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With hearts heavy with sorrow, we dedicate this article to the 168 students
under the age of twelve from Shajareh Tayyebeh School in Minab—innocent children
who lost their lives in Iran. Their only ”offense” was being present in a classroom,

striving to learn, to grow, and to dream-an unbearable truth that challenges

the conscience of our modern world.
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ABSTRACT. This study seeks to explore the solutions of a class of non-linear equa-
tions via fractional conformable integral in the defined Banach space of continuous func-
tions. In this setting, employing the technique of noncompactness measures, we utilize
Petryshyn’s fixed point theorem to establish the existence of solutions for this particular
fractional equation under specific weaker conditions related to the space. Additionally,
an example is provided to demonstrate the applicability of the results obtained from our

theorem.
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1. INTRODUCTION

The examination of functional equations has attracted considerable interest because
of theirs extensive applicability in multiple scientific domains, such as physics, engineer-
ing, and biological systems [1-5]. Fractional integrals and derivatives serve as valuable
instruments for simulating various processes and phenomena, finding numerous applica-
tions across diverse fields such as science, bioengineering, and mathematics. Numerous
researchers have investigated different forms of fractional integral equations (FIEs) [6-10].

Given the significance of fixed point theory, numerous researchers have utilized it to
establish the existence and uniqueness of solutions for [Es and differential equations, re-
sulting in a considerable number of publications in this area. Moreover, the presence
of solutions for certain functional IEs involving Riemann-Liouville (RL) type fractional

integral, which emerge in various applied issues, has been examined in [11-15].

In this work, we specifically focus on the existence theorem for solutions to generalized

conformable FIEs as follows for 7 € Ey, := [b, by],

! 7—(s—b)Y v-l 7,5 S
(1.1)  plr)=x (T,p(oa(r)),p(ﬁ(r)),/b [u-b) = ] Kra0) d5>7

in Banach space (&, |- ||), € = C(Ey), b = 0, with the uniform norm ||p|| = sup {|p(2)] :
z € Eb}, where p € &, x € C(Eb X ]R?’), k € C’(E% X R) and «, 5, 0 € C(Ep,Ep). In

fact, the left-fractional conformable integral operator of order v, R(v) > 0 and parameter

v > 0, is described by

T v—1
I (1) = / |t | e s, b<T <Dy,
b

¥ s—b)1=7

with the famous Gamma function I'(«) [16, 17]. The conformable FI operator generalizes
the RL FIs ([1, p. 44]), Hadamard FIs ([18]) and Katugampola FIs [19]. The basic tools
used in this investigation is Petryshyn’s fixed point theorem (FPT) as a generalization
of FPT of Darbo in which are based on the technique of measure of noncompactness
(MNC) [20, 21]. It seems that, the idea of using FPT of Petryshyn to solve nonlinear
functional TEs was introduced by Kazemi et al. for first time [22]. Recently many authors
have applied this FPT to obtain existence results for nonlinear functional IlEs in Banach
algebra [23-26]. The advantage of Petryshyn’s FPT 2.3 among the others (Darbo and
Schauder FPTs) lies in the fact that in applying the theorem, one does not need to verify
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the involved operator maps a closed convex subset onto itself. Also, the third condition is
the bounded condition (Theorem 3.1-(III)) which shows that the 'sublinear condition’ dis-
cussed in several works in the literature holds. The strengths of our research work can be
outlined as follows: when we consider b = 0, v = 1, and v = 0, the conformable FIE (1.1)
will become to the Katugampola FIs, the the RL FIs and Hadamard FIs, respectively.

The remainder of the paper is structured as follows: In Section 2, we introduce some
preliminaries and describe concepts of the tools we need. Section 3 is devoted to stating
and proving an existence theorem for FIE (1.1) involving condensing operators using the
FPT of Petryshyn. In Section 4, we offer an example that verify the application of this

kind of non-linear functional IEs.

2. AUXILIARY FACTS AND RESULTS

We review key foundational concepts and auxiliary information related to the theory of
noncompactness in a Banach space (&, || - ||). The MNC of a bounded subset @ =Q C £
is formulated by (]27]),

Yunc(§2) = inf {5 >0: Q¢ jgle, dim(V;) < a}.

The next theorem shows the essential properties of Kuratowski’s MNC.

Theorem 2.1 ([21]). The MNC satisfies the following properties for bounded sets Q,Q
in E:

i) For the closure of 0, Sunc(Q) = Zunc(Q);

i) Yunc(Q) =0 < Q is compact;

iii) Q C QO implies Ypnc(2) < EMNC(Q);

iv) Zunc(QU Q) = max {Swunc(Q), Zmnc(Q) };

v) Sunc(AQ) = [\ Zunc(Q), where X2 = {Az : z€ QA€ R}, AeR;
i)

vi) Zunc(Q + Q) < Yunc(Q) + EMNC(Q), where Q) + Q = {Z +2:2€0Q,z¢€ Q}

Let € > 0 be given. The modulus of continuity of a bounded subset @ # ) C £, for an
element o € ) is expressed by

w(p,e) = sup{‘p(z) —p(2)] |z —2%<e 22 € Eb}.
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Theorem 2.2 ([28]). The structure of Kuratowski’s MNC for @ = Q C £ has equivalent

description as follows:
(2.1) Swnc(€2) = lim sup {w(p,é) Lpe Q}

A map p € C(€,€) is known as a k-set contraction if, for every @ # Q C &£, p(Q2) is also
bounded and there exists 0 < ¢ < 1 such that Sunc(p(2)) < ¢Sunc(€) [29]. Further,
p is said to be densifying or condensing map when for each Xync(€2) > 0, the inequality
Sunc (P(Q)) < Sunc(Q) is fulfilled [29]. Note that, a k-set contraction with 0 < ¢ < 1,
is densifying, but the converse is not true. A densifying mapping p : Bs — &£ satisfies
the boundary condition, if p(z) = £z for some z € 0B; = {p € € : ||| =0}, ¢ <1
holds [30].

Theorem 2.3 ([21]). The FPs’ set of a densifying mapping p : B, — £ is nonempty.

3. MAIN RESULTS
The goal of our results is to examine the existence of solutions to the nonlinear func-

tional FIE (1.1) by using Theorem 2.3 as key tool.

Theorem 3.1. Suppose that

i) There exist ¢1,¢Co,¢3 > 0 with ¢, + ¢o < 1 such that

3

‘X(Ta 21722723) - X(T7 21722723)’ S Zéj‘zj - Z]|’
7=1

ii) x satisfies the bounded condition for ro > 0 as follows:
. 7 €Ep,—6 < ) < R 1
sup ¢ [ X (7, 21, 22, 23)| © 7 € By, =00 < 21,22 < b0, 23] < Sopigy 1 < o

with, k= sup {|k(7’,%,z)| V71,7 E€E, 2z € [—(50,(50]}.
Then, FIE (1.1) has at least one solution in &.

Proof. First, we create the operator ® : Bs, — £ by

T 7—(s—b)7 vl TS s
(@p)(r)zx(f,p(a(f)),p(ﬂ(r)), /b | (=l |7 e 20 ds)7

and show that ® is continuous by considering a few steps.
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Step 1. Consider p,p € Bs, with ||p — p|| < e for a given € > 0. Then,

(@p)(r) — (@D)(7)]| = ( p(0(m). p(5()).

T v—1
(=0 =(5=1) "7 h(rsn(0()
/b [ Sl | e ds)

! 7Y —(s—b)7 v=l 7,5,p(0(s
_X(T,fg(a(f)),fo(ﬁ(f)),/ [(T—b) b } Hes0w) ds)‘

b
7 7—(s5—b)7 v-l 7,5 s
< ‘X(T;P(Q(T)),P(ﬁ(ﬂ),/b [(T_b) 7( = } k((v)(p(i()l)')y ds)
T 7 —(s—b)7 v=l 7,5,p(0(s
- X (7—7 fJ (Of(T)) ) fJ (B(T)) ) /b |:<T_b) 7( bl :| Il?((vi(;p_(i()RJ)W dS) ‘

T 7—(s—b)7 v-l 7,5 s

+ ‘X(T,P(a(ﬂ),p(ﬁ(ﬂ), /b | rteobn |7 Moap(iol) ds)
T v—(s—b)7 ]V ! T,8,f

(o). bacn). [ ) e o)
T T—(s—b)” v-l 7,8 s

# (e p(ae), [ b>] 2t oo

(bl b3, [ [EEs] T e a)
p(a(r)) — blair))| + &xlp(5() — B(30)

T v—1
- (T=b)7=(s=b)" [k (7,5,p(6(s))) = (TSP(9 5)))|
+ 3 /b [ 5 } T(0)(s—b)T ds

<G

< (&1 + ¢ HP P” + % (k,e),
for 7 € E;,, where
w(k,e) = Sup{‘k(T,%,z) — k(T,%,v)‘ 07,8 € By, =00 < 2,0 < by, ||z = < 6}.

This implies w(k,e) — 0 as ¢ — 0, since k = k(7,7,2) is uniformly continuous on
EZ x [—d0, dg] which confirms the continuity of ®.
Step 2. Now, for 7,7 € E, with 7 — 7 < e, ¢ > 0, and p in a bounded subset 2 C &,

we have

(@0)7) — @) = |x (el p(307).

T v—1
(=) —(s=b)7 ] K(rsp(0()
/b [ 7 ] F(0)(s-b)"~ st>
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~x(m(am).p(a). [ [ et )

< ‘x(%,p(a(ﬂ),p(ﬁ(%)), / " [l oo ds)
(el p(a). [ [EEs] T et a)
# (replat).p(on). [ [semn) ™ e o,)
—x(np&%ﬂ%pO%TDZAT
%—Lx(%,p(a<%n,p(ﬂ(%))zlf it 7 ds>

T

v—1
_ X(T,p(Oé(T)),P(ﬁ@'))?/ [(T—b)”Y;(s—b)W:| k((;}r)«zsp ds)‘
b
T v—1
N 7T—b)Y—(s—=b)? k(7,s,p(0
+Jx ( (). [ [esemn )™ Mo o )
T v—1
(r=b)Y—(s=b)Y k(7,5,0(0(s)))
( (T))’/b [ Y } T(0)(s=b)1 7 ds)‘
v—1
(r— b)W )Y k(T,s,p(6(s)))
/ ] Fw)(-py-7 48
N [T b)Y —(s— b)7i| -1 k(7,s,p(0 dS
b v I'(v)(s—b

+@wwﬁ»—MMT|+&Wa%)—pa7|+wu¢>
’ [w b)Y~ (s )v] ! h(rsp 0 —k(rsp@E))] g

(s=b)t=7

Q>

<T bw (s— bw} k(T,5,0(0(s)))
(s—b)T—

-1
(r=b)7—(s=b) k(7,5,p(0(5)))
[ 7 } (s=b)1=7 ‘ds

T v—1
: (r=b)7—(s-b)7 | V7! k(rsp(8())|
ivey /T [ 7 } G ds

+ éw(p,@(Be)) + aw(p, w(a,e)) + w(x,e).

where

W(X,E) = sup {|X(7-7 21,22,23) - X(%7Z1722a23)‘ : |T - 7\7-| S g, 7—7% € Eb7
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kb
21, 29 € [—00,00], |23| < 'yUF(i-l—v)}'

Therefore,

|(@p) (1) — (@p)(7)] < S8 (= b) = (=) = (7= b))"]
el [ R R R (GO IS CE U N
+ et (7 =B = (=)
+ éyﬂ(p, @ (B, 6)) + élw(p, w(a, 5)) + w(x,e)
< G (7 — by 4 S S5 — b)Y — (= b)]"

+ éw(p,w(B,¢)) + e (p, @w(a,e)) + @(x,€),

Caww (k) v eak v
< g (T P+ St (6)

+ éw(p,@w(B,¢)) + e (p, @w(a, ) + =(x, &)

Hence, @w(®p,e) < (¢1 + éo)w(p,e), for p € Q. Taking limit as € — 0, we get
(PR) < (61 + ¢2)Smnc ().

Indeed, ® is a densifying map.
Step 3. Let p € 0B;,. If ®p = Ip, then €5, = {||p|| = ||Pp|| and taking into account

condition (ii), we obtain

’ T—(s=b)7 1" k(rs s
29()] = v (7 pla(r)) p (300, [ [ e00) " ot 00} | <,
b
for each 7 € Ey,, hence || ®Pp]| < &y, which shows ¢ < 1. The proof is complete. 0

Corollary 3.2. Suppose
K1) o, 8,0 € C(Ey,Ep), kj € C(E, x R) and there is ; > 0, such that

}ki(T,z)—ki(T,,%)‘ <glz— 2|, 2,2 € R, 7€k,

and [k(r,0)l <85, 7 = 1,2;
K2) k(r,7,z) € C(E} x R) and there is my, my and p such that

|k(7,7, 2)| < my + malz|?, 7.+ € Ep, 2z € R.
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Then FIE of the form,

T v—1
ko (T, T 7—b)7—(s—b)7Y k(7,s,p(0
p(r) = ka(7.p(B(7))) + E2rple) /b |CoRDebl | el g5, - €

has at least one solution in &, if

YU

Ny + %(ml +ma)(G2 +N2) + 61 < 1.
Proof. Put Q(, 21, 22, 23) = h1(7, 21) + ka2(7, 22) 23, where z; = p(a(T)), 29 = p(B(T)), and
T v—1
_ (r=b)Y—(s=b)¥ k(7,s,p(0(s)))
%= /b | ] R s

Clearly, (K1) confirms the hypothesis (i) holds. Next, we check the correctness of (ii).
Let, |lp|| < do, dp > 0 and put My = my + modf. Then,

|O(7)| = sup {’Q(T, zl,zg,z3)| ;T € By, —dp < 21, 29 < o,
(1+ )
ko (m,p(a(T T 7—b)7—(s—b)Y k(T,s
= ka3 + Bpion [ [cmatenn] ™ esation o

< |k (7, p(B(7))) = ka7, 0))( |k (7,00) | + ko (7, p(a(7))) = ka(7, 0)]

T v—1
(r=b)7—(s=b) ] k(rsp(8(s)))
/b [ v ] Ty 48

T

< allpll +N; + W(Nz + U[p[]) [ + mallp|P]-

bl
MQ T < z3 < M2—”F(1+v)}

+ ‘kz(T, 0)‘

Hence, the real number 6y > 0 in (ii) satisfies

100 + Ny + m(% + bo) [ma + madf | < b

We define a function ¢ € C([0,1]) as follows:
Y(ro) = 100 + Ny + W(NQ + 6200) [m1 + madg } — dp-

Then ¥(0) > 0 and ¥ (1) < 0 by (K2) and since 1 is continuous, there is dy € (0, 1) such
that ¢(dp) = 0. This shows that this inequality has a solution in (0,1). The proof is
complete. Il

The following is the celebrated quadratic IE of Chandrasekhar type in [31, 32] which
is applied in the theories of radiative transfer, neutron transport, and kinetic energy of

gases [33, 34].
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Corollary 3.3. Let Q(7,z1,29,23) = 1 + 2123, on E,, b =0, vy =v =1, a(r) = 71,
p(a(r)) =p(r) and

k(r,7,2) = Z56(7)z.
Then, FIE (1.1) has the following form

p(r) =1+ p(r) / o g(s)p(s)ds, ey

Corollary 3.4. Ifb=0, v =1, then FIE (1.1) can be written

p(r) = x(T,p(a(T)),p(ﬁ(r)),/o %ds) T € Ep.

Corollary 3.5. If b =0, then FIE (1.1) can be changed to

p(7) zx(w(a(ﬂ),p(ﬁ(f)),/o [;}1 HT ) ds), 7 €Ey.

4. APPLICATION

We examine our mentioned results with an example of functional FIE.

Example 1. Consider the following nonlinear FIE:

m+3) | () lp(1—s)|
p(7) = g57e AR 6(117) T Vitip(—s)]

T V=1 =372 (gor 4 Ly T
(4.1) / =52 (et i p VD)D) g5 7 e By b=0, by = 1,
0

gl T (v)sl—

for two cases as follows:
caset. ve{BR 2=}
Case 2. v E {l 1 %

The given problem (4.1) is a special case of FIE (1.1). Let us take x : E, x R® — R,
a,B,0 : E, — E, and k : E2 x R — R and comparing (4.1) with FIE (1.1), we get

a(t) =73, B(1) =1—1, (1) = /7, and

_ Sup{ ‘6_372 (se” + LIn(1 + |p|))‘ VreE,pe [—50,50]}.

Clearly, these functions satisfy hypothesis (i), since,

‘X(T7 21y %2, 23) - X(T7 217 22; 23)‘ == )107—6 (T+3) + 6(7;3—1T) + \f7|j»2||;;2‘ + Z73

T+3 TZ |Z2] Z
- [107_6 T + s T v T 73}
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< TZ1 Tz + |22| . |22‘ Z3 2_3|
— |6(1+7)  6(1+7) VT+Hza]  VT+|2| 7 7
<1 5 1 5 1, _ =

S §lf— & +ﬁ22—22 + 22— %

with ¢, = %, Cy = %ﬁ, C3 = % and ¢; + é2 < 1. We check the next hypothesis (ii). For

Ipll < o, we have

1 —(r+3) | 7p(7?) lp(1—s)|
107¢ T s T -]

p(7)| =

~ 7C(v)sl—Y

+/T |:—r"/—s'y:|v_1 6—372[337—1-%111(14—“?(\5)’)] ds S 507
0

for 7 € Ey,. Next, for different predicted cases, we review the challenges in order to confirm

the existence of a solution.

Case 1. From the given data in this case of FIE (4.1), hypothesis (ii) holds, if

0.2172, v = 3/s,
Al = %6_3 + é(so + %(So + m (1 + i(go) >~ 02814, v = 5/6, < 607

0.3400, v = 10/11,
with the following estimated dg > 0.4,0.5,0.6 for v = %, %, v = %, respectively. We plot
3 5 10
576711
derivative v approaches 1, the value of A; increases. These estimated results are shown

in Table 1. Hence (ii) holds. Therefore, thanks to Theorem 3.1, FIE (4.1) has at least

the variation of A; in Fig. 1 when v € { }, respectively. In fact, as the order of the

0.35 F I T T T -]

—h— v =3/5 p
—w— v = 5/6
+U:10/11

0.3 - N

0.25
05 W
4

FIGURE 1. 2D-plots of A; for FIE (4.1) with three values of derivative order v

Aq
\
l Eud

in Case 1.
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TABLE 1. Estimated results of A for FIE (4.1) for three different values of derivative

order v in Case 1.

v=3/5 wv=35 v=10/11
0.00 | 0.1821  0.2379 0.2881
0.05 | 0.1855  0.2421 0.2931
0.10 | 0.1886  0.2459 0.2977
0.15 | 0.1914 0.2494 0.3018
0.20 | 0.1940 0.2526 0.3056
0.25 | 0.1964  0.2555 0.3091
0.30 | 0.1986  0.2582 0.3123
0.35 | 0.2006  0.2607 0.3153
0.40 | 0.2025  0.2630 0.3180
0.45 | 0.2042  0.2651 0.3206
0.50 | 0.2058  0.2671 0.3230
0.55 | 0.2073  0.2690 0.3252
0.60 | 0.2087  0.2707 0.3273
0.65 | 0.2100 0.2724 0.3292
0.70 | 0.2113  0.2739 0.3310
0.75 | 0.2124  0.2753 0.3327
0.80 | 0.2135 0.2767 0.3344
0.85 | 0.2145  0.2780 0.3359
0.90 | 0.2155 0.2792 0.3373
0.95 | 0.2164 0.2803 0.3387
1.00 | 0.2172 0.2814 0.3400

one solution in € for Case 1.

Case 2. From the given data in this case of FIE (4.1), hypothesis (ii) holds, if

0.1334, v =3/,
Az = 35¢ " + 00 + 700 + srmiape (14 300) = 01838, v="5%, ¢ <d,
0.2330, v = 10/11,

with the following estimated oy > 0.25,0.35,0.45, for v = %, %, %, respectively. We plot

the variation of Ay in Fig. 2 when ~ € {%, é, }l}, respectively. In fact, as the parameter
of the derivative v approaches 0, the value of A, decreases. One can see these estimated
results in Table 2. Hence (ii) holds. Therefore, thanks to Theorem 3.1 FIE (4.1) has at

least one solution in £ for Case 2.
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I T T T

+’Y:1/6 D

D M

—— =1

0.2 |- i
7

A2

0.15 1 g

FIGURE 2. 2D-plots of A for FIE (4.1) with three values of derivative parameter

v in Case 2.

TABLE 2. Estimated results of Ay for FIE (4.1) for three different values of derivative

parameter v in Case 2.

1= y=1s y=14
0.00 | 0.1107 0.1528  0.1937
0.05 | 0.1129 0.1558  0.1975
0.10 | 0.1149  0.1586  0.2009
0.15 | 0.1168 0.1611  0.2041
0.20 | 0.1185 0.1633  0.2070
0.25 | 0.1200 0.1654  0.2096
0.30 | 0.1214 0.1674 0.2121
0.35 | 0.1227 0.1692 0.2143
0.0 | 0.1239 01708  0.2164
045 | 0.1251 0.1723  0.2184
0.50 | 0.1261 0.1738  0.2202
0.55 | 0.1271  0.1751  0.2219
0.60 | 0.1280 0.1763  0.2234
0.65 | 0.1288 01775  0.2249
0.70 | 0.1206  0.1786  0.2263
0.75 | 0.1303 0.1796  0.2276
0.80 | 0.1310 0.1805  0.2288
0.85 | 0.1317 0.1814  0.2299
0.90 | 0.1323 0.1823 0.2310
0.95 | 0.1328 0.1831  0.2320
1.00 | 0.1334 0.1838  0.2330
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5. CONCLUSION

In this paper, we have thoroughly investigated the solvability of solutions for a class
of nonlinear FIEs. By utilizing the MNC in conjunction with Petryshyn’s FPT, we estab-
lished the existence of solutions within the space of bounded continuous functions £. Our
findings highlight the importance of condensing operators in resolving complex functional
FIEs. The results obtained in this study contribute significantly to the ongoing devel-
opment of techniques for analyzing complex functional FIEs. Future research may focus
on further generalizing these methods to higher-order and more intricate forms of hybrid
functional equations, with potential applications in domains such as biological modeling,

traffic systems, and control theory.
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