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ABSTRACT. Graph Neural Networks (GNNs) have become a central framework for learn-
ing from graph-structured data, with applications in social networks, recommendation
systems, molecular science, knowledge graphs, and scientific discovery. This survey re-
views the mathematical foundations, architectural evolution, and emerging directions
of GNNs in a compact and unified form. We discuss message passing, spectral graph
theory, graph convolution, attention-based aggregation, expressivity, stability, and the
main limitations of deep graph models. Representative architectures, including recur-
rent GNNs, GCN, GraphSAGE, MPNN, GAT, heterogeneous GNNSs, graph transformers,
and graph language models, are compared from the viewpoint of their design principles,
strengths, limitations, and application domains. The survey also summarizes benchmark
datasets, practical modeling considerations, and future challenges such as scalability,
over-smoothing, over-squashing, uncertainty estimation, foundation models, and graph—
language integration. The aim is to provide a concise reference that connects theory,

architecture, and practice in modern graph representation learning.
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1. INTRODUCTION

Deep learning has achieved remarkable success on Euclidean data such as images, audio,
and text. Convolutional Neural Networks exploit the regular grid structure of images,
while Recurrent Neural Networks and their variants model ordered sequences such as
speech and natural language [24, 19]. These architectures, however, rely on assumptions
that do not hold for graph-structured data. Graphs have irregular topology, variable
size, unordered neighborhoods, and no global coordinate system [25]. Graph Neural
Networks (GNNs) address these limitations by learning directly from graph connectivity
and extending deep representation learning to non-Euclidean domains.

Unlike conventional neural networks, which mainly process independent observations,
GNNs explicitly model relations among entities. In many scientific and engineering prob-
lems, the interaction pattern among entities is as informative as the attributes of the en-
tities themselves. Molecular structures, protein interaction networks, citation networks,
transportation systems, power grids, social networks, and knowledge graphs are typical
examples where graph modeling is natural [8, 12, 17, 15, 28, 29, 34, 2, 43]. As a result,
graph representation learning has become one of the core components of modern geometric
deep learning.

GNNs support a broad range of tasks, including node classification, graph classification,
link prediction, edge prediction, community detection, and graph generation [35]. Their
effectiveness comes from iterative neighborhood aggregation: each node receives informa-
tion from its neighbors, updates its representation, and gradually encodes both its own
attributes and the surrounding graph topology [14]. This simple principle has led to a
broad family of architectures, from early recurrent graph models to graph convolutional

networks, attention-based GNNs, graph transformers, and recent graph language models.

1.1. Challenges of Graph Learning. Graph learning differs from Fuclidean learning in
three fundamental aspects. First, graph topology is defined by combinatorial connectivity
rather than spatial coordinates. Classical convolution cannot be directly applied because
there is no fixed local grid or globally consistent neighborhood structure [6]. Second,
graphs have variable size and irregular structure: different graphs may contain different

numbers of vertices and edges, and different nodes may have neighborhoods of different
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sizes. Third, the ordering of vertices is arbitrary. Relabeling node indices must not change
the meaning of the graph or the output of the learning model.

These properties require learning algorithms that are local, topology-aware, and per-
mutation invariant. GNNs satisfy these requirements through message passing and sym-
metric aggregation functions such as summation, mean, maximum, or attention-weighted
aggregation. This makes them suitable for learning on graphs without imposing artificial

Euclidean structure.

1.2. Traditional Approaches to Graph Data Analysis. Before GNNs, graph learn-
ing mainly relied on handcrafted structural features and graph kernels [6]. These ap-
proaches converted graphs into fixed-dimensional representations and then applied con-
ventional machine learning algorithms. Although useful for small and well-defined prob-
lems, they often suffered from information loss, limited scalability, high computational
cost, and dependence on expert-designed descriptors.

Early neural approaches extended recursive neural networks to graph-structured data
by repeatedly propagating information between neighboring nodes [35]. These methods
showed that graph representations could be learned from topology, but their fixed-point
optimization procedures were expensive and difficult to scale. Modern GNNs replaced
these recursive schemes with layer-wise neighborhood aggregation, making end-to-end

graph representation learning practical for larger datasets.

1.3. Scope and Contributions. This survey provides a compact view of Graph Neural
Networks by connecting their mathematical foundations, architectural evolution, bench-

mark evaluation, and emerging research directions. The main contributions are as follows.

e We review the mathematical principles of GNNs, including message passing, spec-
tral graph theory, attention-based aggregation, expressivity, over-smoothing, and
stability.

e We summarize representative architectures from recurrent GNNs and GCNs to
graph transformers and graph language models.

e We compare major design trade-offs involving expressive power, scalability, ro-
bustness, interpretability, uncertainty estimation, and computational efficiency.

e We discuss representative benchmark datasets and application domains.
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e We identify open challenges and future directions, including scalable graph learn-

ing, dynamic graphs, graph foundation models, and graph—language integration.

Figure 1 summarizes the scope of this survey by organizing Graph Neural Networks ac-
cording to their foundational paradigms, representative architectural families, learning

tasks, theoretical themes, and emerging research directions.
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Figure 1. Taxonomy and landscape of Graph Neural Networks.

F1GURE 1. Taxonomy and landscape of Graph Neural Networks. The di-
agram organizes the field according to foundational paradigms, representa-
tive architectures, learning tasks, theoretical themes, and emerging research

directions.

Table 1 shows that existing surveys usually emphasize one part of the graph learning

landscape. Early surveys provide broad taxonomies of classical GNN architectures, while



GRAPH NEURAL NETWORKS 147

more recent surveys focus on specialized topics such as graph transformers, graph foun-
dation models, or the integration of large language models with graph learning. These
studies are important, but they often treat mathematical foundations, architectural de-
sign, and practical modeling trade-offs as separate issues.

The present survey is positioned between these lines of work. Its purpose is not to
provide an exhaustive catalogue of all GNN variants, nor to focus exclusively on a single
emerging paradigm. Instead, it presents a compact and mathematically grounded view
of GNNs as computational models for relational data. In this view, message passing,
spectral graph theory, expressivity, architectural design, scalability, and graph-language

integration are discussed as connected components of the same modeling framework.

1.4. Literature Selection Strategy. This article follows a structured narrative review
rather than a formal systematic review. Representative studies were selected from IEEE
Xplore, ACM Digital Library, SpringerLink, ScienceDirect, Web of Science, Scopus, and
Google Scholar. Priority was given to influential journal articles and leading conference
papers that introduced theoretical advances, representative GNN architectures, scalable
learning methods, graph transformers, graph foundation models, and emerging research
topics [38, 31].

The adopted selection procedure is summarized in Table 2. This table clarifies the type
of literature considered, the databases searched, the publication period, the representative

venues, and the main criteria used to identify relevant studies.

2. FUNDAMENTAL CONCEPTS

This section introduces only the concepts required for the rest of the survey. The
purpose is not to provide a complete review of graph theory or deep learning, but to

establish the notation and intuition used in GNN models.

2.1. Graph Representation. A graph is defined as
G=(V,E),

where V' is the set of vertices and F is the set of edges connecting them [6]. Graphs may
be directed or undirected, homogeneous or heterogeneous, and static or dynamic. These

properties often coexist in real-world data. For example, a knowledge graph is typically
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directed and multi-relational, while a social network may be large, sparse, dynamic, and
heterogeneous.

Unlike Euclidean data, graphs have no fixed coordinate system, no canonical vertex
ordering, and no uniform neighborhood structure. These properties make direct appli-
cation of standard neural architectures difficult and motivate models that operate on

connectivity patterns rather than spatial position.

2.2. From Neural Networks to Graph Neural Networks. Conventional neural net-
works were developed for regular domains. Feedforward Neural Networks process fixed-
dimensional vectors, Convolutional Neural Networks exploit local spatial regularity, and
Recurrent Neural Networks model sequential dependencies [19, 24, 25]. Graph data violate
these assumptions because the neighborhood of each node is irregular and unordered.
GNNs extend deep learning to relational domains by incorporating graph topology into
the learning process. Instead of learning from isolated feature vectors, they jointly model
node attributes and the relationships among neighboring vertices. The representation of a
node therefore depends on both its own features and the information propagated through

its local graph context.

2.3. Graph Neural Networks. The modern formulation of GNNs was introduced by
Scarselli et al. [35]. Since then, the field has evolved into a broad family of architec-
tures, including graph convolutional networks, inductive neighborhood aggregation mod-
els, attention-based GNNs, graph transformers, and graph foundation models.

Despite their differences, most GNNs share the same computational principle. At each
layer, nodes collect messages from their neighbors, aggregate them using a permutation-
invariant function, and update their hidden states. Repeating this process allows informa-
tion to propagate across the graph and enables node embeddings to encode progressively
richer structural context. This principle, known as message passing, is the foundation of
modern GNNs.

3. MATHEMATICAL FOUNDATIONS OF GRAPH NEURAL NETWORKS

The mathematical study of Graph Neural Networks provides the language needed to
understand why different architectures succeed or fail on graph-structured data. Although

modern GNN models differ in their implementation details, most of them are built around
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a small number of common principles: local information propagation, permutation-invariant
aggregation, spectral or spatial graph filtering, expressive power, stability, and the behav-
ior of repeated propagation over graph topology. This section reviews these principles
in a unified form and shows how they connect the design of GNN architectures to the

structural properties of graphs.

3.1. Message Passing Framework. Most modern GNN architectures can be expressed
through the message-passing framework. Let G = (V, E) be a graph with node features
X = {x, | v € V} and optional edge attributes e,,. At layer ¢, node v receives messages

from its neighborhood N (v) and updates its hidden representation by

(3.1) m{) = AGGREGATE® ({M® (=1 h{Y e,,) 1u € N(v)}),

u

(3.2) h) = UPDATE® (n{~Y, m{).

Here, M® constructs messages, AGGREGATE® combines the received neighborhood
information, and UPDATE® produces the next node state. This formulation is broad
enough to describe GCN, GraphSAGE, MPNN, GAT, GIN, and many recent variants; the
main architectural differences lie in the choice of the message function, the aggregation
rule, and the update mechanism [14].

A necessary structural requirement is permutation invariance. Since the ordering of

neighbors is arbitrary, the aggregation function must satisfy
(3.3) AGGREGATE ({h1, ho, ..., ht}) = AGGREGATE ({hﬂ(l), hr), - .. ,h,r(k)})

for every permutation 7 of {1,...,k}. Summation, mean, maximum, and attention-
weighted aggregation are typical choices. This property ensures that a GNN depends on
graph structure and node attributes, not on an arbitrary indexing of vertices.

The depth of a message-passing model determines the size of the receptive field. After
one layer, A depends on immediate neighbors; after L layers, hP may depend on
vertices within L hops. This explains why message passing is effective for local relational
learning, but it also clarifies its limitations: deeper propagation is needed for long-range

information, while too much propagation may lead to over-smoothing or over-squashing.

3.2. Spectral Graph Theory and Graph Convolution. Spectral graph theory gives

an early mathematical route from classical convolution to graph convolution [3, 6, 7]. For



150 YAZDAN GOLZADEH, HASSAN MALEKT*

an undirected graph with adjacency matrix A and degree matrix D, the normalized graph

Laplacian is

(3.4) L=1-D7'2AD1/2

Because L is symmetric and positive semi-definite, it admits the eigendecomposition
(3.5) L=UAU",

where the columns of U define graph Fourier modes and the diagonal entries of A represent

graph frequencies. For a graph signal x € RIV!, the graph Fourier transform is
(3.6) & =U"z.

A spectral graph convolution can then be written as

(3.7) y=Uge(A)U"x,

where gyg(A) is a learnable spectral filter [6, 7].

Equation (3.7) is mathematically clear, but it has two important limitations. First,
computing the eigendecomposition of L is expensive for large graphs. Second, the filter
is tied to the eigenbasis of a specific graph, which weakens inductive transfer across
different graph instances. ChebNet addresses these issues by approximating the spectral

filter through Chebyshev polynomials [7]:

L1,

)\max

K-1
(3.8) y=> 6Tu(L)zr, L=
k=0

where T} (+) is the k-th Chebyshev polynomial. This approximation avoids explicit eigen-
decomposition and yields a localized K-hop filtering operator. Kipf and Welling further
simplified this idea into a first-order propagation rule, giving the standard GCN layer
[23]. Thus, the historical movement from spectral convolution to spatial message passing
can be understood as a move from exact graph Fourier filtering toward scalable localized

graph operators.

3.3. Attention-Based Message Passing. In basic message passing, the influence of
neighboring nodes is often fixed by degree normalization or a simple symmetric function.

Attention-based GNNs replace this fixed aggregation with data-dependent weights. In
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Graph Attention Networks, a compatibility score between a target node v and a neighbor
u is computed by

(3.9) ey = LeakyReLU (a” [Wh, || Wh,]) ,

where W is a learnable linear map, a is a learnable attention vector, and || denotes

concatenation. The scores are normalized over the neighborhood by

exp(€yy)
(3.10) = , > =1
Lovent) XP(ew) 57,

The resulting update is

(3.11) Wy=c| > anWh,
ueN (v)

This operator remains local, but the contribution of each neighbor is learned from features
rather than fixed by topology alone [41, 47].
Multi-head attention improves the robustness of the learned aggregation. With K

attention heads, the update can be written as

(3.12) M, = CONCAT, |o | Y  ollw®n,
ueN (v)

Different heads may focus on different relational patterns in the same neighborhood. This
makes attention useful for heterogeneous or noisy graphs, although the model still inher-
its the locality of message passing. Graph Transformers extend this idea by combining
attention with positional or structural encodings so that long-range interactions can be

modeled more directly [9, 32, 11].

3.4. Expressive Power and the Weisfeiler-Lehman Perspective. Expressivity asks
what graph structures a GNN can distinguish. For standard message-passing GNNs, the
key reference point is the one-dimensional Weisfeiler-Lehman test. A useful interpreta-
tion is that if two graphs cannot be distinguished by the 1-WL refinement procedure,
then a broad class of message-passing GNNs with permutation-invariant neighborhood
aggregation will also fail to distinguish them under the same initial features [46].

This limitation is not only theoretical; it explains why simple averaging or non-injective
aggregation may lose structural information. The Graph Isomorphism Network was de-

signed to reach the discriminative power of the 1-WL test by using an injective multiset
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aggregation. Its layer can be written as

(3.13) ) = MLP® | (14 eM)nlt=D 4 3~ plt-Y

ueN (v)
The summation term preserves multiset information more faithfully than simple mean ag-
gregation, while the multilayer perceptron increases the expressive capacity of the update.
This perspective also clarifies why recent work studies higher-order GNNs, subgraph-based
methods, and positional or structural encodings: these mechanisms attempt to move be-

yond the locality and symmetry constraints of standard message passing.

3.5. Over-smoothing, Over-squashing, and Stability. A second set of mathematical
questions concerns the behavior of GNNs as depth increases. Over-smoothing occurs
when repeated propagation makes node representations increasingly similar. To see this,

consider the simplified linear propagation
(3.14) H®Y = Alx, A= D Y2AD'/?

where A = A + I. Under standard connectivity and aperiodicity assumptions, repeated
diffusion tends toward a stationary subspace. In schematic form,

(3.15) lim H® = 177X,

L—oo

where 7 is the stationary distribution of the associated graph diffusion process. This lim-
iting behavior explains why adding many propagation layers can reduce the discriminative
power of node embeddings [26, 30].

Over-squashing is different. It occurs when information from a rapidly growing L-hop
neighborhood is compressed into a fixed-dimensional vector. Even if representations do
not become identical, long-range signals may be distorted or lost as they pass through
narrow graph bottlenecks. This issue is especially important for tasks that depend on
distant interactions. Recent analyses connect over-squashing to graph bottlenecks and
curvature-based rewiring, suggesting that the topology of the input graph can directly
limit the efficiency of message passing [1, 40].

Stability concerns the sensitivity of a GNN to perturbations in the graph. Real graph
data may contain missing edges, spurious links, noisy attributes, or time-varying structure.

If the propagation, transformation, and activation operators are Lipschitz continuous,
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then the network can be analyzed as a composition of stable operators. A representative

bound can be written schematically as
(3.16) IGNN(4, X) — GNN(A, X)[| < Cp [|[A = A [|[X]],

where A and A’ are two nearby adjacency matrices and C'f, depends on the depth and the
Lipschitz constants of the layers. More refined stability results for graph neural networks
are developed in [13]. For modeling purposes, the important point is that stability is
not an optional property: it is essential when GNNs are used on noisy, incomplete, or

dynamically changing graphs.

3.6. GNNs as Nonlinear Graph Operators. The preceding formulations can be com-

bined into a compact operator view. Let
(3.17) Fo : R — R™

denote a parameterized graph propagation operator that depends on the graph structure

and learnable parameters ©. A single GNN layer can be written as
(3.18) Y = 7 (HY A),

and an L-layer GNN corresponds to the composition

(3.19) % =75 (H9, 4) .

This view is useful because it places spectral convolution, spatial message passing, atten-
tion, and transformer-style graph models within the same mathematical language: all of
them learn operators that propagate and transform signals over a graph.

It also explains why the theoretical issues above are connected. Expressivity depends on
the class of graph operators that can be represented. Over-smoothing reflects the limiting
behavior of repeated propagation. Over-squashing reflects the inability of a local oper-
ator to transmit too much distant information through narrow graph regions. Stability
measures the sensitivity of the operator to perturbations. In this sense, the mathematical
study of GNNs is not separate from architecture design; it provides the principles that

explain why different models succeed, fail, or scale in different graph learning settings.
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4. TyPES OF GNN MODELS AND LEARNING TASKS

GNNs can be classified from three complementary perspectives. The first is the graph
structure: models may be designed for undirected, directed, heterogeneous, dynamic, or
multi-relational graphs [39, 42]. The second is the learning mechanism: spectral con-
volution, spatial message passing, attention-based aggregation, transformer-based global
attention, and probabilistic graph learning. The third is the prediction task: node-level,
edge-level, and graph-level learning.

Node-level tasks include node classification and clustering, where the goal is to predict
labels or communities for individual vertices. Edge-level tasks include link prediction
and relation prediction. Graph-level tasks include molecular property prediction, graph
classification, and graph generation. The choice of architecture depends strongly on the
task, the available features, graph scale, and whether the model must generalize to unseen

graphs.

5. REPRESENTATIVE GRAPH NEURAL NETWORK ARCHITECTURES

The evolution of GNN architectures can be understood as a sequence of responses
to specific limitations: early recurrent models introduced iterative information propaga-
tion, graph convolution made propagation efficient, sampling enabled inductive learning,
attention improved adaptive aggregation, heterogeneous models handled relation types,
and graph transformers addressed long-range dependencies.

The historical development of GNNs is summarized in Figure 2, which shows the transi-
tion from recurrent graph propagation and spectral convolution toward message passing,
expressivity analysis, scalable learning, graph transformers, and graph foundation models.

Recurrent Graph Neural Networks. RecGNNs are the earliest graph neural archi-
tectures and formulate graph learning as a recurrent state-transition process [35]. They
established the idea that local interactions among neighboring nodes can encode global
structural information. Their main drawback is the need for iterative convergence, which
makes training expensive and limits scalability.

Graph Convolutional Networks. GCNs provide an efficient layer-wise approxima-

tion of spectral graph convolution [23]. Their propagation rule can be written as

(5.1) HOD = o (DA P HOW D)
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Figure 2. Evolution timeline of Graph Neural Networks.

FIGURE 2. Evolution timeline of Graph Neural Networks. The timeline

highlights the conceptual transition from recurrent graph propagation and

spectral convolution to spatial message passing, attention, expressivity anal-

ysis, scalable training, graph transformers, and graph foundation-model di-

rections.

where A = A+ I and D is its degree matrix. GCNs are simple and efficient, but their

fixed local aggregation may limit expressivity and can lead to over-smoothing in deep

models.

GraphSAGE. GraphSAGE introduces inductive neighborhood aggregation, allowing

the model to generalize to unseen nodes or graphs [16]. Instead of using the full neigh-

borhood, it samples neighbors and applies learnable aggregators such as mean, pooling,

or LSTM-based aggregation. This makes GraphSAGE suitable for large and evolving

graphs.
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Message Passing Neural Networks. MPNNs provide a general framework rather
than a single architecture [14]. They describe GNNs through message construction, neigh-
borhood aggregation, and node-state updates. This formulation is particularly useful in
molecular learning, where edge attributes and bond types can be incorporated into the
message function.

Graph Attention Networks. GATs use attention coefficients to weight neighbors
adaptively [41]. Unlike GCNs, which aggregate neighbors with fixed normalized weights,
GATs learn the importance of each neighbor from data. They improve flexibility but may
become computationally expensive on large dense graphs.

Relation-aware and Heterogeneous GNNs. Many real graphs contain multiple
node types, edge types, or relation semantics. R-GCN extends message passing to multi-
relational graphs by using relation-specific transformations. Heterogeneous models such as
HAN and GTN further incorporate semantic relations and meta-path information, making
them suitable for knowledge graphs and heterogeneous information networks [36, 42].

Memory-augmented and Bayesian GNNs. Memory-augmented GNNs introduce
external memory modules to preserve long-term relational information, while Bayesian
GNNs provide uncertainty estimation through probabilistic modeling [18, 22]. These
directions are useful in settings where robustness and confidence estimation are important,
but they increase model complexity and computational cost.

Graph Transformers and GPS. Local message passing struggles with long-range
dependencies. Graph Transformers address this issue by using self-attention to allow in-
teractions between distant nodes. However, global attention is computationally expensive
on large graphs. Hybrid architectures such as GPS combine local message passing with
global attention, seeking a balance between graph inductive bias and long-range modeling.

Graph Language Models. Recent graph-language models integrate graph repre-
sentation learning with large language models [21, 33]. They may represent graphs as
token sequences, align graph and text embeddings, or use language models for reasoning
over graph-structured knowledge. This direction extends GNN research from task-specific
representation learning toward graph generation, reasoning, and multimodal foundation

models.

5.1. Comparative Discussion. No single GNN architecture is optimal for all settings.

GCN remains attractive when simplicity and efficiency are priorities. GraphSAGE is
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preferable for inductive and large-scale scenarios. GAT improves adaptive aggregation
but may be costly on dense graphs. Relation-aware and heterogeneous models are suit-
able when edge types or semantic relations matter. Graph Transformers improve long-
range modeling but require careful control of computational complexity. The appropriate
choice depends on graph scale, feature availability, topology, task type, and computational
constraints.

The qualitative trade-offs among representative architectures are summarized in Fig-
ure 3. The figure complements Table 3 by emphasizing that architectural choice depends
on graph scale, relation type, long-range dependency requirements, robustness, and com-

putational budget.

Qualitative trade-offs among representative GNN architectures

Architecture Expressivity Scalability Long-range Relation Interpretability Robustness Computational
Modeling Awareness Cost
GCN
[ ] o [ ] ® [ ] o ®
GraphSAGE
[ J ® [ J ® [ J ® (&}
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@ [ ] [ ] [ ] [ ] [ ] (@]
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[ ] [ ] [ ] [ ] [ ] [ ] [ ]
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@ (@) [ ] o [ ] o o
Graph Transformer / GPS
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Legend: ® Low ® Medium @ High Analytical note. No single architecture is optimal across all criteria. Model
selection depends on graph scale, relation type, task objective,
© Low-Medium © Medium-Low ©® Medium-HigH long-range reasoning needs, robustness requirements, and computational

budget.

Figure 4. Qualitative trade-offs among representative GNN architectures.

FI1GURE 3. Qualitative trade-offs among representative GNN architectures.
The symbols indicate approximate relative levels rather than benchmark
scores. For computational cost, a higher level indicates greater computa-

tional burden.
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Table 4 reports representative benchmark results collected from original model papers
and widely used benchmark studies. The reported values should be interpreted as indica-
tive numerical references rather than as a unified leaderboard, since the datasets, splits,
metrics, parameter budgets, and training protocols are not identical across all sources.
To avoid unsupported comparison, the table explicitly specifies the task, evaluation met-
ric, reported values, and the corresponding source or protocol for each dataset. In this
sense, Table 4 provides a compact numerical orientation for commonly used graph-learning

benchmarks and representative GNN architectures.

6. EMERGING APPLICATIONS AND PRACTICAL LIMITATIONS

GNNs are now used in a wide range of domains. In molecular science, atoms and
bonds are modeled as nodes and edges, enabling molecular property prediction, drug
discovery, and reaction modeling. In recommendation systems, users and items form
bipartite or heterogeneous graphs. In knowledge graphs, relation-aware GNNs support
entity classification, link prediction, and reasoning. In social and citation networks, GNNs
are widely used for node classification, community detection, and influence analysis.

Despite these successes, practical deployment remains challenging. Large graphs re-
quire sampling or mini-batch training. Heterophilous graphs may violate the assumption
that neighboring nodes have similar labels. Dynamic graphs require temporal modeling
rather than static aggregation. In safety-sensitive domains, uncertainty estimation and
robustness to graph perturbations are essential. These limitations continue to motivate

new architectures and training strategies.

7. CHALLENGES AND FUTURE DIRECTIONS

7.1. Over-smoothing and Over-squashing. Over-smoothing makes node embeddings
increasingly similar as the number of layers grows. Over-squashing occurs when informa-
tion from many distant nodes is compressed into fixed-size representations. Both problems
limit deep message passing and motivate residual connections, normalization, Jumping
Knowledge-style layer aggregation [45], rewiring, curvature-based methods, and hybrid

attention architectures.
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7.2. Scalability. Many real-world graphs contain millions or billions of edges. Full-batch
training is often infeasible, and global attention is expensive. Scalable GNN research there-
fore focuses on sampling, clustering, subgraph training, sparse attention, and distributed

graph learning [17, 5].

7.3. Generalization and Expressivity. The expressive power of GNNs remains limited
by local aggregation and graph isomorphism constraints. Future work must improve
structural discrimination while preserving efficiency and robustness. Generalization across

datasets, domains, and graph sizes is especially important for graph foundation models.

7.4. Interpretability and Uncertainty. GNNs are increasingly used in scientific and
high-stakes settings, where predictions must be reliable and interpretable. Better expla-
nation methods, uncertainty-aware learning, calibration, and robustness guarantees are

needed for trustworthy graph learning.

7.5. Graph Foundation Models and Graph-Language Integration. Large-scale
pretraining is changing the scope of graph learning. Graph foundation models aim to learn
transferable representations across tasks and domains, while graph—language models con-
nect structured graph reasoning with natural language understanding. These directions
are promising, but they require careful treatment of scalability, data quality, evaluation

protocols, and domain transfer.

8. CONCLUSION

This survey reviewed Graph Neural Networks from a unified mathematical and mod-
eling perspective. Rather than treating GNN architectures as isolated model families,
the paper organized them around a common computational principle: the propagation
and transformation of graph signals through message passing, spectral filtering, attention-
based aggregation, and nonlinear graph operators. This viewpoint clarifies how classical
graph convolution, spatial aggregation, attention mechanisms, graph transformers, and
recent graph—language models can be understood as different realizations of graph-based
representation learning.

A central conclusion of this review is that the development of GNNs is governed
by a set of persistent trade-offs rather than by a single dominant architecture. Local
message-passing models such as GCN, GraphSAGE, GAT, and GIN provide efficient and
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topology-aware learning mechanisms, but their locality creates limitations in long-range
reasoning, over-smoothing, and over-squashing. Transformer-based and foundation-model
approaches improve global interaction modeling and transferability, but introduce new
challenges in scalability, structural encoding, data requirements, and computational cost.
Similarly, increasing expressive power often requires more complex aggregation schemes,
higher-order structures, or positional information, which may reduce simplicity and effi-
ciency.

From a theoretical perspective, the most important insight is that several practical
limitations of GNNs arise from the mathematical structure of repeated graph propaga-
tion. Over-smoothing reflects the tendency of iterative diffusion to reduce representation
diversity, while over-squashing reveals the difficulty of transmitting distant information
through narrow graph bottlenecks. Stability, expressivity, and robustness are therefore
not peripheral issues; they are central design principles for reliable graph learning. This
observation reinforces the need to connect architectural innovation with mathematical
analysis.

For future research, progress in graph representation learning should focus on mod-
els that balance expressivity, scalability, robustness, interpretability, and generalization.
Promising directions include scalable graph transformers, graph foundation models, graph—
language integration, uncertainty-aware GNNs, dynamic and heterogeneous graph learn-
ing, and methods that go beyond the limitations of standard 1-WL message passing. At
the same time, stronger evaluation protocols and clearer benchmark settings are needed to
make architectural comparisons more reliable. Overall, GNN research is moving from local
neighborhood aggregation toward broader, more transferable, and theoretically informed

graph learning systems.
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TABLE 1. Comparison with representative survey articles on Graph Neural

Networks and recent graph learning paradigms. The comparison highlights

the relative emphasis of each survey and clarifies the positioning of the

present work.

Survey Year Main Focus Math. Classical Graph LLM/GFM| Main Limitation
Founda- GNNs Trans- Topics
tions formers

Wu et al. [44] 2021 General taxon- | Moderate Strong Limited Not covered | Limited cover-
omy of GNN age of recent
models transformer-based

and foundation-
model directions.

Zhou et al. [48] 2020 Methods and | Basic Strong Not covered | Not covered | Mainly application-
applications  of oriented and less fo-
GNNs cused on mathemat-

ical formulation.

Chen et al. [4] 2024 GNNs and graph | Moderate Moderate Strong Not covered | Task-oriented scope,
transformers in mainly focused on
computer vision computer vision.

Shehzad et al. [37] | 2024 Graph trans- | Moderate | Limited Strong Limited Focused on
formers transformer-based

models rather than
the full GNN land-
scape.

Liu et al. [27] 2025 Graph founda- | Moderate | Moderate Moderate Strong Focused mainly on
tion models foundation-model

concepts and oppor-
tunities.

Jin et al. [21] 2024 Large language | Basic Limited Moderate Strong Focused on LLM-
models on graph integration
graphs rather than classical

GNN theory.

Ren et al. [33] 2024 Large language | Basic Limited Moderate Strong Focused mainly on
models for LLM-based  graph
graphs learning frameworks.

This survey 2025 Unified math- | Strong Strong Moderate Moderate Balances mathe-
ematical and matical founda-
modeling per- tions, architec-
spective tural evolution,

modeling trade-
offs, and emerg-
ing directions
in a  compact

framework.
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TABLE 2. Summary of the literature selection strategy adopted in this survey.
Criterion Description
Literature Type Peer-reviewed journal articles and leading international
conference papers.
Databases IEEE Xplore, ACM Digital Library, SpringerLink, Sci-
enceDirect, Web of Science, Scopus, and Google Scholar.
Publication Period  Foundational studies together with recent advances pub-
lished up to 2025.
Representative NeuwrIPS, ICML, ICLR, KDD, AAAI IJCAI, CVPR,
Venues ICCV, and leading journals in machine learning, arti-
ficial intelligence, graph learning, and data mining.
Selection Priorities  Theoretical foundations, representative architectures,
scalability, graph transformers, foundation models, prac-
tical applications, and emerging directions.
TABLE 3. Comparative analysis of representative Graph Neural Network
architectures.
Architecture | Core Design Princi- | Major Strengths Main Limitations Representative Do-
ple mains
RecGNN Recursive state propaga- | Original graph neural | High cost and conver- | Node classification
tion paradigm gence issues
GCN Localized graph convolu- | Simple and efficient Limited receptive field; | Citation networks
tion over-smoothing
GraphSAGE Sampled inductive ag- | Generalizes to unseen | Sampling sensitivity Large-scale networks
gregation nodes
MPNN General message passing | Flexible and widely ap- | Locality limitations Molecular learning
plicable
GAT Attention-based aggre- | Adaptive neighbor | Higher cost on large | Social and citation net-
gation weighting graphs works
R-GCN Relation-specific propa- | Multi-relational model- | Parameter growth Knowledge graphs
gation ing
HAN/GTN Heterogeneous semantic | Captures meta-path se- | Complexity and meta- | Heterogeneous networks
modeling mantics path dependence
Graph Trans- | Global attention with | Long-range dependency | Scalability challenges Large graphs, molecules
former/GPS structural encoding modeling
GLM Graph—language model- | Reasoning and genera- | Data and computation | Knowledge and molecu-
ing tion demands lar graphs
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TABLE 4. Representative reported benchmark results for selected Graph

Neural Network models.

The values are taken from the original model

papers or standard benchmark studies. They are intended to provide an

indicative comparison across commonly used datasets, not a unified leader-

board under identical experimental settings.

Dataset Task / Domain | Metric Representative reported results | Protocol / Source note

Cora Node classifica- | Accuracy GOCN: 81.5; GAT: 83.0+0.7 Transductive semi-supervised
tion / citation | (%) setting on the standard
network citation-network  split  re-

ported in [23, 41].

Citeseer Node classifica- | Accuracy GCN: 70.3; GAT: 72.5+0.7 Transductive semi-supervised
tion / citation | (%) setting on the standard
network citation-network  split  re-

ported in [23, 41].

PubMed Node classifica- | Accuracy GCN: 79.0; GAT: 79.0+0.3 Transductive semi-supervised
tion / citation | (%) setting on the standard
network citation-network  split  re-

ported in [23, 41].

PPI Multi-label node | Micro-F1 GraphSAGE-LSTM: 0.612; GAT: | Inductive setting with unseen
classification / bi- 0.973 4+ 0.002 test graphs. The GraphSAGE
ological networks result is reported in [17]; the

GAT result is reported in [41].

Reddit Node classifi- | F1 GraphSAGE-LSTM: 0.954 Large-scale inductive node-
cation / social classification benchmark re-
network ported in the GraphSAGE pa-

per [17].

ogbn-proteins Multi-label node | ROC-AUC | GCN: 72.51 + 0.35; GraphSAGE: | Official OGB evaluation set-
classification /| (%) 77.68 £0.20 ting with standardized split
protein  associa- and metric reported in [20].
tion network

ZINC Graph regres- | MAE | GCN: 0.278 £ 0.003; GAT: 0.384 &+ | ZINC-12K molecular regres-
sion / molecular 0.007; GIN: 0.526 4+ 0.051; GPS: | sion benchmark. GCN, GAT,
graphs 0.070 £ 0.002 and GIN values follow the

Benchmarking GNNs protocol
[10]; GPS follows [32].
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