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ABSTRACT. Let R = GR(4,m) be the Galois ring of characteristic 4 and cardinality 4™,
where m is a natural number. Let C be a linear code of length n over R and ® be the
Homogeneous Gray map on R"™. The Homogeneous Gray image of C, i.e., C = ®(C) is a
code (possibly nonlinear) of length N = 2™n over Fom. In this paper, we show that for
any r € {2ko + k1,...,min(n + ko, 2ko + k1 + (kQO))}7 there exists an R-linear code C of
length N = 2™n and type {ko, k1 } with rank(C') = r, and vice versa. We also establish a
similar result for the kernel, i.e., for any k € {ko+k1, ko+k1+1,...,2ko+k1—2,2ko+k1},
there exists an R-linear code C' of length N = 2™n and type {ko, k1} with kom (C) = k,

and vice versa.

1. Introduction

For any positive integer s > 1, let Zss be the ring of integers modulo 2°. A Galois
ring is defined to be a finite commutative ring R with identity 1 such that the set of zero
divisors of R, with 0 added is a principal ideal (p) for some prime number p. Let h(z) be a
monic basic irreducible polynomial of degree m > 0 over Zsys. It is known that the residue

class ring %ﬁ(i%] is a Galois ring of characteristic 2° and cardinality 2°™, and is denoted by

MSC(2025): 94B05, 11T71.
Keywords: Galois ring, Homogeneous Gray map, Linear code, Generator matrix, Rank, Kernel.
Received: 23 May 2025, Accepted: 6 July 2026.

*Corresponding author.
126



ON RANK AND KERNEL OF THE HOMOGENEOUS GRAY IMAGE OF LINEAR CODES ... 127

GR(2°,m). Additionally, it is a local ring with a maximal ideal m = (2). Furthermore,
any ideal of GR(2%,m) is of the form (2) for 1 < i < s, and there is a chain of ideals:

GR(25,m) = (1) D (2) > -+ > (2°) = {0}.

In this paper, we focus on the special case s = 2 (i.e., GR(4,m)). Throughout this paper,
we denote GR(4,m) by R. The residue classes ag+ a1z + - - - + ayp—12™ 1 + (h(x)), where
Ao, 1,y - . - A1 € Zy are all the distinct elements of R. Let & = z + (h(x)), so h(§) = 0,
and ¢ is also of order 2™ — 1. Each element of R can be written uniquely in the following

form
(11) a0+a1§+~~-+am_1§m_1, CLiEZ4 (nggm—l),

and R = Z4[¢]. The representation (1.1) is called the additive representation of the
elements of the Galois ring R. Moreover, % ~ Fom. Let 7 ={0,1,...,£%" 2} known as

the Teichmiiller set. Therefore every element ¢ € R can be written uniquely as
c=a+2b, (a,beT="Fm).

The above representation is called the 2-adic representation of the element ¢ € R, see
[24, 22, 23, 15].

For every u € Zg4, the 2-adic expansion of u = ug + 2u; is denoted by [u] = [ug, u1],
where ug, u; € Fy. As stated in [21], three operations “©”, “@®” and “®” are introduced

as follows; if u,v € Zy, [u] = [ug, u1] and [v] = [vg, v1], then

U® V= ugty + 2uq v,
udv=uy® v+ 2(u; B vy),

U ® v = 2ugly.

Note that u ® v has been denoted by (0,¢;) in [21]. It is easy to check that u + v =
udvd(u®v),uCv=v0u, u®u=0and u®u=wu The vectors in Z} are written
in the form (u!,u?, ... ,u"), where u* € Z4 and [u'] = [u},u!], for all i = 1,...,n. The
application of the operation “©” on Z,4 to Z} is extended in the natural way; that is, if
w=(ul u? .. u"),v= (v, 0% ... 0") € ZY, then u®v = (W Ovl W2 Ov?, ... u" ©v").
Recall that for each w = (u!,...,u") and v = (v!,... v") belonging to Z}, u * v =

(ulol, ... u™™), and 2(u x v) = 2(u O v).
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A finite commutative ring with identity 1 # 0 is called a finite chain ring if its ideals
are linearly ordered by inclusion. The Homogeneous Gray map ® has been generalized
for finite chain rings, see [20, 13]. Let S be a finite chain ring and m = () be the unique
maximal ideal of S. Inasmuch as S is finite, hence, there exists a number 7 such that
(") = {0}. Consider s to be the minimal number such that (y*) = {0}. Therefore, s
is called the nilpotency index of 7, see [20, 16, 13]. Suppose that the residue field % is
F,m, where p is a prime. For each r € S, there are unique ag(r), as(r),...,as_1(r) € Fym
such that r = ag(r) + ay(r)y + -+ + as_1(r)y*~'. Therefore, every element r» € S™ can be
written uniquely as

r=ao(r) +ai(r)y+- +asi(r)yt

where a;(1) = (ri0,7i1,- - Tin—1) € Fym, forevery 0 < i < s — 1. In [13], for a finite chain
. m(s=1), .
ring S, the Homogeneous Gray map from S™ to Fy.. " is defined. The Homogeneous
m(s—1) . . .
Gray map ® : S* — F7.. " can be written in the following form
(1.2) O(r) = [r]A = [ag(r),a1(r),. .. as_2(r),as_1(r)]A,
where
ag oapm_q ag seapm_y e e ap apm _q
Xp(0) T Ugg(0)  XEp(1) T Yy T Qeopm(s=2) 1y Yo (pm(5=2) —1)
Agro) g0 X)) T g T Qe pms=2) 1) T Qe pm(s—2) 1)
A= ,
aés—3(0> aés—ii(o) aés—iﬂ(l) aés—iﬁ(l) """" agsig(pnl(s_m—l) af_s_g(pm(s_z)fl)
1 1 1 1 e e 1 1 sxpm(s—1)
see [7].

A code of length n over Fam is a non-empty subset of F5,., and it called linear if it is a
subspace of F5,.. A code of length n is linear over R if it is a R-submodule of R™. Let C be
a linear code of length n over R. The Homogeneous Gray image of C over R is called an
R-linear code of length N = 2™n over Fom. Since C is a subgroup of R", it is isomorphic
to an abelian structure R¥ x F4, | and we say that C, or equivalently C' = ®(C), is of
type {ko, k1}. Note that C has 4™k x 2m*1 codewords.

Addition in Fom and R is denoted by “@®” and “4”, respectively. A vector ¢ € R" is
written in the form (¢!, %, ..., ¢"), where ¢ € R, and [¢'] = [u, ui] (uf,u} € Fam), for all
i=1,2,...,n. As stated in [7], three operations “®”, “@” and “@®” are introduced as

follows; if @ = ag+a1€+ -+ ap_1E™ L and b = by + b1 &+ - - - + by 1E™ ! belong to Fom,
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where ag, ay, ..., am-1, by, b1,...,b,_1 € Fy, then we have

a®b=agby + arb1€ + - + ap_1bp 1",

a b b= ag ) b() + (al () b1)€+ SRR (am—l © bm—l)gm_l'
One can see that a ©b=b® a, a ®a = a, and a ® a = 0. We extend the application
of the operations “©®©” and “@” on Fom to F., in the natural way; that is, if @ =
(u',u?, . o u), b = (v P v") € Fh, then a © b = (u! © vt u? © 0% .. u™ ©v"),
a®b = (u' ®ol,uP @’ ... ut Do), Also, if ¢ = ag + @€ + -+ + a1 €™ and
d=ay+aié+---+a, £" ! belong to R, where a; = a0 + 2a;1,a; = a}y + 2al;, € Zy4 for
1=0,...,m — 1, then we have

cOd=ay®ay+ (a1 ©a)s+ -+ (ama ©a, )",

cdd =ayDay+ (a1 ®a)E+ -+ (am1 ®al, )™,

c® ¢ = 2(agag + a10a1e€ + -+ + Am-1)00(m-10" " )-

It is easy to see that c® ¢ = ¢ ® ¢ and ¢ ® ¢ = ¢. The operations “®”, “@” and “®”

can be extended to R™ in an obvious way; in other words, for ¢ = (ul,u?, ... u"),c’ =
(who? . 0" € R, wehave cO ¢ = (v 0 vhu2 @ .. u" o), edc = (ut @
vl @ @) ande® e = (ul @0t u @ on).

In [17], the necessary and sufficient conditions for the existence of kernels of all possible
sizes for nonlinear perfect binary codes are given. The rank and dimension of the kernel
for some families of binary Zy-linear codes, which are the corresponding binary codes of
quaternary linear codes, have been studied, see [3, 5, 4, 14, 19]. Moreover, in [8], by giving
lower and upper bounds, the rank and dimension of the kernel for binary Z,-linear codes
have been investigated. Furthermore, the rank of a Zg-linear Hadamard code, which is
the Gray image of a Zg-linear code, has been computed, see [10]. Also, the kernel of a
Zos-linear Hadamard code, which is the Gray image of a Zgs-linear code, has been studied,
see [9]. Recently, the kernel and its dimension of Z,:-linear GH codes have been computed
in [2]. The purpose of this paper is to study of the rank and the dimension of the kernel
of the Homogeneous Gray image of R-linear codes. The paper is organized as follows. We
recall some properties related to R-linear codes in Section 2. In Section 3, we determine
all possible values of the rank for R-linear codes and prove the existence of an R-linear

code with rank r for all possible values of r. Finally, in Section 4, we establish all possible
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values of the dimension of the kernel for R-linear codes and prove the existence of an

R-linear code whose kernel has dimension £ for all possible values of k.

2. Preliminaries

A linear code C of length n and type {ko, k1} over R can also be seen as a R-
submodule of R™. Although C is not a free module in general, every codeword can be
uniquely expressed in the form 250:1 piv; + Zf;l Aiw;, where p1; € R, for 1 < j < kg
and \; € Fom, for 1 <4 < k; and v; and u,; are vectors in R" of order four and two,
respectively.

A matrix G is called a generator matrix for C if the rows of G span C and none of them
can be written as a linear combination of the other rows of G. A linear code of length n
over R is permutation equivalent to a code whose generator matrix G has the form

(2.1)

)

[, A B
0 2I, 2F

(k‘0+k1) xXn

where A and F have entries only from Fym, and B has entries from R, see [12, 6, 11].

The following lemmas will be used in the next two sections.

Lemma 2.1 ([7]). For all XY € R", we have (X +Y ) =d(X)dd(Y)dd(X®Y).

Lemma 2.2 ([7]). Let X, Y € R". Then ®(X +Y +2(X 0Y)) = d(X) ® o(Y).

Lemma 2.3 ([7]). Let C be a linear code of length n over R. Then, ®(C) is a linear code
if and only if 2(X ®Y) €C, for all X, Y €C.

Lemma 2.4 ([7]). Let C be a code of length n over R, G be a generator matriz of code
C and {vj};?‘):l be the rows of order four in G. Then, ®(C) is a linear code if and only if
2(vy ©® ;) €C, for all t,l satisfying 1 <t <1 < ko.
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3. The Rank of R-Linear Codes

One of the structural properties of nonlinear binary codes is their rank. The rank of
a binary code C', denoted as rank(C'), is simply the dimension of (C'), which is the linear
span of the codewords of C. The rank for binary Z,-linear codes has been studied in [8].
Throughout this section, we assume that C is an R-linear code with length n and type
{ko,k1} and C' = ®(C) is the corresponding R-linear code with length N = 2™n. In this
section, we study the rank of these R-linear codes C. We also show that there exists an
R-linear code C with r = rank(C) for any possible value of r. First, we need the following

lemmas.

Lemma 3.1. Let X1, X,,.... X, Z € R". Then
t

(3.1) (X 1+ Xo+--+ X)) 0 Z)=> 2AX;0 Z).
i=1

Proof. 1t is enough to prove (3.1) for the case n = 1, it can be proved for R" in an obvious
way. To prove (3.1), we apply induction on ¢. Let ¢ = 2. Inasmuch as X7, X»,Z € R,

there are ag,ay,...,amn_1, bg,b1,...,bpm_1,¢o,C1,...,Cmn_1 € Z4 such that

Xi=ap+aé+ -+ au "7,
Xo=0bg+b1E+ -+ by E™1

Z=co+ b4+ ema&mh

First we show that, for every u, v, w € Z4, 2((u+v)Ow) = 2(uGw)B2(vOw). Suppose

that the binary expansions of u, v and w over Z, are as follows:

u = ug + 2uq,
v = vy + 2v1,

w = wy + 2w;.
Then [u + v] = [ug @ vo, u1 & v ® upvy]. By applying the operation “®”, we have

[(u+v) ®w] = [(uo ® vo)wo, (U1 & v1 B uguo)w).
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Multiplying the above expression by 2, we obtain
2((u+v) ©®w)] = [0, (ug ® vo)wo] = [0, ugwo ® vowg] = [0, ugwo] ® [0, vowy]
=Ruow)]e2(vow)]
Consequently 2((u +v) © w) = 2(u ® w) ® 2(v ® w). Thus
2X1+X2)02)=2(X102)82(X,0 2).

Assume that the induction hypothesis hold for t = k — 1, i.e.,

Ea

1
2(X1—|—X2—|—---+Xk_1)@zz Q(XiQZ)-

=1

For t = k, by case t = 2 and induction hypothesis, we have

20X +Xo 4+ + X1+ X)) 0Z) =2(X1+ Xo+ -+ X41) 0 2) B2(X, © Z)

— 22(){@- ©Z)®2Xy 0 Z)

=1

= 2X; 0 2).

i=1

Lemma 3.2. Let C be a linear code of type {ko,ki1} over R and let C = ®(C) be its
corresponding code. Let G be a generator matriz of C and let {u;}**, and {'vj}ko be

the rows of order two and four in G, respectively. Then, (C') is generated by {(ID('U,,) i1
{@(v;) 21, {@(2v))}2 and {@(2(v1 © vi) hi<icksi, -

Proof. If € C, then « can be expressed as ¢ = v;, + - - +v;, + w, where {j1,...,j:} C
{1,...,ko} and w is a codeword of order two. By Lemma 2.1, ®(x) = ®(v;, +---+v,,) &
®(w). Now, by induction on ¢, we prove that

O(vj, +- +vy,)) Z ®(vy,) Z P (2(v;, © vy,)).

1<i<k<t

For t = 2, by Lemma 2.1, we have

CI)('Ul =+ ’UQ) = q)(’Ul) D (D(’UQ) D @(2(’01 ® 'UQ)).
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Assume that the induction hypothesis holds for ¢ — 1. For ¢, again by Lemma 2.1,
O(vj, + -+ 05, + ;) = Qv + - +v5,.,) B (v;,) & P2((v, + -+ +vj,.,) Ovy,)).

But from (3.1), we have

—_

t_
2((vj, + -+ wj,) Ovy) = )y 2(v5 O vy,).
1

So, Lemma 2.1 implies that ®(2((vj, +---+vj,,) Ov;,)) = Si_ ®(2(v;, ©v;,)). By the
induction hypothesis (i.e., t — 1), consequently

(I)(Ujl -t th Z (I) v.]z Z (I)(z(vjl © vjk))’

I<l<k<t

On the other hand, ®(w) is a linear combination of {®(w;)}*, and {@(2@]) . There-
fore, ® () is generator by {CID(u,-) P {CID(vj) i1 {<I>(2v])}k° , and {®(2 (’lJl@’Uk))thkgko-

O
Lemma 3.3. There exists a linear code C of length n and type {ko, k1} if and only if
(32) k’g, kl Z O, n Z 0, k‘o -+ k’l S n.
Proof. Straightforward from matrix (2.1). O

Theorem 3.4. Let n, kg and ki be integer numbers satisfying (3.2) and let R = {2ko +
ki,...,min(n+ ko, 2ko + k1 + (k;))} Then

(7) The rank of an R-linear code of length N = 2™n and type {ko, k1} belongs to R.
(17) For each r € R, there exists an R-linear code C of length N = 2™n and type
{ko, k1} with rank(C) =

Proof. (i) Suppose that

v, —|n, A B]

G W |0 20, 2F
2v;  — |2I,, 24 2B
2v,0v,) — | 0 2W 2D
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Therefore, we have

®(v;) = | (k) ©(4) O(B)
®(u,) — | 0 ®@2L,) ®2F)
O(20;) = |B(2L,) P(24) ®(2B)|
Qv Ovy) — | 0 O2W) @(2D)

B(G) =

By Lemma 3.2, (C) is generated by {®(u)},, {B(v))},, {B(20,)}2, and
{P(2(v; ® vi)) hi<ick<k,- On can see that rank(C) = 2ko + ki + r/, where 77 is
the number of independent rows of block {®(2(v; ® vi)) }1<i<k<k,- Note that, by

elementary row operations, the matrix generator of (C) is

o(Iy,) P(A) @(B)
0 ®2L,) 2F)

®(21,) ®(24) ®(2B)
0 0 H

(G) =

where the number of columns of H is n — kg — k1. On the other hand, the number

of rows of H is (’“20), such that probably some of them are zero. Then the number

ko

of non-zero rows of H is less than or equal to (2

). Since column rank and row
rank are equal, so, the number of independent rows of H is at most min(n —
ko — ki, (%)). Therefore, 7' € {0,...,min(n — ko — ki, (%¢))}. Thus rank(C) €
{2ko + k... ,min(n + ko, 2ko + k1 + (%))}

Let C be a code of length n and type {ko, k1} with generator matrix

Y

G| O B
0 2L, 2F

(ko+k1)xn

where B, is a matrix of size ko X (n—ko—k1), and F' is an arbitrary matrix over Fam
of size ky x (n—ko—Fk1). Assume that C' = ®(C) be its corresponding R-linear code.
Let {u;}" | and {v; }?021 be the row vectors of order two and four in G, respectively.
By Part (i), rank(C) = 2ko+ ki +7’, where v’ € {0,...,min(n — ko — ki, ('*))}. In

the generator matrix G, the Homogeneous Gray image of the k; row vectors {u; f;l

ko

and the 2ky row vectors {v;}2,,

{2v; ?021 are independent vectors over Fom. For
any ' € {0,...,min(n — ko — k1, (’“20))}, we construct B, in an appropriate way

such that rank(C) = 2k + k; + 1.
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Suppose that e;(t) denotes the column vector of length ky, with a ¢ in the ith
coordinate and zeroes elsewhere. For each 1 € {0,...,min(n — ko — k1, (]“20))},
we can construct B, as a matrix where v’ columns there are ' different column
vectors e;(1) 4 ex(1) of length ko, 1 <1 < k < ko, and in the remaining columns
there is the all-zero column vector. For each one of the r" different column vectors
the rank increases by 1. Note that, if the column vector €;(1) + ex(1) is included
in B,, then the vector 2(v; ® v;) has only a two in the same coordinate where
the column vector e;(1) +ex(1) is, and ®(2(v; ® vy)) is independent to the vectors
{®(w;)}L,, {D(v)) ?021, {®(2v;) ?0:1 and ®(2(vs, ©vy)), {s,t} # {l, k}. Inasmuch
as the maximum number of columns of B, is n—ky— k; and the maximum number

ko

9 ), the result follows.

of different such columns is (
O

Example 3.5. Let R = GR(4,2) = Z4[¢], where h(€) = 0 and h(z) = 2>+ 2z +1 is a basic
irreducible polynomial over Z4. Suppose that C is a code of length 10 and type {5, 3}.
It follows from Theorem 3.4 part (i), the possible ranks for R-linear codes, C' = ®(C),
of length 40 and type {5, 3} are rank(C) = r € {13,14,15}. By Theorem 3.4 part (ii),
for each possible r, we can construct a code C' with rank(C) = r, taking the following

generator matrix of C:

B Is; 0 B,
0 2I; 2F|
8x10
Bi3, By and By are constructed as follows:
[0 0] (1 0] (1 0]
00 1 0 1 1
Bis= {0 0f, Byu=10 0], Bis=10 1
00 00 00
00 0 0 0 0
- = bx2 - - 5x2 - = 5x2

Example 3.6. Let R = GR(4,3) = Z4[¢], where h(¢) = 0 and h(z) = 2 +22°+x—1isa
basic irreducible polynomial over Z,. Assume that C is a code of length 9 and type {4,4}.
It follows from Theorem 3.4 part (i), the possible ranks for R-linear codes, C' = ®(C), of
length 72 and type {4,4} are rank(C) = r € {12,13}. By Theorem 3.4 part (ii), for each
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possible 7, we can construct a code C' with rank(C') = r, taking the following generator

matrix of C:
B Iy, 0 B,
0 2I, 2F|
8x9
Bjs and Bj3 are constructed as follows:
0 1
0 1
By = ; Bz =
0 0
0 0
L J 5x1 L 1 5x1

4. The Dimension of the Kernel of R-Linear Codes

Another structural property of nonlinear binary codes is their dimension of the kernel.
The kernel of a binary code C', K(C), is the set of vectors that leave C invariant under
translation, i.e., K(C) = {x € Zy| x & C = C}. If the all-zero vector belongs to C, then
K(C) is a linear subcode of C'. Moreover, C' can be written as the union of cosets of K(C),
see [1]. Recall that the dimension of the kernel for binary Zs-linear codes has been studied
in [8]. Let ¢ = p", where p is prime. As stated in [18], the kernel of a g-ary code C' over
Fyis Ko(O) = {z € F7| A\ & C = C, VX € F,}, and the p-kernel of a g-ary code C' over
Fyis Kp(C) = {z € Fy|x ® C' = C}. Also, if the zero codeword is in C, then K,(C) is a
linear subcode of C' and K,(C) is a p-linear subcode of C. The dimension of the kernel
and p-kernel of C' is denoted by k,(C) and k,(C), respectively. Furthermore, the code C
is a union of cosets of K,(C)(K,(C)), and K,(C)(K,(C)) is the maximal linear subspace
of Fy over Fy(IF,,) with this property. According to what was said in section 3, throughout
this section let C be an R-linear code of length n and type {ko,k1} and C' = ®(C) is
the corresponding R-linear code of length N = 2™n. In this section, we investigate the
dimension of the kernel of R-linear codes C' = ®(C). We also show that there exists an
R-linear code C' with k = kom (C') for any possible value of k. To do this, we first express

the following lemma.

Lemma 4.1. Let C be a linear code over R and C = ®(C) be its corresponding code over
Fom. Then, Kom(C) ={®(u) |u €C and 2(u®v) € C,V v € C}.
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Proof. By Lemma 2.2, for u,v € R, we have ®(u + v + 2(u ©® v)) = ®(u) & ¢(v).
Therefore, ®(u) @ ®(v) € C if and only if 2(u ® v) € C for all u,v € C. So, the result
follows. g

Note that if G is a generator matrix of a linear code C over R and C' = ®(C), by Lemmas
4.1 and 3.1, ®(u) € Kom (C) if and only if u € C and 2(u ® v) € C for all v € G. Also,
if w € C and ord(u) = 2, then 2u = 0, from Lemma 4.1, all codewords of order two in C

belong to Kom (C).

Lemma 4.2. Let C be a linear code over R and C = ®(C) be its corresponding code over
Fom. For each uw,v € C, we have ®(u) & ®(v) € Kom(C) if and only if (u + v) €
K27’L<C).

Proof. By Lemma 2.2, we have ®(u + v + 2(u ©® v)) = ®(u) ® ¢(v). In other words, by
Lemma 4.1, ?(u+ v+ 2(u ©v)) € Kon (C) if and only if for all w € C, 2((u +v +2(u ®
v)) ®©w) = 2((u +v) ®w) € C, and this means; ®(u + v) € Kym(C). Consequently,
O(u) @ P(v) € Kom (C) if and only if &(u + v) € Kom (C). O

Theorem 4.3. Let n, kg and ki be integer numbers satisfying (3.2) and let 8 = {ko +
k’l, AN 72]60 + k’l - 2, 2]{70 + ]{31} Then

(1) The dimension of the kernel of an R-linear code of length N = 2™n and type
{ko, k1} belongs to R.

X ere exists an R-linear code C of lengt = 2"n and type { ko, k1 } with kom =
Th R-1 de C' of length N = 2 d ko, k h kam (C

k for any
{Qko + ]{71} ZfS = 0,
ke q{ki+2(ko— [22]), .. kv +2(ko — 1),2ko + kn}  if s=1,
{k0+k1,k}0+k1+1,...,2]€0+I€1—2,2k‘0+l€1} Zf822,

where s =n — ky — k.

Proof. (i) The upper bound 2ky+k; comes from the linear case. Inasmuch as, there are
(2m)"**1 codewords of order two in C, Lemma 4.1 implies that the Homogeneous

Gray images of all these codewords are in Kom (C'). Furthermore, note that if C' is
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not linear, then by Lemma 2.3 the dimension of the kernel is equal to or less than
Qko + kl — 2. ThUS, ka(C) € {k(] + kl, ey 2/{0 + kl - 2, 2]{0 -+ ]{,'1}
(ii) Let C be an R-linear code of length n and type {ko, k1 } with generator matrix

G| O B
0 2I, O

Y

(k0+k1)><n

where By, is a matrix of size kg x (n—ko—k;) and let C = ®(C) be its corresponding
R-linear code. If n = ko + k1, then the code C'is a linear code over Fam. Thus,
ka(C) - k == 2]{30 + ]Cl.

When n = kg + k; + 1, for every k' € {2,4,...,2 ’— k(’{l-‘} and k = 2ko + k1 — K/,

we can construct a matrix By, over R of size kg X 1 with an even number of ones, &',
and zeros elsewhere. In this case, it is easy to see that kom (C) = k = 2ko+ k1 — K.
Finally, when n > ko + k; + 2, for each ¥’ € {2,3,...,ko} and k = 2kq + k1 — K/,
we can construct a matrix By, over R of size kg X s, such that only in the last kg — &’
row vectors all components are zero and, furthermore, in the first &' coordinates
of each column vector there are an even number of ones and zeros elsewhere. In

this case, it is easy to check that kom (C) = k = 2ko + k1 — k.
O

Let ¢t be a positive integer. Let {vi,vs,...,v;} be a set of vectors in R" and [ =
{i1,...,4} € {1,...,t}. The vector v;, + --- + v;, is denoted by v;. Also if I = (), we

have v; = 0.

Proposition 4.4. Let C be a linear code of type {ko, k1} with generator matriz G, and
suppose that C = ®(C) be its corresponding code with kom(C) = 2ko + k1 — k', where
kK € {2,...,ko}. Therefore, there exists a set {vy,va,...,vp} of row vectors of order

four in G such that

C= |J Hm(C)+2(v))).

Note that, by Lemma 4.2, if C is a linear code over R, then Kom(C) is a subcode of
C'. We denote the kernel of a linear code C of type {ko, k1} over R by IC(C), and we have
K(C) = & }(Kon(C)). Lemma 4.1, implies that K(C) = {u | u € C and 2(u ® v) €
C,V v € C}. It is easy to check that K(C) is a linear subcode of C of type 4™Fo—k gmki+k’,
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Also, if C is a linear code over R with a generator matrix G, by Proposition 4.4 there

exists a set {vy,va,...,vp} of row vectors of order four in G such that

c= |J «K©+w

IC{1,...k'}

Example 4.5. Let R = GR(4,2) = Z4[¢], where h(¢) = 0 and h(z) = 2> +z+1 is a basic
irreducible polynomial over Z4. Let C be an R-linear code of length 9 and type {4,2}.
It follows from Theorem 4.3 part (i), the possible dimensions of the kernel for R-linear
codes of length 36 and type {4,2} are kom(C) = k € {6,7,8,10}. By Theorem 4.3 part
(ii), for each possible k, we can construct a code C' with kom(C') = k, taking the following

generator matrix of C:

G- I, 0 B
0 2, 0

6x9

where By, Bg, B7 and Bg are constructed as follows:

0 0O 1 00 1 00 1 00
0 0 0 1 00 1 10 1 1 0
By = ; Bg = ; B; = , Be=
0 0 0 0 0 0 010 1 1 0
0 0 0 0 0 0 0 0 O 1 00
L 4 4x3 L 4 4x3 L 4 4x3 L 4 4x3

Example 4.6. Let R = GR(4,3) = Z4[¢], where h(¢) = 0 and h(z) = 2° +22° + 2 — 1
is a basic irreducible polynomial over Z,. Let C be an R-linear code of length 10 and
type {5,1}. It follows from Theorem 4.3 part (i), the possible dimensions of the kernel for
R-linear codes of length 80 and type {5, 1} are kom(C) = k € {6,7,8,9,11}. By Theorem
4.3 part (ii), for each possible k, we can construct a code C' with kom (C') = k, taking the

following generator matrix of C:

|5 0 By
0 25 0

6x10
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where By1, By, Bg, By and Bg are constructed as follows:
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[0 0 0 0] (1 0 0 0] (1 00 0
0000 1000 1100
Bi=100 0 0], By= 10 0 0 0], Bs=10 10 0
0000 0000 0000
000 0] 000 0] | 0000 |
100 0 100 0
1100 1100
B;=1[110 0], Bs=1110 0
1000 1100
0000 0100

5. Conclusion

For an R-linear code C of length N = 2™n and type {ko, k1}, by establishing lower
and upper bounds, we studied the rank and dimension of the kernel of the R-linear
code C = ®(C).

dimension of the kernel k) for each possible value r (resp. k). As a future research, it

We also gave the construction of an R-linear code with rank r (resp.

would be interesting to establish the bounds of the rank, once the dimension of the kernel
is fixed, and give the construction of an R-linear code with rank r and kernel dimension
k for each possible pair (r, k) or interesting to establish the bounds of the kernel, once
the dimension of the rank is fixed, and give the construction of an R-linear code with
rank 7 and kernel dimension k for each possible pair (r, k) or interesting to study lower
and upper bounds for the rank and dimension of the kernel of the GR(2%, m)-linear (for
s> 2) code C'= ®(C).
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