ten-dimensional family of Killing vector
fields. These symmetries are consistent with the known properties of maximally symmet-
ric spacetimes like de Sitter space, which the Lanczos universe approaches asymptotically
for large |t| [11, 7]. Our algebraic description of these Killing vector fields and the subse-
quent derivation of the invariant metric (Equation (4.1)) provide a robust framework for
further geometric investigations. The metric obtained, g = diag(a, —ab?®, —ab?, —2ab?),
with a # 0, captures the structure of the homogeneous space.

A key finding of our investigation concerns the existence of Ricci solitons on the homoge-
neous Lanczos space. Our analysis, based on Equation (2.5), revealed that no non-trivial
Ricci solitons exist in this context. This result is significant as it indicates that the ho-
mogeneous Lanczos space does not admit self-similar solutions to the Ricci flow that are
driven solely by the Ricci curvature and a Killing vector field, a property distinguishing it

from other types of manifolds that may support such solitons [4]. This absence suggests a
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certain rigidity or specific evolutionary behavior of this spacetime under Ricci flow, imply-
ing that any geometric evolution would not reduce to a simple scaling and diffeomorphism
generated by a non-trivial vector field.

Furthermore, we extended our analysis to generalized Ricci solitons, governed by Equa-
tion (2.6), which incorporates additional parameters n and 5. Our findings demonstrate
that a homogeneous Lanczos space (G/H,g) can be a generalized Ricci soliton if and
only if the vector field V is of the form V = —277#84, with the condition § = %
Crucially, the presence of the imaginary unit ¢ in the components of the vector field V
and the derived relation for  implies that there are no generalized Ricci solitons
in the field of real numbers for the homogeneous Lanczos space. This novel result
highlights a fundamental limitation on the types of geometric flows that this spacetime
can support under the generalized Ricci soliton framework, at least within a real-valued
context.

Comparing these results with established facts, the nonsingular bouncing nature of
the Lanczos universe [13, 21] typically implies a more complex dynamical structure than
standard singular cosmological models. Our findings regarding the absence of real-valued
(generalized) Ricci solitons suggest that the evolution of the Lanczos universe, as de-
scribed by these flow equations, does not simplify to the self-similar forms usually as-
sociated with such solitons in real pseudo-Riemannian geometries. This aligns with the
understanding that the Lanczos universe, while homogeneous and isotropic in its spatial
sections, possesses unique characteristics that set it apart from typical cosmological solu-
tions, particularly in how its geometry responds to deformation under generalized Ricci
flow.

Numerous pseudo-Riemannian (specially Lorentzian) manifolds have been the subject of
in-depth research on generalized Ricci solitons. As an example, Calvaruso identified both
Riemannian and Lorentzian models for classifying left-invariant generalized Ricci solitons
on three-dimensional Lie groups, as well as three-dimensional homogeneous generalized
Ricci solitons. [3]. Additional examples were found on three-dimensional Lorentzian
Walker manifolds [18] and homogeneous Siklos spacetimes, where explicit families of gen-
eralized Ricci solitons were constructed [23].

The homogeneous Lanczos universe considered in this work, in contrast to these exam-

ples, reveals a higher degree of geometric rigidity and does not support any real generalized
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Ricci soliton solution. This highlights how unique the Lanczos metric is for homogeneous
Lorentzian spacetimes and how resistant it is to significant deformations under generalized

Ricci flow.

Appendix

The Maple software code used to compute Killing vector fields is as follows.

with(Differential Geometry):

with(Tensor):

with(Differential Geometry:-Library):

# 1) Manifold and coordinates.

DGsetup([t, r, theta, phi|, M):

# 2) Scale factor (Lanczos / closed de Sitter-type)

# a(t) = ¢ b cosh(t/b), with bs0, c;0, k=1

assume(b;0, ¢;0):

a := c¢*b*cosh(t/b):k:=1:

# 3) Metric g on M (signature + - - -)

# ds? = Adt* — a(t)?[dr? /(1 — kr?) 4+ r2d0* + r?sin*(0)d¢?]

g := evalDG(c"2* dt&t dt-a"2 *((1/(1-k*r"2)) * dr&t dr+r"2 * dtheta&t dtheta+r 2
* sin(theta) 2 * dphi &t dphi));

# 4) Register the metric with DifferentialGeometry (so Christoffels, curvatures, etc. us
it)

SetupMetric(g):

# 5) Compute the Lie algebra of Killing vector fields

K := KillingVectors(g):

nops(K), K;
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