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Abstract. Chemical reactions have main impact in processes of any alive organism.

Their mechanisms have complexity naturally. To do so, development of a simplifying

model is essential to understand the governing hypothesis. Our aim is to present math-

ematical models for enzymes reactions to show how these models represent biochemical

phenomena. The catalytic process is important in the present research. We study the

comprehensive mathematical modeling framework for basic enzyme kinetics, focusing on

catalytic reactions including influence of activators and inhibitors. We start with the

second order basic enzyme reaction, which governs essential features of a broad class of

biochemical processes. We then extend it to another reactions, investigate and apply the

biologically relevant systems such as T-cell proliferation reactions. We modify governing

systems of ordinary differential equations by help of non-dimensionalization method, al-

lowing for new insight into kinetic reactions. Initial value problems are formulated based

on realistic biological conditions, and the resulting models are analyzed to reveal con-

centration profiles of key reactants over time. We adequate the our results by MATLAB

software simulation.
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1. Introduction

We begin with nomenclature table consisting needful symbols and abbreviations, then

present background and applications of mathematics in multidisciplinary sciences such

as biology and biochemistry historically. After presenting preliminaries, we approach to

mathematical modeling of chemical kinetics for enzyme reactions, and finally investigate

solutions of obtained models and their behavior that describes the reactant.

Table 1. Nomenclature table

.

Symble Meaning Abbrivation Meaning

⇌ Reversible reaction BER Basic enzyme reaction

⇀ Reaction only one way LMA Law of mass action

=⇒ Imply QSSA Qsiua-steady-state approximation

−→ Tend IVP Initial value problem

∀ Universal quantifier ODEs Ordinary differential equations

∃ Existential quantifier T-cell Thymus (or T-lymphocytes) cell

≈ Nearly equal APCs Antigen-presenting cells

≪ Less than so much SODEs system of ordinary differential equations

[ ] Reactant concentration O Order of magnitude

R Real numbers set km Michaelis constant

Obviously, biochemical reactions and mathematical application has main role in pro-

cesses of alive organism. Nearly, all of sciences branches especially biochemistry, biology

for their continuing have to not only use mathematics but also involve with the math-

ematics more than last centuries. And so, all of scientists: mathematicians, chemists,

physicists, physicians, physiologists have to take help from each other. Practical appli-

cation of mathematical models to help of unravel the underlying mechanisms involved in

the chemical and biological process is so important. Chemical kinetics play the key role

in all processes of living organisms such as: biology, ecology, environmental sciences even

physiological area.

In the process of mathematical modeling, depending of independent variables, a differ-

ential equation or system of differential equations may be appeared. For more details on
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this subject one can refer to [22] and [36]. Most of the biochemical reactions are catalyzed

by enzymes, each enzyme being highly specific for one type of reaction. Also enzymes are

important in regulating biological process such as activators or inhibitors in a reaction.

In 1835, Berzelius suggested that most of the biochemical reactions could occur under

the influence of a new force which he calls catalytic. In 1878, Kihne coined the term

enzyme for this catalytic force, from a Greek word. For more details on enzyme reactions,

enzyme kinetics and theories of chemical reactions rates one may refer to the text book

such as [1], [10], and [39]. Kinetics is one of the four branches of physical chemistry. To

understand and predict the behavior of chemical systems, one should not only consider

kinetics but also go to it deeply. Chemical kinetics, in some text references is called as

reaction kinetics. Topics such as “chemical kinetics and reaction mechanisms”, “rates and

mechanisms of chemical reactions”, “chemical kinetics”,“kinetics and mechanisms”, may

be referred to [4], [5], [11] and [18] respectively. To see a nice text book for who wants

go deeply on physical chemistry one may refer to [13]. In 1902, Brown suggested that the

enzyme, E, combines with its substrate, S, to form an intermediate complex which then

decomposes into the product, P, and E. In 1913, one of the most basic enzyme reactions

(abbreviated by BERs) introduced by Michaelis and Menten [17]. This model indeed

mirror a large number of real reactions and phenomena. The enzyme indeed has catalysis

role in these reactions to form a complex matter which in turn is converted into a product

with and enzyme. The enzymes effectiveness is reflected in small concentrations needed

in their relations in compared with the concentration of the substrates involved. One

for going into the subjects such as “enzyme reactions” may refer to [12], [20], [21], [37],

[38] and [40]. The models also incorporate regulatory effects through activators and in-

hibitors, enhancing their biological relevance. To study the subjects such as activation or

inhibition in which play the feedback controls role on BER, one may see that a problem is

led to differential equation that describes the logistic growth model. Verhulst (1838-1845)

proposed that a self-limiting process should operate when a population becomes too large.

He was the first who introduce the logistic growth. More related references in which the

applications of single species with exponential or logistic growth rate are studied may be

seen in [6], [9], and [36].

After 1920, V. Volterra proposed a system of ordinary differential equations to exhibit

the population dynamics of two interacting species including a prey and predator. He
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made some predicts such as increasing in predator fish and decreasing in its prey in

the Adriatic sea [42]. Independently, same equations are studied independently by A.J.

Lotka to describe a hypothetical chemical reaction in which the chemical concentrations

oscillate in the united states [15] on 1925. this leads to the famous problem known

as nonlinear system of Lotka-Volterra predator-prey equations employed in biochemical

reactions so much. Some of the systems of Lotka- Volterra equations and their applications

in biological models related to biochemistry are investigated in [7], [23], [24], [?], [25], [26],

[27], [28], [29], [30], [31], [32], [33], [34]and [35]. An online tool for analyzing enzyme initial

rate data and teaching enzyme kinetics is investigated in [16]. The singular perturbation

methods, quasi steady state approximation (abbreviated by QSSA) to obtain a uniformly

valid asymptotic solution studied by Borghans in [2] on 1996. Control of T-cell activation

and signaling by aminoacidic catabolizing enzymes is studied in [3]. One to see a review of

the literature on mathematical models of tumor cell proliferation may refer to [8]. Review

of T-cell proliferation regulatory factors in treatment and prognostic prediction for solid

tumors is studied in [14] on 2023. Mathematical modeling of immunological reactions is

investigated in [19]. A review article on T-cells in health and disease may be seen in [41]

on 2023. We use reaction mechanisms which are plausible biochemically. Before modeling,

we present next definitions needful later.

Definition 1.1. Membranes where enzymes are physically confined and localized in a

certain region of space with retention of their catalytic activities, and where enzymes can

be used repeatedly and continuously, are called immobilized enzyme system.

Definition 1.2. As regarding an enzyme is concerned to be present in small amount

compared with the substrate, the assumption is that the substrate concentration does

not change during this initial transit stage. This state is called as quasi-steady state

approximation(QSSA).

Definition 1.3. The process that removes units from equations by converting variables

into dimensionless forms using characteristic scales is called nondimensionalization.

Definition 1.4. The characteristic time over which certain processes occur is called

timescale or transient time in a chemical reaction.
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Definition 1.5. If a substrate that binds at one site increases the binding activity at

another site then the substrate is called activator; if it decreases the activity it is called

inhibitor.

Definition 1.6. T-cells (or T-lymphocytes) are crucial for are the major cell compo-

nents of the adaptive immune system, cell-based immune responsible immune functions

to maintain host healthy and prevent various types of diseases and cancer.

2. Modeling and Discussion

The second order reversible biochemical reaction mechanism known as the BER in

which an enzyme plays as catalysis role. This model is too complicated biochemical

model. Because it is qualitative understanding, models of models are first steps. The first

model which will be analyzed is the second order reversible having the enzyme as catalysis.

This reaction is starting point to the present work. We model and investigate some of

the biochemical sequence of consecutive reactions in which having catalytic mechanism

mathematically. We will analyze some of the reactions having catalytic process including

consequence steps only. The solutions behavior that describes the reactant concentrations

is main purpose.

The BER is a reaction cycle model. Assume that firstly there are two reactants enzyme

and substrate which are denoted by E and S respectively. Moreover, consider one molecule

of S combines with a molecule of E to form one molecule of SE. Finally produce molecule

of P and one molecule of E. In fact, there is a sequence of reactions where the first reaction

is reversible, while the second one is irreversible. The following reaction, therefore, may

be obtained:

(2.1) S + E
k1
⇌
k−1

SE
k2⇀ P + E

k2. All of parameters are considered positive.

The Michaelis constant in the BER (2.1) is given by

(2.2) km =
k−1 + k2

k1

Now, we describe the concentrations and reactants as follows:

c s = [S], e = [E], c = [SE] and p = [P ] show the reactant concentrations in the

BER (2.1);
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• The letters S,E, SE and P are considered to show reactants matters as: substrate;

enzyme, complex obtained matter and product respectively;

• The constant parameters associated with the rates of reactions are denoted by k1,

k−1 and k2. All of parameters are considered positive.

• Time unite and reactant concentration are assumed as second and milligram/milliliter,

respectively. However, using dimensionless method these units may omitted.

By considering the above statements and the initial concentration for existing reactants

in the BER (2.1), one may obtain the following IVP:

(2.3)


ds
dt

= −k1es+ k−1c,
de
dt

= −k1es+ (k−1 + k2)c,
dc
dt

= k1es− (k−1 + k2)c,
dp
dt

= k2c,

s(0) = s0, e(0) = e0, c(0) = p(0) = 0

The four equations in the above system exhibit the following mechanisms:

• The first equation statements that the change rate of concentration[S]is made up

of decreasing rate of [S][E]and rate proportional to[SE].

• The second one statements that the change rate of concentration[E]is made up of

a loos rate of [S][E] and again rate proportional to[C].

• The third one statements that the change rate of concentration[C]is made up of

increasing rate of[S][E] and decreasing rate proportional to[C] .

• The last equation statements that change rate of concentration[P ]is made up just

increasing rate of [C]. we also see that this equation is uncoupled from the first

three equations.

T-cells are a white blood cell type playing crucial role in the immune system. They are

developed from bone marrow derived thymocyte progenitors in the thymus. These cells are

the major cell components of the adaptive immune function and system, responsible for

protecting, mediating cell-based immune responses to keep the host healthy and prevent

various types of diseases and cancer. Types and their jobs are given in Table 2.

T-cell proliferation indeed is regulated by a complex interplay of signals, including the

activation of intracellular signaling pathways and the production of cytokines. These

processes are initiated by interactions between T-cells and APCs. Key enzymes involved

in T-cell proliferation include those that degrade amino acids. T-cell proliferation is a

complex process involving various enzyme-mediated reactions. These enzymes regulate
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Table 2. Kinds of T-cell

T-cell Name T-cell Duty

Helper Direct other immune cells to fight infection

Cytotoxic Kill or destroy infected cells

Regulatory Control immune responses and

Prevent excessive inflammation and autoimmune reactions

Memory Provide long-term protection and

Initial rapid immune responses upon re-exposure

amino acid availability, glucose metabolism, calcium signaling, ultimately influencing the

expansion and function of T-cells in the immune response. Mathematical modeling of T-

cell proliferation mediated by enzyme reactions typically involves capturing the complex

biological processes by which T-cells grow, divide, and respond to external stimuli such as

antigens, cytokines, or co-stimulatory signals. Similarity to the BER Michaelis-Menten,

applying the BER principles to T-cell proliferation in response to an antigen can be

approached using mathematical modeling, particularly by combining enzyme kinetics with

cell population dynamics. This occurs in various enzyme reactions but arises in a quite

different situation involving T-cell proliferation in response to an antigen. By replacing all

of reactants components in the BER (2.1) as table (3), we obtain the following reactions

kinetics:

(2.4) S + E
k1
⇌
k−1

C
k2⇀ E + 2S

The above reaction kinetics is an automatically enzyme system. In fact, it is not

standard Michaelis-Menten, because the product is two molecules of substrate rather than

a different product P . Behavior mimics logistic or exponential proliferation in early stages.

Biological Interpretation (T-cell Proliferation) The model captures T-cell activation where

cytokines bind receptors (enzyme-substrate complex), triggering signal transduction and

release of more cytokines, enhancing the signal. It embodies positive feedback: one active

complex yields two substrates, which can re-enter the cycle. This explains the explosive

expansion of T-cells upon activation. This reaction indeed is based on standard the BER
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Table 3. Reactants Components in the BER(2.1) and T-cell Proliferation

(2.4)

Components of BRE Components of T-cell Proliferation

Subtract (S) T-cell (proliferating cell)

Enzyme (E) Site on the antigen-presenting cell (APC)

Complex (SE) Bound T-cell and antigen-presenting cell complex

Final Product (P) 2 T-cells (original + new proliferated cell)

enzyme kinetics (2.1). Paying attention to the (2.4), we are able to interpret it biologically

as follows:

• A T-cell (S) binds to a site on an APC (E) to form a complex (C),

• The complex then triggers T-cell proliferation, producing an extra T-cell, and the

APC is free again to engage more T-cells,

• The APC is not consumed and so behaves like an enzyme,

• This process changes the dynamics and analytical approach since APCs may be

present in excess,

By simple comparison between the BER and T-cell proliferation, we carry out the

following two key points:

• In the BER (2.1), ε = e0/s0 ≪ 1, that is the enzyme amount is small quantity,

• In T-cell proliferation, we reverse this: APC sites (enzyme analog) may be in

excess, so the small parameter is now ε = s0/e0 ≪ 1.

After replacing the substrate, s-equation in reduced system (??), we take the following

variables variation:

(2.5)
−
s(t) = s(t) + c(t).

We now add the first and third equations in (2.3) as the equation for the total substrate.

It leads to the following equation:

(2.6)
d
−
s

dt
= −k2c

And so, we obtain
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dc
dt

= k1(e0s− sc)− (k−1 − k2)c

⇒ dc
dt

= k1(e0 − c)s− k−1 + k2
k1

c

By considering Michaelis constant in (2.2), we get the concentration rate for reactant

c as follows:

(2.7)
dc

dt
= k1[(e0 − c)(−s− c)− kmc]

The above equation which is obtained is this equation for
−
s(t) and the third of (2.3)

written in terms of c and
−
s, together with the initial concentrations. Therefore, the

following IVP becomes:

(2.8)


d
−
s
dt

= −k2c

dc
dt

= k1[(e0 − c)(
−
s − c)− kmc]

−
s(0) = s0, c(0) = 0

The qualitative behavior for reactant concentrations of dimensionless IVP (2.8) initial

concentrations have been exhibited in Figure 1 and Figure 2.

2.1. Non-dimensionalization. It is obvious that the above solutions are implicit func-

tions, and so it is impossible to find out the reactant’s concentration as function of t.

Thus we should study solution behavior. The analysis of the above model is same the

previous case nearly. They derive conditions for an equivalent QSSA. The application of

the BER models combined with differential equations for population dynamics, provides

a powerful framework to study and simulate T-cell proliferation in response to antigen

stimulation. In fact, by translating the BER to a T-cell proliferation, we find out the

following matters:

(1) Obtaining mathematical flexibility using the BER kinetics;

(2) Leading the reversal of assumptions (enzyme in excess) to different dynamics and

asymptotic behavior;

(3) Having predictability model how T-cell expansion is influenced byAPC availability

and binding kinetics.

This approach is useful for not only modeling of immune responses under vaccination or

infection but also guiding therapeutic interventions like T-cell immunotherapy. Also it
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help us to understand thresholds and saturation in immune activation. After constructing

related systems of equations, we go to their interpretation. Paying to system of separable

ODEs (2.8), we see that the first equation substrate depletion exhibits that the non-

dimensionalization substrate concentration
−
s(t) is decreasing over time as the enzyme-

substrate complex c(t) persists. The constant k2 represents the rate of product formation

from the complex, in standard Michaelis-Menten kinetics. The second equation complex

concentration describes that this expression links time to the integral over a rational

function of c, possibly derived from solving the differential equation for c(t) in terms of

t. Taking variables variation a = −e0 −
−
s − km and b = −e0

−
s and after substituting and

using initial conditions c0 and s0, one can solve the reduced system (2.8).

(2.9)


−
s(t) = −k2

∫
c(t) dt

k1t = −
∫ 1

c2 + ac− b
dc

The appeared integral in the 2nd may be reach to the following integral:∫ 1

c2 + ac− b
dc =

∫ 1

(c+
a

2
)2 − (

a2

4
+ b)

dc

Therefore, the solution of the above system may be found out as the above. Thus, one

is able to determine the long-time behavior of c(t) and
−
s(t) may be determined; and

sensitivity to parameter changes (km and e0). Regarding the above solutions are implicit

functions, we are going to dimensionless the IVP (2.8). We first take the variables s̄(t), c(t)

and e(t) = e0 − c(t) to denote the substrate (T-cells), the complex and the effector (or

enzyme) respectively. Then we take parameters k1, k−1, k2 as rate constants, km to denote

the Michaelis constant and finally we assume that s0, e0 as initial concentrations.

(2.10) V ariables V ariations

V ariables : τ = k1e0t, u =

−
s

s0
, v =

c

e0

Parameters : α = k2
k1e0

, β = km
k1e0

, σ = s0
e0

To find out du
dτ

and dv
dτ
, we use the chain rule in derivatives. Starting with the first

equation in the IVP (2.8), we get

du
dτ

=
du

ds
· ds
dt

· dt
dτ

=
1

s0
· (−k2c) ·

1

k1e0

=
1

s0
· (−k2e0v) ·

1

k1e0
= − k2

k1s0
v = −α

σ
v
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Thus, the first dimensionless equation is as follow:

(2.11)
du

dτ
= −α

σ
v

We now continue this process for the second equation similarly:

dv
dτ

=
dv

dc
· dc
dt

· dt
dτ

= 1
e0
· (k1 [(e0 − c)(s̄− c)− kmc]) · 1

k1e0

= 1
e0
· (k1 [(e0 − e0v)(e0u− e0v)− kme0v]) · 1

k1e0
= (1− v)(σu− v)− βv

Thus, the second dimensionless equation is as follows:

(2.12)
dv

dτ
= (1− v)(σu− v)− βv

Therefore, the dimensional less system may obtain is given by:

(2.13)


du
dτ

= −α
σ
v

dv
dτ

= (1− v)(σu− v)− βv

u(0) = 1, v(0) = 0

This non-dimensionalization and analytical solution strategy help us to simplify and study

biochemical kinetics systems same as Michaelis-Menten equations, the BER, T-cell meta-

bolic regulation (in an immunological context). We are going to analyze how substrate

depletion due to enzyme activity affects T-cell proliferation, where c(t) is a critical in-

termediate (as complex). The qualitative behavior for reactant concentrations of last

system associated to the (2.13) for different parameters have been exhibited in Figure 3

and Figure 4.

2.2. Transient Times. We are interested to estimate, the transient timescale, time re-

quired for the system to reach quasi-steady-state or a significant shift in substrate/enzyme

dynamics. In fact, timescale is typically the time ttrans it takes for the system one of the

following processes:

(1) To reach to the QSSA for the complex reactant c(t),

(2) To exhibit a significant change in the substrate or complex concentrations,

(3) To separate fast dynamics from slow dynamics.

We should define characteristic times for complex formation which is governed by

enzyme-substrate binding kinetics, and substrate depletion or regeneration( governed by
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catalytic turnover). The timescale for the complex means that time that takes c(t) to

build up, which may be carried out by the following equation:

(2.14) τc ≡
1

k1s0 + k−1 + k2

and so, assuming ε = e0
s0
, we obtain

(2.15)
d
−
c

dτ
= (1− −

c)(
−
s − ε

−
c)− km

−
c

This form is standard for singular perturbation and we get following estimations:

(1) Fast transient for c(t) in which timescale τc ∼= 1,

(2) Slow change in
−
s in which timescale τs ∼= 1

ε
.

The complex builds up rapidly, after which substrate dynamics and autocatalysis domi-

nate. We would like to classify the timescales into three following classes:

(1) Early phase (fast); this means that the complex c(t) rapidly approaches a quasi-

steady level,

(2) Mid phase (slower); this means that the substrate
−
s(t) increases due to 2S pro-

duction,

(3) Late phase; this possible runaway substrate increase or saturation depending on

system closure.

Therefore, the transient timescale for complex τc in (2.14) is so short time due to high k1,

and then system evolves slowly due to substrate regeneration. Finally, the value of small

parameter ε = e0
s0
, enables to QSSA. Now we want to analyze the QSSA for c(t). The

QSSA implies that to occur dc
dt

≈ 0, that is the complex equilibrates rapidly compared to

substrate and product. After solving e0
−
s − e0c−

−
sc+ c2 = kmc, we get

(2.16) c2 − (e0 +
−
s + km)c+ e0

−
s = 0

Using the following quadratic formula, we can find the roots of the above equation:

(2.17) c(
−
s) =

1

2

[
e0 +

−
s + km ±

√
(e0 +

−
s + km)2 − 4e0

−
s

]
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Choosing the above minus root, we will be ensured c(
−
s) ≤ min(e0,

−
s) and therefore, the

final QSSA may be find out by following formula:

(2.18) c(
−
s(t)) =

1

2

[
e0 +

−
s(t) + km ±

√
(e0 +

−
s(t) + km)2 − 4e0

−
s(t)

]
This expresses c(t) as a function of substrate concentration. And so,

(2.19)
d
−
s

dt
= −k2c(

−
s(t))

Therefore, we may conduct that it reduces the system to a single ODE in base of
−
s,

greatly simplifying analysis and moreover, it works well when e0 ≪ s0.

The complete model is given by (2.8). Assuming dc/dt ≈ 0 complex forms and decays

quickly, and regarding to (2.18), we get the following closed-form single ODE :

(2.20)
d
−
s

dt
= −k2 ·

1

2

[
e0 +

−
s + km ±

√
(e0 +

−
s + km)2 − 4e0

−
s

]
This is the first-order nonlinear ODE for

−
s(t), suitable for integration and analysis of

phase plane and prediction the long-term behavior (such as steady state). Now we see

that the value of
−
s(t) increases over time due to autocatalysis, and so the sign of ODE

should be:

(2.21)
d
−
s

dt
= +k2c(

−
s(t)).

We thus get the following IVP :

(2.22)


d
−
s
dt

= k2
2

[
e0 +

−
s + km ±

√
(e0 +

−
s + km)2 − 4e0

−
s

]
−
s(0) = s0

Now, we nondimensionalize the ODE (2.22) for substrate concentration
−
s(t), derived from

your autocatalytic enzyme kinetics under the QSSA:

(2.23) V ariables V ariations

V ariables : τ = k2t,
−
s(t) = s0 · ŝ(τ)s(t)

Parameters : ε = e0
s0
, κ = km

s0
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Substitute into the ODE (2.22), we compute:

(2.24)
d
−
s

dt
=

ds0ŝ

dt
= s0

dŝ

dt
= s0 · k2 ·

dŝ

dτ

So the ODE (2.22) becomes as follow:

(2.25)
d
−
s

dt
= s0 · k2 ·

dŝ

dτ
=

k2
2

[
e0 + s0ŝ+ km ±

√
(e0 + s0ŝ+ km)2 − 4e0s0ŝ

]
By simplification for k2 and s0, we get the following dimensionless IVP :

(2.26)


dŝ
dτ

= 1
2

[
ε+ ŝ+ κ±

√
(ε+ ŝ+ κ)2 − 4εŝ

]
ŝ(0) = 1

The above IVP describes dimensionless substrate buildup over dimensionless time.

Behavior depends critically on ε (enzyme-to-substrate ratio) and κ (Michaelis constant

scale). By help of simulation method, we have studied the solutions behavior of implicit

functions
−
s(t) and c(t). Their behavior are described in diagram which are drawn in

Figure 5.

We finally summarize T-cell proliferation kinetics as follows:

Two main questions in T-cell proliferation kinetics may be asked as: how fast do T-

cells begin expanding after antigen stimulation and how long to reach peak or steady-state

The model T-cell population T (t) usually may lead to the following growth (or decay) of

logistic equations,

(2.27)
dT

dt
= αT − βT 2

Two timescales concepts are become as follow:

(1) For exponential growth model, time to reach initial activation time or initial

growth time is given by τc = tgrowth ∼ 1
α

(2) For logistic growth model or density-limited model, time to approach steady state

( or carrying capacity of the environment) is given by τs = tlogistic ∼ 1
βT0

.

In timescale and dimensionless process, one may reduce the system, design experimental

estimate the parameters which are so important. In the mechanism of model reduction,

we are able to find out fast variables can be assumed to equilibrate (QSSA), allowing

simpler models. While the experimental design helps to determine how long to run an

assay or collect data. By estimating the existing parameters, we are able to find out the
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characteristic times in which help us to fit obtained model to data more robustly. We

are able to compare timescale of reaction kinetics in the BER (2.1) and enzymatic T-cell

proliferation (2.4) as follow: The timescale in the BER is that time to form complex or

deplete substrate which is 1
k1(s0+km)

while the timescale in T-cell proliferation is that time

for significant expansion or approach to steady state which is 1
α
or 1

βT0
.

3. Numerical Simulation

The obtained results are adequate to chemical reactions kinetics by MATLAB software.

In fact, simulation conducted using MATLAB, demonstrate the system behavior under

various parameter regimes. All of obtained solutions graphs have been drawn after each

related IVP. The details of parameters, initial concentrations of reactants and time have

been becoming after each graph. In fact, each drawn graph exhibits the behavior of

reactant concentrations, and so it helps us to interpret, analyze and predict the behavior

of reaction mechanism.
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Figure 1. The Diagram of Solution Behavior of IVP (2.8) Associated to The T-Cell Prolifreaction

Rraction (2.4); Note: Regarding in the IVP (2.8) e0 is shown as parameter. So does in this figure.

Constant Parameters of Reactions Rtae: k2 = k1 = 10−1, e0 = 5 ; Initial Concentration of Reatants:

s(0) = 1.1, c(0) = 0; Time: τ ∈ [0, 5]



16 M.H. RAHMANI DOUST∗, M. SARAJ AND S. SAMARGHANDIAN

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Time (s)

0

0.5

1

1.5

2

2.5

3

3.5

4

C
o
n
c
e
n
t
r
a
t
i
o
n
 
(
m
g
.
m
l

-
1
)

u

v

Figure 2. The Diagram of Solution Behavior of IVP (2.8) Associated to The T-Cell Proliferation

Reaction (2.4);Note: Regarding in the IVP (2.8) e0 is shown as parameter. So does in this figure.

Constant Parameters of Reactions Rate: k2 = k1 = 10−1, e0 = 5 ; Initial Concentration of Reactants:

s(0) = 4, c(0) = 0; Time: τ ∈ [0, 5]
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Figure 3. The Diagram of Solution Behavior of Dimensionless IVP (2.13); Constant Parameters

of Reactions Rate: α = 10−2, β = 10−1, σ = 10; Initial Concentration of Reactant: u(0) = 1, v(0) = 0;

Time: τ ∈ [0, 1]

4. Conclusion

The biochemical reactions have received conspicuous attention in the multidisciplinary

sciences area because of playing the key role in all processes of living organisms. Modeling

of these reactions, what we want from a model is some understanding of the underlying

dynamics and mechanisms governing the phenomena. The first step therefore is to find a

biologically reasonable model which qualitatively describes the phenomena behavior. In
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Figure 4. The Diagram of Solution Behavior of Dimensionless IVP (2.13); Constant Parameters

of Reactions Rate: α = 10−2, β = 10−1, σ = 100; Initial Concentration of Reactant: u(0) = 1, v(0) = 0;

Time: τ ∈ [0, 1]
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Figure 5. The Diagram of Solution Behavior of IVP (2.8) Associated to The T-Cell Proliferation

Reaction (2.4);Note:Regarding in the IVP (2.8) e0 is shown as parameter. So does in this figure.

Constant Parameters of Reactions Rate:k = 10−1, ε = 10 ; Initial Concentration of Reactants:s−(0) = 1;

Time:τ ∈ [0, 30]

this regard we focused on modeling, analyzing and interpreting the BER and its exten-

sions in various aspects. The aforementioned investigated reactions are suicidal substrate

and cooperative mechanisms which having practical applications in biology. Mathemat-

ical models of T-cell proliferation, especially when incorporating enzyme kinetics, are

powerful tools in medicine. These models help to clinicians, immunologists, and pharma-

ceutical researchers understand in the process of predicting, and manipulating immune

responses in various disease contexts. In fact, the applications of T-cell modeling are as
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immunotherapy optimization, autoimmune disease modeling, vaccine response prediction,

drug targeting for kinase inhibitors. These modeling help us to optimize dosing and tim-

ing of immune checkpoint inhibitors. Used to simulate T-cell responses to tumor antigens

and predict patient specific outcomes. For instance, predict how inhibitors of enzymes like

ZAP -70 affect CD8+ T-cell expansion and cytotoxicity in solid tumors. Predicts T-cell

dynamics during viral infections (such as HIV, COVID-19), supports design of antiviral

therapies that enhance T-cell responses. It seems wise that some of the proposed reac-

tions may not occur in reality. Finally, we should note that the results align well with

expectations from biochemical kinetics may serve as a foundation for simulation tools in

chemical biology and systems immunology. One may extend the current model to include

soluble mediators. And so one may incorporate IL 2 dynamics through an additional

variable L(t) representing free IL 2, with production proportional to T cell density and

consumption via receptor binding. This extension provides a more realistic representation

of T cell activation while maintaining the core APC mediated mechanism. In some related

future researches, one may consider this topic in which having practical applications.
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