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ABSTRACT. The main contribution of this article is the investigation of a parabolic

problem with a moving boundary and nonlinear boundary conditions. Because of the

non-linearity of the problem, it is important to put a lot of effort into providing efficient

numerical schemes. For this purpose, a numerical approach based on the finite difference

method with variable time steps is developed. First, based on the front-fixing approach,

the problem is derived as a nonlinear fixed domain parabolic problem, and the uniqueness

of the solution of the problem is proved. In sequence, a variable time step finite difference

method is established to find the solution of the fixed domain problem. Finally, some

numerical results are presented for two test problems to prove the ability and strength

of the numerical method.

1. Introduction

Mathematical modeling and simulation have received great attention in various fields

of science, including engineering, physics, biology, and industrial applications [1, 2, 3, 4,

5,6, 7,8, 9]. In various fields, phenomena are modeled by moving boundary problems of

partial differential equations, especially parabolic equations [10, 11, 12, 13, 14, 15]. These

problems typically arise in processes such as heat conduction [16], phase transitions[17],
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material solidification [18], drug release [19], and cancer growth modeling [20]. In many
real-world applications, moving boundary problems in the modeling of thermal diffusion,
fluid mechanics, and porous media flows, where the boundary of the problem changes
dynamically over time [21, 22].

The concept of moving boundary problems dates back to the classical Stefan problem
[23], which describes phase changes, such as the melting of ice. The Stefan problem is
widely recognized as a foundational example of a moving boundary problem. Since its
introduction, numerous mathematical techniques have been developed to address similar
problems in different fields. Over the years, several approaches have been developed to
solve these problems numerically and analytically. Notable contributions in this area in-
clude the front-fixing method, moving mesh techniques, finite difference and finite element
methods, and phase field approaches [14, 24, 25, 26, 27, 28, 29]. Crank [30] and Tarzia
[31] have provided extensive studies on moving boundary problems governed by the heat
equation. More recently, studies have explored the application of these problems in drug
release mechanisms and material diffusion [19, 20, 32, 33, 34]. Due to important physical
and chemical properties such as diffusion, solubility, erosion, flow, etc., moving boundary
problems arise when a device encounters a diffusing solvent [35, 15].

Many industrial and biomedical applications involve nonlinear moving boundary prob-
lems where the diffusion properties and external forces alter the evolution of the bound-
ary. For example, in drug delivery systems, diffusion-based transport mechanisms and
swelling behavior influence the release rate of active pharmaceutical ingredients [10, 36].
Similarly, in material sciences, solidification and phase transformation processes require
accurate mathematical models to predict the interface dynamics between different phases
[37, 38, 39]. Addressing these challenges requires robust numerical methods that can
accurately capture the temporal evolution of the moving boundary while ensuring com-
putational efficiency [40].

The main objective of this study is to develop and analyze a class of nonlinear parabolic
moving boundary problems. The main feature of the moving boundary value problems is
that the domain in which the PDE is defined changes over time, which adds complexity to
the solution process. Therefore, by transforming the original problem into a fixed-domain
formulation using a front-fixing approach, we then propose a numerical method based on

the finite difference approach to approximate the solution efficiently. The novelty of this
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work lies in identifying the uniqueness of the solution and a time variable approach to
find the unknown moving boundary. The results demonstrate the proposed approach’s
ability to deal with nonlinear moving boundary problems effectively.

The structure of this paper is as follows

Section 2 presents our interest parabolic moving boundary problem and describes the
transformation into a fixed domain problem. Section 3 discusses the uniqueness of the
solution. Section 4 presents the proposed numerical method, including the numerical
and analytical solution approach and implementation details. Finally, Section 5 provides
numerical results for selected test problems, illustrating the robustness and accuracy of

the proposed method.

2. PROBLEM DEFINITION

Based on mathematical models of many phenomena, in this section, we focus on an
important class of nonlinear moving boundary problems. Consider the following moving
boundary parabolic problem of determining u(z,¢) and the moving boundary function
s(t) as

du 0 Ju
—Z_"Z (pZ= <
(2.1) 5 = Bn (Dax) +p(u) + f(z,t), 0<z<s(t)<1l, 0<t<Ty,

(2.2) o (D%)

(2.3) an (D%)

- Oé12u<0, t) = g(t)7

=0

(2.4) u(z,0) =ug(x), 0<z < s,
(2.5) % = F(s(t),u(s(t),t)) 0<t<Ty,
(2.6) 5(0) = so.

The following assumptions are considered associated with the problem.
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I. The diffusion coefficient D is considered a positive differentiable function of x and t,
D = D(z,1).

IL.g, h, u, and f are Ly functions, F'is a differentiable function and a;j;7,7 = 1,2 are
known parameters.

IT1.p is a Lipschitz continuous function with Lipschitz constant 3, i.e., ||p(u1)—p(ug)|| <
Blluy — uzl].

To analyze the problem (2.1)-(2.6), based on a front-fixing approach, first we should

consider a new variable X = x/(s(t)). Suppose

X = %,a — w(Xs(t),t), D = D(Xs(t),1), p = plit), f = f(Xs(t).t), F = F(s, ).
s
(2.7)
Considering (2.7), one may find the new version of problem (2.1)-(2.6). For simplicity,
let’s drop the tilde sign of variables and use z instead of X, and write the fixed-domain

problem as follows

28 G- (03) s+ S w s ve @, re@.T)),

ot 0z \ 0z ) 2(t)
(2.9) ﬁan (Dg—D - anu(0,1) = g(t).
(2.10) ﬁam (DZ-Z) K amu(1,) = h(t),
(2.11) u(,0) = uo(a),
(2.12) % = F(s,u(s, 1)),

(213) S(O) = S0 t[) = 0.
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3. UNIQUENESS OF SOLUTION

Our aim in this section is to prove that the solution of problem (2.8)-(2.13) is unique.
We would like to clarify that the problem addressed in this paper originates from a well-
posed physical model governed by conservation laws. In such contexts, the existence of
solutions is often expected based on physical intuition and prior modeling frameworks.
One may find that some foundational studies in the literature have addressed existence
results for nonlinear moving-boundary problems of mixed type, offering critical insights
that underpin the theoretical framework of our work, such as [41]. It is very helpful to
write the problem (2.8)-(2.13) in a week form. To this end, one may use a test function
such as p(z,t) € Hy[0,1] x C*(0,Tf). Applying the inner product <,> of the space
L[0, 1] with respect to spatial variable z yields

B lnd) = (o (D52 )+ S+ (ol ) + ()
a

The expression (£ (D3%) , ¢) can be expanded as

0 ou Lo ou ou |1 L Oudyp
(3.2) (% <D%) ,p) = /0 7 (D%) pdr = Daw)o —/0 D%% dzx.

Using boundary conditions (2.9) and (2.10), one may find
(5 (P52) ) == 000 - “2syuto.0)+ "0 - 2 yu(1.0) - (D).

% % o1 11 Q21 Q21
(3.3)

Then we have

<ut7 §0> = _8(1)2 <Dura 9090) + Z/((tt)) <$Um7 §0> + <p(u)7 90> + <f7 ()0>
(3.4)
+s(t };(t) - % (1,15)} —s(t) {i’ft) + %u(o,t) ,
(3.5) u(z,0) = ug(x),
(3.6) ds _ F(s,u(s,t)).
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Now suppose that (u1,s1) and (ug, s2) are two solutions for problem (3.4)-(3.6). Write
two equations (3.3)-(3.5) for u; and ug, and subtracting them from together and using

W =wu; —us and S, = s1 — s9, yields

1 D D
<wt790> = <__2D1wxa 9036> + <(__21 + _22> u2x790x>
51 51 83
/ / /
+ <ﬁxwx, 90> + <(ﬁ — 8—2) :cugx,<p>
S1 S1 S9

(3.7) + (p(uz) — p(u), @) + (fr — f2, )
+ Swg(t) L + %SwUQ(()? t) - SQw(Oa t)
$182 (41 a1 5152
_swh(t) 1T as swus(l,t) — spw(l,t)

Y

S$189 Q91 91 5152
where D; = D(xs;(t),t) and f; = f(xs;(t),t); i=1,2. Now suppose ¢ = u; — uy = w,

then we have

(s (£-2) )
(3.8) + (p(uz) = p(wr), w) + {fr = fo, w)

Sw g(t) et Sw2(0,t) — sow(0, 1)
5182 (11 aqq 5152
h(t) Sw N gy —Syuus(1,t) 4+ sow(1,t)

Qa1 5159 Q21 5152

+

Using Mean Value Theorem (MVT), we can conclude

1 Dl(gvt)
(3.9) <——2D1wx,wx> = DS e,
S1 51
Furthermore, if we suppose
D(s,t
(3.10) n(s) = (2 ),

then we may write
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(3.11) n(s1) = n(s2) = 7(€)(51 = 52).

where 7'(£) is a continuous function.

Now, using the following inequality (Young’s inequality)

€ 2
(3.12) (ka, ba) < Skl + =k,

one may conclude that

(o) = =225 P+ 2 O Pl + 5
2 () ol + Ll + Sl
# 2 (52 i+ L) — palP+ 2
(313 L e e

2 (a1’ [u 0,1 2 € €
+ = ] M 330 + &7 + °8
€7 \ 011 S1S89 2 2
2 [ app \? s 2 [h(t 2 [\’
€8 \ (1151 2 €9 \ 5152 €10 \ @21

2 2
us(1,t € € 2 «
o (DY e a0 en 2 fan )T e
5152 2 2 €11 \ ?2151

On the other hand, we suppose F' = F'(s,u) is a differentiable function of s and u, then

one can find that F(s(t),u(s(t),t)) is a differentiable function of s, such as ¢(s) and using
the MV'T yields. therefore

1) = 02 = Flsvun(sit) = Floaua(snt) = 6ls1) — 0(s2) = 9(€)(51 — 52).

Then we see

(3.15)
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Multiplying equation (3.15) by s,,, we can write

d d s>
(316) Sw Esw = %71” = ¢/(£) : 3121; < Mlszn
Finally, by using equations (3.12) and (3.15), we find

d D s
g ot lol?) < (<262 2 2 up 2 (- 2)

81 82

2 Q@ 2
+ St = +4m ﬁW+—( ”)

2 €8 \ (1151

2 99 2 2
T G s LG R T

(3.17) €11 \ ?2151
2 (gt)\* 2 2 0,1\
) () ()
€6 \ 8189 €7 \ 011 5152
2 (h(H\? 2 2 1,4))?
) () (5
€9 \ S152 €10 \ Q21 5152
€6 €7 €8 €9 €10 €11

& 26 s B 0
+ p18y, + \|u2x\|+2+2+2+2+2+2.

The constants ¢€;;¢ = 1,2,...,11 are arbitrary, so one may consider ¢; and €5 such that
the coefficient of ||w]||?> becomes negative. Therefore, the first term on the right-hand side
of equation (3.17) can be omitted. In addition, the last seven terms are coefficients of ¢;
and can also be omitted. Finally, it is clear that the coefficients of ||w]||? and s are Lo

functions and can be bounded by a function such as «(t). Hence, we can conclude

(3.18) (el +2) < a(e) (o + )

On the other hand, regarding the initial condition, w(z,0) = s,,(0) = 0, and by applying
0.

This shows the uniqueness of the solution. NOW we can summarize the above analysis

Gronwall’s inequality, we conclude that ||w|* =

in the following statement.

Theorem 1. For the Problem (2.1)-(2.6), consider that the functions f, g, h and p are
Ly functions, a > 0 and F' is differentiable. Then the problem (2.8)-(2.13) has a unique
solution for u € Hy[0,1] x C*(0,T}) and s € C*(0,T}).
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4. NUMERICAL APPROACH

This section establishes a numerical approach for solving the fixed-domain problem
(2.8)-(2.13). To this end, a variable time step method is proposed to numerically solve
the problem as follows.

First, we divided the spatial interval [0, 1] into M equidistant sub-intervals with an
arbitrary step length as Az = ﬁ Now suppose t; is the time that s(¢;) meets x1,i.e;
s(t1) = x1, to is the time that s(f3) = z2 and so on. It is clear that t;;i = 1,2,...,n, are
unknown and time-steps are not essentially equidistant.

To start the solution process suppose u;,; and s; stand for finite difference approxima-
tions of u(x;,t;) and s(t;), respectively.

We start with the following approximation to find Aty. Suppose that,

ds Ax

4.1 —_—~
( ) dt At

Using the following equation at ¢ = ¢4,

d

(4.2) d—j = F(s(t),u(s(t),t),7), 0<t<T}

We can write

A )

(4.3) AZ‘ ~ F(s;,u;,y) = Fi;1=0,1,...,n,

At ty = 0, we conclude that

Ax

Fy is known, so Atg is determined and we find ¢; as follows
(4.5) Atg=t, —tyg =1, — 0 =t,.

For simplicity, we suppose D = D(t) and p(u) = u. Using these assumptions, one may

find the descretize from of equation (2.8)-(2.13) as follows

Uinl — Ui Dpyt [Uig1 41 — 2Uing1 + Uim1n41

(4.6) At, s34 Ax?

x; I, Ui+1,n+1 — Ui—1,n+1
Sna1 20z

+ul 4 fag, ty),
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oy U — U
(@.7) R T = gltas),
n
Q21 n+1
(4.8) R (UM 1041 — Un—1,n41) + QU = h(tnt1),

where D, = D(t,).

It should be noted that the auxiliary points uar41,+1 and up—1 ,4+1 enter the calcula-
tions through relations (4.7) and (4.8), and we can obtain them from equations (4.7) and
(4.8) and put them into equation (4.6) or use all the relations at the same time. In the

second case, we have the following system of equations

|:Atn Dn+1+ Ty Fn:| n+1 |: 2Atn Dn+1

+ Atn} u

(49) Ax? s2.  2Aws,iq]| Az? s2 4

S g aag] o St
(4.10) L(j:l ﬁ] Uy iy — pgup ™t — {fn_iﬁ] U1 i1 = g(tnt1),
(4.11) Loiill ﬁ} Unfs1ms1 — Qoo — Lo:f:l E} Upr—1m41 = A(tny1),
(4.12) Atpir = FAn:

In the foregoing equations, using (4.8) to (4.11), one may find ;¢ =0,1,...,n+ 1,
and using (4.12), the value of At,; is obtained. At,; is used to find the value of ¢,

and this process can continue to find all unknowns.

5. NUMERICAL RESULTS

To show the ability and robustness of the numerical method presented in the previous
section, in this section, we investigate two numerical examples. For the specific cases
considered in this section, the convergence and stability properties may be found in [12,

13]. The numerical results are obtained using MATLAB and run on a Laptop equipped
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with a Core i5 CPU and 8GB of RAM. To compare the numerical and exact solutions of

the proposed test problems, we use the following L..-error norms.

eu(s, ) = max [[U" —u"|lw,
— n_ .n
(5.1) es(r) = max [lsy — 5" o

Example 1.
In problem (2.8)-(2.13), let Ty = 1, and

D=1, pu)=u, F=u? f=—e"" h=0, g=-2¢,

a1 = Q12 = a1 = Qg = 1.

With these assumptions, one may find that the exact solution is as follows

Table 1 shows the L.,-error norms between the exact and numerical results for v and
s with different values of Ax. In Figure 1, we demonstrate the graph of the exact and

numerical solutions using M = 50. Note that the time steps are variable.

TABLE 1. The L -norm errors for Example 1.

Az ey(dz,dt) eg(dt)
1/8  0.0224  0.0073
1/16 0.0100  0.0029
1/32 0.0047  0.0013
1/64 0.0023  0.0006
1/128 0.0011  0.0003
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‘- dx=0.020408, dt __ =0.020391
mean

Exact
Numerical

U

(A) The exact solution of u (B) The numerical solution of u using M = 50

FIGURE 1. The numerical and exact solutions for Example 1.

In Figure 2, one may find the difference between the exact and numerical solutions of
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(A) The difference between exact and numeri- (B) The pseudocolor of the difference between

cal solutions of w. the exact and the numerical solutions of wu.

FI1GURE 2. The difference between the numerical and exact solutions of «
when (z,t) € (0,1) x (0,1) in Example 1.

The exact and computed s(t) are shown in Figure 3.
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FIGURE 3. The exact and numerical solutions of s(¢) in Example 1.

The behavior of L..-norm error of u and s for different values of M is shown in Figure
4. This figure shows that as the number of mesh points increases, the amount of errors
decreases. In this example, the comparison between the numerical and exact solutions

clearly demonstrates that the numerical results are in good agreement with the exact
solutions.

0.025

-3
8 ><10‘
{
7 |
0.02 : \
\
6k
- \
z 2 \
=1 L 4 @ 5tk
a 0015 4 5 \
5 s \
| m o, \
4
£ £ |
S o.01f 1 2 \
T o3
48 4?
2+ i
0.005 - :
1r i
_
L L L L 1 O 1 I 1 L L
8 16 32 64 128 8 16 32 64 128
M M
(4) (B)

FIGURE 4. A: The Ly-norm error for u(x,t), B: The Lo,-norm error for

moving boundary s(¢) in Example 1.
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Example 2. As the second test problem, in problem (8)-(13), consider Ty = 1, and

t/2
D=1, plu)==u, F=u? f=°2 (;08@)7
. et/z B e15/2 (et _ 1)
Vit =1)2+1 (et =124+ 1
(5.2) g=-2e"7 an=ap=ay=an=1

The exact solution of Example 2 may be found as

t/2

u(z,t) = €% cos(x),

s(t) = arctan (e’ —1).

In Table 2, we demonstrate the L..-error norms between the exact and numerical results

for v and s with different values of Ax.

TABLE 2. The L.,-norm errors for Example 2.

Az ey(dz,dt) eg(dt)
1/8 0.9023  0.1643
1/16 0.8299  0.1362
1/32 0.7982  0.1246
1/64 0.7833  0.1193
1/128  0.7761  0.1168

Figure 5 shows the graph of the exact and numerical solutions for v using M = 50.
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16 25

‘- dx=0.020408, dt __ =0.016299
mean

Numerical

14

u

(A) The exact solution of u (B) The numerical solution of u

FIGURE 5. The numerical and exact solutions for Example 2 with M = 50.

A difference between the exact and numerical solutions for u is shown in Figure 5.

Figure 6 shows the graph of the exact and computed s(t) when M = 50.

Sexact

S
Numerical

0.6

s(t)

021

FIGURE 6. The exact and numerical solutions of s(t) in Example 2 with
M = 50.

Figure 6 shows the graph of the exact and computed s(t) when M = 50.



100 MORTEZA GARSHASBI*, KULTHOM YASEEN

0.8
0.7
0.7
0.6
08 06
| 05 0.5
\ ~ 04 0.4
. 0.3 0.3
0.2 0.2
! 0.1 01
; 0 0
0 0.2 04 06 0.8 1

X

Exact” Ynumericail
o o
IS >

18]
o
)

- o
W

(A) The difference between exact and numeri- (B) The pseudocolor of the difference between

cal solutions of u. the exact and the numerical solutions of wu.

FIGURE 7. The difference between the numerical and exact solutions of

when (z,t) € (0,1) x (0,1) and m = 50 in Example 2.

In Figure 8, the behaviors of L.,-norm error of v and s for different values of M are
shown. This Figure shows that increasing the number of spatial mesh points decreases
the amount of numerical solution errors. In this example, as well as Example 1, the
comparison between the numerical and exact solutions are well shows that the numerical

results are in good agreement with the exact solutions.
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FIGURE 8. A: The L.,-norm error for u(z,t), B: The Ly-norm error for
moving boundary s(t) in Example 2.

6. CONCLUSION

In this article, we investigate a one-dimensional parabolic moving boundary problem
with variable coefficients, which models a wide range of physical phenomena. By employ-
ing a front-fixing transformation, the original problem is reformulated on a fixed spatial
domain as a nonlinear partial differential equation. We establish the uniqueness of the
solution to this transformed problem. To determine the unknown moving boundary and
solve the system numerically, we develop a variable time-step finite difference scheme.
Numerical experiments on two test problems are presented to validate the accuracy and
robustness of the proposed method. Future work will focus on convergence and stability

analysis, extending the approach to two- and three-dimensional moving boundary mod-

els, and exploring alternative numerical techniques suitable for such multidimensional
problems.
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