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Abstract. Let R = GR(4,m) be the Galois ring of characteristic 4 and cardinality 4m,

where m is a natural number. Let C be a linear code of length n over R and Φ be the

Homogeneous Gray map on Rn. The Homogeneous Gray image of C, i.e., C = Φ(C) is a

code (possibly nonlinear) of length N = 2mn over F2m . In this paper, we show that for

any r ∈ {2k0 + k1, . . . ,min(n + k0, 2k0 + k1 +
(
k0

2

)
)}, there exists an R-linear code C of

length N = 2mn and type {k0, k1} with rank(C) = r, and vice versa. We also establish a

similar result for the kernel, i.e., for any k ∈ {k0+k1, k0+k1+1, . . . , 2k0+k1−2, 2k0+k1},
there exists an R-linear code C of length N = 2mn and type {k0, k1} with k2m(C) = k,

and vice versa.

1. Introduction

For any positive integer s ≥ 1, let Z2s be the ring of integers modulo 2s. A Galois

ring is defined to be a finite commutative ring R with identity 1 such that the set of zero

divisors of R, with 0 added is a principal ideal 〈p〉 for some prime number p. Let h(x) be a

monic basic irreducible polynomial of degree m > 0 over Z2s . It is known that the residue

class ring Z2s [x]
〈h(x)〉 is a Galois ring of characteristic 2s and cardinality 2sm, and is denoted by
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GR(2s,m). Additionally, it is a local ring with a maximal ideal m = 〈2〉. Furthermore,

any ideal of GR(2s,m) is of the form 〈2i〉 for 1 ≤ i ≤ s, and there is a chain of ideals:

GR(2s,m) = 〈1〉 ⊃ 〈2〉 ⊃ · · · ⊃ 〈2s〉 = {0}.

In this paper, we focus on the special case s = 2 (i.e., GR(4,m)). Throughout this paper,

we denote GR(4,m) by R. The residue classes a0 + a1x+ · · ·+ am−1x
m−1 + 〈h(x)〉, where

a0, a1, . . . , am−1 ∈ Z4 are all the distinct elements of R. Let ξ = x + 〈h(x)〉, so h(ξ) = 0,

and ξ is also of order 2m− 1. Each element of R can be written uniquely in the following

form

a0 + a1ξ + · · ·+ am−1ξ
m−1, ai ∈ Z4 (0 ≤ i ≤ m− 1),(1.1)

and R = Z4[ξ]. The representation (1.1) is called the additive representation of the

elements of the Galois ring R. Moreover, R
〈2〉 ' F2m . Let τ = {0, 1, . . . , ξ2m−2}, known as

the Teichmüller set. Therefore every element c ∈ R can be written uniquely as

c = a+ 2b, (a, b ∈ τ = F2m).

The above representation is called the 2-adic representation of the element c ∈ R, see

[24, 22, 23, 15].

For every u ∈ Z4, the 2-adic expansion of u = u0 + 2u1 is denoted by [u] = [u0, u1],

where u0, u1 ∈ F2. As stated in [21], three operations “�”, “⊕” and “~” are introduced

as follows; if u, v ∈ Z4, [u] = [u0, u1] and [v] = [v0, v1], then

u� v = u0v0 + 2u1v1,

u⊕ v = u0 ⊕ v0 + 2(u1 ⊕ v1),

u~ v = 2u0v0.

Note that u ~ v has been denoted by (0, ζ1) in [21]. It is easy to check that u + v =

u⊕ v ⊕ (u~ v), u� v = v � u, u⊕ u = 0 and u� u = u. The vectors in Zn4 are written

in the form (u1, u2, . . . , un), where ui ∈ Z4 and [ui] = [ui0, u
i
1], for all i = 1, . . . , n. The

application of the operation “�” on Z4 to Zn4 is extended in the natural way; that is, if

u = (u1, u2, . . . , un),v = (v1, v2, . . . , vn) ∈ Zn4 , then u�v = (u1�v1, u2�v2, . . . , un�vn).

Recall that for each u = (u1, . . . , un) and v = (v1, . . . , vn) belonging to Zn4 , u ∗ v =

(u1v1, . . . , unvn), and 2(u ∗ v) = 2(u� v).
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A finite commutative ring with identity 1 6= 0 is called a finite chain ring if its ideals

are linearly ordered by inclusion. The Homogeneous Gray map Φ has been generalized

for finite chain rings, see [20, 13]. Let S be a finite chain ring and m = 〈γ〉 be the unique

maximal ideal of S. Inasmuch as S is finite, hence, there exists a number i such that

〈γi〉 = {0}. Consider s to be the minimal number such that 〈γs〉 = {0}. Therefore, s

is called the nilpotency index of γ, see [20, 16, 13]. Suppose that the residue field S
〈γ〉 is

Fpm , where p is a prime. For each r ∈ S, there are unique a0(r), a1(r), . . . , as−1(r) ∈ Fpm
such that r = a0(r) + a1(r)γ + · · ·+ as−1(r)γ

s−1. Therefore, every element r ∈ Sn can be

written uniquely as

r = a0(r) + a1(r)γ + · · ·+ as−1(r)γs−1,

where ai(r) = (ri,0, ri,1, . . . , ri,n−1) ∈ Fnpm , for every 0 ≤ i ≤ s− 1. In [13], for a finite chain

ring S, the Homogeneous Gray map from Sn to Fp
m(s−1)n
pm is defined. The Homogeneous

Gray map Φ : Sn −→ Fp
m(s−1)n
pm can be written in the following form

Φ(r) = [r]A = [ã0(r), ã1(r), . . . , ãs−2(r), ãs−1(r)]A,(1.2)

where

A =


α0 ··· αpm−1 α0 ··· αpm−1 ··· ··· α0 ···

αξ̄0(0) ··· αξ̄0(0) αξ̄0(1) ··· αξ̄0(1) ··· ··· α
ξ̄0(pm(s−2)−1)

···
αξ̄1(0) ··· αξ̄1(0) αξ̄1(1) ··· αξ̄1(1) ··· ··· α

ξ̄1(pm(s−2)−1)
···

...
...

...
...

...
...

...
...

...
...

αξ̄s−3(0) ··· αξ̄s−3(0) αξ̄s−3(1) ··· αξ̄s−3(1) ··· ··· αξ̄s−3(pm(s−2)−1)
···

1 ··· 1 1 ··· 1 ··· ··· 1 ···

αpm−1
α
ξ̄0(pm(s−2)−1)
α
ξ̄1(pm(s−2)−1)

...
α
ξ̄s−3(pm(s−2)−1)

1

 ,
s×pm(s−1)

see [7].

A code of length n over F2m is a non-empty subset of Fn2m , and it called linear if it is a

subspace of Fn2m . A code of length n is linear over R if it is a R-submodule of Rn. Let C be

a linear code of length n over R. The Homogeneous Gray image of C over R is called an

R-linear code of length N = 2mn over F2m . Since C is a subgroup of Rn, it is isomorphic

to an abelian structure Rk0 × Fk1
2m , and we say that C, or equivalently C = Φ(C), is of

type {k0, k1}. Note that C has 4mk0 × 2mk1 codewords.

Addition in F2m and R is denoted by “⊕” and “+”, respectively. A vector c ∈ Rn is

written in the form (c1, c2, . . . , cn), where ci ∈ R, and [ci] = [ui0, u
i
1] (ui0, u

i
1 ∈ F2m), for all

i = 1, 2, . . . , n. As stated in [7], three operations “�”, “⊕” and “~” are introduced as

follows; if a = a0 + a1ξ̄+ · · ·+ am−1ξ̄
m−1 and b = b0 + b1ξ̄+ · · ·+ bm−1ξ̄

m−1 belong to F2m ,
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where a0, a1, . . . , am−1, b0, b1, . . . , bm−1 ∈ F2, then we have

a� b = a0b0 + a1b1ξ̄ + · · ·+ am−1bm−1ξ̄
m−1,

a⊕ b = a0 ⊕ b0 + (a1 ⊕ b1)ξ̄ + · · ·+ (am−1 ⊕ bm−1)ξ̄m−1.

One can see that a � b = b � a, a � a = a, and a ⊕ a = 0. We extend the application

of the operations “�” and “⊕” on F2m to Fn2m in the natural way; that is, if a =

(u1, u2, . . . , un), b = (v1, v2, . . . , vn) ∈ Fn2m , then a � b = (u1 � v1, u2 � v2, . . . , un � vn),

a ⊕ b = (u1 ⊕ v1, u2 ⊕ v2, . . . , un ⊕ vn). Also, if c = a0 + a1ξ + · · · + am−1ξ
m−1 and

c′ = a′0 + a′1ξ + · · ·+ a′m−1ξ
m−1 belong to R, where ai = ai0 + 2ai1, a

′
i = a′i0 + 2a′i1 ∈ Z4 for

i = 0, . . . ,m− 1, then we have

c� c′ = a0 � a′0 + (a1 � a′1)ξ + · · ·+ (am−1 � a′m−1)ξm−1,

c⊕ c′ = a0 ⊕ a′0 + (a1 ⊕ a′1)ξ + · · ·+ (am−1 ⊕ a′m−1)ξm−1,

c~ c′ = 2(a00a
′
00 + a10a

′
10ξ + · · ·+ a(m−1)0a

′
(m−1)0ξ

m−1).

It is easy to see that c � c′ = c′ � c and c � c = c. The operations “�”, “⊕” and “~”

can be extended to Rn in an obvious way; in other words, for c = (u1, u2, . . . , un), c′ =

(v1, v2, . . . , vn) ∈ Rn, we have c � c′ = (u1 � v1, u2 � v2, . . . , un � vn), c ⊕ c′ = (u1 ⊕
v1, u2 ⊕ v2, . . . , un ⊕ vn) and c~ c′ = (u1 ~ v1, . . . , un ~ vn).

In [17], the necessary and sufficient conditions for the existence of kernels of all possible

sizes for nonlinear perfect binary codes are given. The rank and dimension of the kernel

for some families of binary Z4-linear codes, which are the corresponding binary codes of

quaternary linear codes, have been studied, see [3, 5, 4, 14, 19]. Moreover, in [8], by giving

lower and upper bounds, the rank and dimension of the kernel for binary Z4-linear codes

have been investigated. Furthermore, the rank of a Z8-linear Hadamard code, which is

the Gray image of a Z8-linear code, has been computed, see [10]. Also, the kernel of a

Z2s-linear Hadamard code, which is the Gray image of a Z2s-linear code, has been studied,

see [9]. Recently, the kernel and its dimension of Zps-linear GH codes have been computed

in [2]. The purpose of this paper is to study of the rank and the dimension of the kernel

of the Homogeneous Gray image of R-linear codes. The paper is organized as follows. We

recall some properties related to R-linear codes in Section 2. In Section 3, we determine

all possible values of the rank for R-linear codes and prove the existence of an R-linear

code with rank r for all possible values of r. Finally, in Section 4, we establish all possible
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values of the dimension of the kernel for R-linear codes and prove the existence of an

R-linear code whose kernel has dimension k for all possible values of k.

2. Preliminaries

A linear code C of length n and type {k0, k1} over R can also be seen as a R-

submodule of Rn. Although C is not a free module in general, every codeword can be

uniquely expressed in the form
∑k0

j=1 µjvj +
∑k1

i=1 λiui, where µj ∈ R, for 1 ≤ j ≤ k0

and λi ∈ F2m , for 1 ≤ i ≤ k1 and vj and ui are vectors in Rn of order four and two,

respectively.

A matrix G is called a generator matrix for C if the rows of G span C and none of them

can be written as a linear combination of the other rows of G. A linear code of length n

over R is permutation equivalent to a code whose generator matrix G has the form

G =

[
Ik0 A B

0 2Ik1 2F

]
,

(k0+k1)×n

(2.1)

where A and F have entries only from F2m , and B has entries from R, see [12, 6, 11].

The following lemmas will be used in the next two sections.

Lemma 2.1 ([7]). For all X,Y ∈ Rn, we have Φ(X +Y ) = Φ(X)⊕Φ(Y )⊕Φ(X~Y ).

Lemma 2.2 ([7]). Let X,Y ∈ Rn. Then Φ(X + Y + 2(X � Y )) = Φ(X)⊕ Φ(Y ).

Lemma 2.3 ([7]). Let C be a linear code of length n over R. Then, Φ(C) is a linear code

if and only if 2(X � Y ) ∈ C, for all X,Y ∈ C.

Lemma 2.4 ([7]). Let C be a code of length n over R, G be a generator matrix of code

C and {vj}k0
j=1 be the rows of order four in G. Then, Φ(C) is a linear code if and only if

2(vt � vl) ∈ C, for all t, l satisfying 1 ≤ t < l < k0.
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3. The Rank of R-Linear Codes

One of the structural properties of nonlinear binary codes is their rank. The rank of

a binary code C, denoted as rank(C), is simply the dimension of 〈C〉, which is the linear

span of the codewords of C. The rank for binary Z4-linear codes has been studied in [8].

Throughout this section, we assume that C is an R-linear code with length n and type

{k0, k1} and C = Φ(C) is the corresponding R-linear code with length N = 2mn. In this

section, we study the rank of these R-linear codes C. We also show that there exists an

R-linear code C with r = rank(C) for any possible value of r. First, we need the following

lemmas.

Lemma 3.1. Let X1,X2, . . . ,X t,Z ∈ Rn. Then

2((X1 + X2 + · · ·+ X t)�Z) =
t∑
i=1

2(X i �Z).(3.1)

Proof. It is enough to prove (3.1) for the case n = 1, it can be proved for Rn in an obvious

way. To prove (3.1), we apply induction on t. Let t = 2. Inasmuch as X1, X2, Z ∈ R,

there are a0, a1, . . . , am−1, b0, b1, . . . , bm−1, c0, c1, . . . , cm−1 ∈ Z4 such that

X1 = a0 + a1ξ + · · ·+ am−1ξ
m−1,

X2 = b0 + b1ξ + · · ·+ bm−1ξ
m−1,

Z = c0 + c1ξ + · · ·+ cm−1ξ
m−1.

First we show that, for every u, v, w ∈ Z4, 2((u+v)�w) = 2(u�w)⊕2(v�w). Suppose

that the binary expansions of u, v and w over Z4 are as follows:

u = u0 + 2u1,

v = v0 + 2v1,

w = w0 + 2w1.

Then [u+ v] = [u0 ⊕ v0, u1 ⊕ v1 ⊕ u0v0]. By applying the operation “�”, we have

[(u+ v)� w] = [(u0 ⊕ v0)w0, (u1 ⊕ v1 ⊕ u0v0)w1].
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Multiplying the above expression by 2, we obtain

[2((u+ v)� w)] = [0, (u0 ⊕ v0)w0] = [0, u0w0 ⊕ v0w0] = [0, u0w0]⊕ [0, v0w0]

= [2(u� w)]⊕ [2(v � w)].

Consequently 2((u+ v)� w) = 2(u� w)⊕ 2(v � w). Thus

2((X1 +X2)� Z) = 2(X1 � Z)⊕ 2(X2 � Z).

Assume that the induction hypothesis hold for t = k − 1, i.e.,

2(X1 +X2 + · · ·+Xk−1)� Z =
k−1∑
i=1

2(Xi � Z).

For t = k, by case t = 2 and induction hypothesis, we have

2((X1 +X2 + · · ·+Xk−1 +Xk)� Z) = 2((X1 +X2 + · · ·+Xk−1)� Z)⊕ 2(Xk � Z)

=
k−1∑
i=1

2(Xi � Z)⊕ 2(Xk � Z)

=
k∑
i=1

2(Xi � Z).

�

Lemma 3.2. Let C be a linear code of type {k0, k1} over R and let C = Φ(C) be its

corresponding code. Let G be a generator matrix of C and let {ui}k1
i=1 and {vj}k0

j=1 be

the rows of order two and four in G, respectively. Then, 〈C〉 is generated by {Φ(ui)}k1
i=1,

{Φ(vj)}k0
j=1, {Φ(2vj)}k0

j=1 and {Φ(2(vl � vk))}1≤l<k≤k0.

Proof. If x ∈ C, then x can be expressed as x = vj1 + · · ·+ vjt +w, where {j1, . . . , jt} ⊆
{1, . . . , k0} and w is a codeword of order two. By Lemma 2.1, Φ(x) = Φ(vj1 + · · ·+vjt)⊕
Φ(w). Now, by induction on t, we prove that

Φ(vj1 + · · ·+ vjt)) =
t∑
i=1

Φ(vji) +
∑

1<l<k<t

Φ(2(vjl � vjk)).

For t = 2, by Lemma 2.1, we have

Φ(v1 + v2) = Φ(v1)⊕ Φ(v2)⊕ Φ(2(v1 � v2)).
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Assume that the induction hypothesis holds for t− 1. For t, again by Lemma 2.1,

Φ(vj1 + · · ·+ vjt−1 + vjt) = Φ(vj1 + · · ·+ vjt−1)⊕ Φ(vjt)⊕ Φ(2((vj1 + · · ·+ vjt−1)� vjt)).

But from (3.1), we have

2((vj1 + · · ·+ vjt−1)� vjt) =
t−1∑
i=1

2(vji � vjt).

So, Lemma 2.1 implies that Φ(2((vj1 + · · ·+vjt−1)�vjt)) =
∑t−1

i=1 Φ(2(vji �vjt)). By the

induction hypothesis (i.e., t− 1), consequently

Φ(vj1 + · · ·+ vjt)) =
t∑
i=1

Φ(vji) +
∑

1<l<k<t

Φ(2(vjl � vjk)).

On the other hand, Φ(w) is a linear combination of {Φ(ui)}k1
i=1 and {Φ(2vj)}k0

j=1. There-

fore, Φ(x) is generator by {Φ(ui)}k1
i=1, {Φ(vj)}k0

j=1, {Φ(2vj)}k0
j=1 and {Φ(2(vl�vk))}1≤l<k≤k0 .

�

Lemma 3.3. There exists a linear code C of length n and type {k0, k1} if and only if

k0, k1 ≥ 0, n ≥ 0, k0 + k1 ≤ n.(3.2)

Proof. Straightforward from matrix (2.1). �

Theorem 3.4. Let n, k0 and k1 be integer numbers satisfying (3.2) and let R = {2k0 +

k1, . . . ,min(n+ k0, 2k0 + k1 +
(
k0

2

)
)}. Then

(i) The rank of an R-linear code of length N = 2mn and type {k0, k1} belongs to R.

(ii) For each r ∈ R, there exists an R-linear code C of length N = 2mn and type

{k0, k1} with rank(C) = r.

Proof. (i) Suppose that

G =

vj →
ui →
2vj →

2(vl � vk) →


Ik0 A B

0 2Ik1 2F

2Ik0 2A 2B

0 2W 2D

 .
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Therefore, we have

Φ(G) =

Φ(vj) →
Φ(ui) →
Φ(2vj) →

Φ(2(vl � vk)) →


Φ(Ik0) Φ(A) Φ(B)

0 Φ(2Ik1) Φ(2F )

Φ(2Ik0) Φ(2A) Φ(2B)

0 Φ(2W ) Φ(2D)

.

By Lemma 3.2, 〈C〉 is generated by {Φ(ui)}k1
i=1, {Φ(vj)}k0

j=1, {Φ(2vj)}k0
j=1 and

{Φ(2(vl � vk))}1≤l<k≤k0 . On can see that rank(C) = 2k0 + k1 + r′, where r′ is

the number of independent rows of block {Φ(2(vl � vk))}1≤l<k≤k0 . Note that, by

elementary row operations, the matrix generator of 〈C〉 is

Φ(G) =


Φ(Ik0) Φ(A) Φ(B)

0 Φ(2Ik1) Φ(2F )

Φ(2Ik0) Φ(2A) Φ(2B)

0 0 H

,
where the number of columns of H is n− k0− k1. On the other hand, the number

of rows of H is
(
k0

2

)
, such that probably some of them are zero. Then the number

of non-zero rows of H is less than or equal to
(
k0

2

)
. Since column rank and row

rank are equal, so, the number of independent rows of H is at most min(n −
k0 − k1,

(
k0

2

)
). Therefore, r′ ∈ {0, . . . ,min(n− k0 − k1,

(
k0

2

)
)}. Thus rank(C) ∈

{2k0 + k1, . . . ,min(n+ k0, 2k0 + k1 +
(
k0

2

)
)}.

(ii) Let C be a code of length n and type {k0, k1} with generator matrix

G =

[
Ik0 0 Br

0 2Ik1 2F

]
,

(k0+k1)×n

where Br is a matrix of size k0×(n−k0−k1), and F is an arbitrary matrix over F2m

of size k1×(n−k0−k1). Assume that C = Φ(C) be its corresponding R-linear code.

Let {ui}k1
i=1 and {vj}k0

j=1 be the row vectors of order two and four in G, respectively.

By Part (i), rank(C) = 2k0+k1+r′, where r′ ∈ {0, . . . ,min(n− k0 − k1,
(
k0

2

)
)}. In

the generator matrix G, the Homogeneous Gray image of the k1 row vectors {ui}k1
i=1

and the 2k0 row vectors {vj}k0
j=1, {2vj}

k0
j=1 are independent vectors over F2m . For

any r′ ∈ {0, . . . ,min(n− k0 − k1,
(
k0

2

)
)}, we construct Br in an appropriate way

such that rank(C) = 2k0 + k1 + r′.
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Suppose that ei(t) denotes the column vector of length k0, with a t in the ith

coordinate and zeroes elsewhere. For each r′ ∈ {0, . . . ,min(n− k0 − k1,
(
k0

2

)
)},

we can construct Br as a matrix where r′ columns there are r′ different column

vectors el(1) + ek(1) of length k0, 1 ≤ l < k ≤ k0, and in the remaining columns

there is the all-zero column vector. For each one of the r′ different column vectors

the rank increases by 1. Note that, if the column vector el(1) + ek(1) is included

in Br, then the vector 2(vl � vk) has only a two in the same coordinate where

the column vector el(1) + ek(1) is, and Φ(2(vl�vk)) is independent to the vectors

{Φ(ui)}k1
i=1, {Φ(vj)}k0

j=1, {Φ(2vj)}k0
j=1 and Φ(2(vs� vt)), {s, t} 6= {l, k}. Inasmuch

as the maximum number of columns of Br is n−k0−k1 and the maximum number

of different such columns is
(
k0

2

)
, the result follows.

�

Example 3.5. Let R = GR(4, 2) = Z4[ξ], where h(ξ) = 0 and h(x) = x2 +x+1 is a basic

irreducible polynomial over Z4. Suppose that C is a code of length 10 and type {5, 3}.
It follows from Theorem 3.4 part (i), the possible ranks for R-linear codes, C = Φ(C),
of length 40 and type {5, 3} are rank(C) = r ∈ {13, 14, 15}. By Theorem 3.4 part (ii),

for each possible r, we can construct a code C with rank(C) = r, taking the following

generator matrix of C:

G =

[
I5 0 Br

0 2I3 2F

]
.

8×10

B13, B14 and B15 are constructed as follows:

B13 =



0 0

0 0

0 0

0 0

0 0


,

5×2

B14 =



1 0

1 0

0 0

0 0

0 0


,

5×2

B15 =



1 0

1 1

0 1

0 0

0 0


.

5×2

Example 3.6. Let R = GR(4, 3) = Z4[ξ], where h(ξ) = 0 and h(x) = x3 +2x2 +x−1 is a

basic irreducible polynomial over Z4. Assume that C is a code of length 9 and type {4, 4}.
It follows from Theorem 3.4 part (i), the possible ranks for R-linear codes, C = Φ(C), of

length 72 and type {4, 4} are rank(C) = r ∈ {12, 13}. By Theorem 3.4 part (ii), for each
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possible r, we can construct a code C with rank(C) = r, taking the following generator

matrix of C:

G =

[
I4 0 Br

0 2I4 2F

]
.

8×9

B12 and B13 are constructed as follows:

B12 =


0

0

0

0

 ,
5×1

B13 =


1

1

0

0

 .
5×1

4. The Dimension of the Kernel of R-Linear Codes

Another structural property of nonlinear binary codes is their dimension of the kernel.

The kernel of a binary code C, K(C), is the set of vectors that leave C invariant under

translation, i.e., K(C) = {x ∈ Zn2 |x⊕ C = C}. If the all-zero vector belongs to C, then

K(C) is a linear subcode of C. Moreover, C can be written as the union of cosets of K(C),

see [1]. Recall that the dimension of the kernel for binary Z4-linear codes has been studied

in [8]. Let q = pr, where p is prime. As stated in [18], the kernel of a q-ary code C over

Fq is Kq(C) = {x ∈ Fnq |λx ⊕ C = C, ∀λ ∈ Fq}, and the p-kernel of a q-ary code C over

Fq is Kp(C) = {x ∈ Fnq |x⊕ C = C}. Also, if the zero codeword is in C, then Kq(C) is a

linear subcode of C and Kp(C) is a p-linear subcode of C. The dimension of the kernel

and p-kernel of C is denoted by kq(C) and kp(C), respectively. Furthermore, the code C

is a union of cosets of Kq(C)(Kp(C)), and Kq(C)(Kp(C)) is the maximal linear subspace

of Fnq over Fq(Fp) with this property. According to what was said in section 3, throughout

this section let C be an R-linear code of length n and type {k0, k1} and C = Φ(C) is

the corresponding R-linear code of length N = 2mn. In this section, we investigate the

dimension of the kernel of R-linear codes C = Φ(C). We also show that there exists an

R-linear code C with k = k2m(C) for any possible value of k. To do this, we first express

the following lemma.

Lemma 4.1. Let C be a linear code over R and C = Φ(C) be its corresponding code over

F2m. Then, K2m(C) = {Φ(u) | u ∈ C and 2(u� v) ∈ C, ∀ v ∈ C}.
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Proof. By Lemma 2.2, for u,v ∈ R, we have Φ(u + v + 2(u � v)) = Φ(u) ⊕ Φ(v).

Therefore, Φ(u) ⊕ Φ(v) ∈ C if and only if 2(u � v) ∈ C for all u,v ∈ C. So, the result

follows. �

Note that if G is a generator matrix of a linear code C over R and C = Φ(C), by Lemmas

4.1 and 3.1, Φ(u) ∈ K2m(C) if and only if u ∈ C and 2(u � v) ∈ C for all v ∈ G. Also,

if u ∈ C and ord(u) = 2, then 2u = 0, from Lemma 4.1, all codewords of order two in C
belong to K2m(C).

Lemma 4.2. Let C be a linear code over R and C = Φ(C) be its corresponding code over

F2m. For each u,v ∈ C, we have Φ(u) ⊕ Φ(v) ∈ K2m(C) if and only if Φ(u + v) ∈
K2m(C).

Proof. By Lemma 2.2, we have Φ(u + v + 2(u� v)) = Φ(u)⊕ Φ(v). In other words, by

Lemma 4.1, Φ(u+ v + 2(u� v)) ∈ K2m(C) if and only if for all w ∈ C, 2((u+ v + 2(u�
v)) � w) = 2((u + v) � w) ∈ C, and this means; Φ(u + v) ∈ K2m(C). Consequently,

Φ(u)⊕ Φ(v) ∈ K2m(C) if and only if Φ(u + v) ∈ K2m(C). �

Theorem 4.3. Let n, k0 and k1 be integer numbers satisfying (3.2) and let K = {k0 +

k1, . . . , 2k0 + k1 − 2, 2k0 + k1}. Then

(i) The dimension of the kernel of an R-linear code of length N = 2mn and type

{k0, k1} belongs to K.

(ii) There exists an R-linear code C of length N = 2mn and type {k0, k1} with k2m(C) =

k for any

k ∈


{2k0 + k1} if s = 0,

{k1 + 2(k0 −
⌈
k0−1
2

⌉
), . . . , k1 + 2(k0 − 1), 2k0 + k1} if s = 1,

{k0 + k1, k0 + k1 + 1, . . . , 2k0 + k1 − 2, 2k0 + k1} if s ≥ 2,

where s = n− k0 − k1.

Proof. (i) The upper bound 2k0+k1 comes from the linear case. Inasmuch as, there are

(2m)k0+k1 codewords of order two in C, Lemma 4.1 implies that the Homogeneous

Gray images of all these codewords are in K2m(C). Furthermore, note that if C is
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not linear, then by Lemma 2.3 the dimension of the kernel is equal to or less than

2k0 + k1 − 2. Thus, k2m(C) ∈ {k0 + k1, . . . , 2k0 + k1 − 2, 2k0 + k1}.
(ii) Let C be an R-linear code of length n and type {k0, k1} with generator matrix

G =

[
Ik0 0 Bk

0 2Ik1 0

]
,

(k0+k1)×n

where Bk is a matrix of size k0×(n−k0−k1) and let C = Φ(C) be its corresponding

R-linear code. If n = k0 + k1, then the code C is a linear code over F2m . Thus,

k2m(C) = k = 2k0 + k1.

When n = k0 + k1 + 1, for every k′ ∈ {2, 4, . . . , 2
⌈
k0−1
2

⌉
} and k = 2k0 + k1− k′,

we can construct a matrix Bk over R of size k0×1 with an even number of ones, k′,

and zeros elsewhere. In this case, it is easy to see that k2m(C) = k = 2k0 +k1−k′.
Finally, when n ≥ k0 + k1 + 2, for each k′ ∈ {2, 3, . . . , k0} and k = 2k0 + k1− k′,

we can construct a matrix Bk over R of size k0×s, such that only in the last k0−k′

row vectors all components are zero and, furthermore, in the first k′ coordinates

of each column vector there are an even number of ones and zeros elsewhere. In

this case, it is easy to check that k2m(C) = k = 2k0 + k1 − k′.
�

Let t be a positive integer. Let {v1,v2, . . . ,vt} be a set of vectors in Rn and I =

{i1, . . . , il} ⊆ {1, . . . , t}. The vector vi1 + · · · + vil is denoted by vI . Also if I = ∅, we

have vI = 0.

Proposition 4.4. Let C be a linear code of type {k0, k1} with generator matrix G, and
suppose that C = Φ(C) be its corresponding code with k2m(C) = 2k0 + k1 − k′, where

k′ ∈ {2, . . . , k0}. Therefore, there exists a set {v1,v2, . . . ,vk′} of row vectors of order

four in G such that

C =
⋃

I⊆{1,...,k′}

(K2m(C) + Φ(vI)).

Note that, by Lemma 4.2, if C is a linear code over R, then K2m(C) is a subcode of

C. We denote the kernel of a linear code C of type {k0, k1} over R by K(C), and we have

K(C) = Φ−1(K2m(C)). Lemma 4.1, implies that K(C) = {u | u ∈ C and 2(u � v) ∈
C, ∀ v ∈ C}. It is easy to check that K(C) is a linear subcode of C of type 4mk0−k′2mk1+k′ .
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Also, if C is a linear code over R with a generator matrix G, by Proposition 4.4 there

exists a set {v1,v2, . . . ,vk′} of row vectors of order four in G such that

C =
⋃

I⊆{1,...,k′}

(K(C) + vI).

Example 4.5. Let R = GR(4, 2) = Z4[ξ], where h(ξ) = 0 and h(x) = x2 +x+1 is a basic

irreducible polynomial over Z4. Let C be an R-linear code of length 9 and type {4, 2}.
It follows from Theorem 4.3 part (i), the possible dimensions of the kernel for R-linear

codes of length 36 and type {4, 2} are k2m(C) = k ∈ {6, 7, 8, 10}. By Theorem 4.3 part

(ii), for each possible k, we can construct a code C with k2m(C) = k, taking the following

generator matrix of C:

G =

[
I4 0 Bk

0 2I2 0

]
,

6×9

where B10, B8, B7 and B6 are constructed as follows:

B10 =


0 0 0

0 0 0

0 0 0

0 0 0

 ,
4×3

B8 =


1 0 0

1 0 0

0 0 0

0 0 0

 ,
4×3

B7 =


1 0 0

1 1 0

0 1 0

0 0 0

 ,
4×3

B6 =


1 0 0

1 1 0

1 1 0

1 0 0

 .
4×3

Example 4.6. Let R = GR(4, 3) = Z4[ξ], where h(ξ) = 0 and h(x) = x3 + 2x2 + x − 1

is a basic irreducible polynomial over Z4. Let C be an R-linear code of length 10 and

type {5, 1}. It follows from Theorem 4.3 part (i), the possible dimensions of the kernel for

R-linear codes of length 80 and type {5, 1} are k2m(C) = k ∈ {6, 7, 8, 9, 11}. By Theorem

4.3 part (ii), for each possible k, we can construct a code C with k2m(C) = k, taking the

following generator matrix of C:

G =

[
I5 0 Bk

0 2I1 0

]
,

6×10
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where B11, B9, B8, B7 and B6 are constructed as follows:

B11 =



0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


,

5×4

B9 =



1 0 0 0

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


,

5×4

B8 =



1 0 0 0

1 1 0 0

0 1 0 0

0 0 0 0

0 0 0 0


,

5×4

B7 =



1 0 0 0

1 1 0 0

1 1 0 0

1 0 0 0

0 0 0 0


,

5×4

B6 =



1 0 0 0

1 1 0 0

1 1 0 0

1 1 0 0

0 1 0 0


.

5×4

5. Conclusion

For an R-linear code C of length N = 2mn and type {k0, k1}, by establishing lower

and upper bounds, we studied the rank and dimension of the kernel of the R-linear

code C = Φ(C). We also gave the construction of an R-linear code with rank r (resp.

dimension of the kernel k) for each possible value r (resp. k). As a future research, it

would be interesting to establish the bounds of the rank, once the dimension of the kernel

is fixed, and give the construction of an R-linear code with rank r and kernel dimension

k for each possible pair (r, k) or interesting to establish the bounds of the kernel, once

the dimension of the rank is fixed, and give the construction of an R-linear code with

rank r and kernel dimension k for each possible pair (r, k) or interesting to study lower

and upper bounds for the rank and dimension of the kernel of the GR(2s,m)-linear (for

s > 2) code C = Φ(C).
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