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1    ���c�  

 "*" ���5� 6��7) I!� P� �-���2�, ��+(� �, ����*����2����� �X��  ��-�+�*�� "�:�$W �,����* �*�,

�) ��N5)J�$K) ��-�.*! � ( �2��3E�* �>!�U M��+� ! �"!�! M��+� �, f�5) ��, M�N!* �0  ! X2���

 ?*��:$-]1[ ��� �g*�* �, (Charnes, Cooper, Rhodes) CCR �.�� "�@+��  "�@2 �, #I!� M�* �"

�5�P2�, #Q��2�U��0 ��\2 #�,����* "#�- " �<�2* ... ! �-"J�$K) �.*! �2��3" �� h9i*�."5  ! �:+, #jk�
?*��:$- ]10[  ���CCR *� M���3 �\2 �" �, �,  "��, l�� ��<�" ��� !  "*" I��B3 #��m�� ^��c�

*�*� ��� �, �0 �2"*" �BCC .E�* ]!�Z�  "*" ���5� 6��7) �" ?5+0�)I!� �-��� ��-�()� �*�, �"

J�$K) ��-�.*! ��+, *��0�2 ! *��0 �* JW*  �2��3 ��*�* ���2*. ?*��:$- ! ?5�B:� #&5KU M�* �" ]31[ 
�*�, *� ��!� �()�J�$K) ��-�.*! ��+, �2��3 *��0�2 ! *��0 , �,���0 ?"�,��*��0  #_i�c���2"�0 ���Z� �N! 

 �"�K�8* ��(Z) �*�*" �@2; I!� E�* M:$� !  "5(2 �(��+��()��2�B:� ��- *� �, ��-�.*! �* �U�, �*

J�$K) �2��3 �+0 n�7N .#!� M�* �* ?*��:$- ! �*�1* ]29[  I!� Q9:�� 6. �, #��52�o ]*�-* ���Z� �,

?*��:$- ! ?5�B:� ]31[ �()� �*�,J�$K) ��-�.*! 6��0 ��+, �2��3# .�+�U*"��  #�+��� M�* �" ! M��3�)

?*��:$- ]32[ �()� I!���� *� ��<�" ��+,J�$K) �.*! #?; �" �0 �2"*" "�@+ �2��3>�� �0 �*p�, _ ��)
���, *��0�2 ��-�.*! �*�,# ."5, �-*5U ���@, �()� �*�*"  

,�?5���� ! ?5���2* # !9W ]9[ �,* 45@[� ^��* �, *� ��!�0���()� E@> ��*J�$K) ��-�.*! ��+,-

 *��0  �2��3 ��*�*�2"*" J�$K) �.*! ]H. ��+(� �, �0.E�* Q*�-��� �W5$�� �* �,����* E7)  �2��3  ��*
I!� �@2;# ! E�-�� �" E�* M:$��()� �, �"�8 ! ""�3 �2��2 #�"!�.���(2 �-�.*! ��+,  M�* _�� �*�,

#6:�� I!��()� ��-��+,  "*" ���5� 6��7) ���� �, �"��� Y��q� M�cc7� f�5) �- ��*�* �� .E�*�, -

 #�25$2 ?*5+W?*��:$- ! ?��,*�7� ]26[ .*! ��+, �()� �*�, *� �W�Z���V �N����-� J�$K) *��0  �2��3

.�2"5$2 ���Z� ?*��:$- ! 5�-��2�@> #M�+S$- ]22[ , �, *� ��!����0?��"*�3 ��-�*"�, ?"�, �7[r�,* ��-
��N5) ?�:�* �W5$���()� �*�, #+,.�2"*" "�@+��� �-�.*! �� ,��, #�<�" ��!� # !9W�()� �5\+� ��+,

.*!#P� 4�12 �*  "�[��* �, *��0 ��-� 5)?*��:$- ! 5�-��2�@> f� ]19[ ��*�* .�� Y�2 �2*"X� ! �.*��-

 �"�,;]6[ �()� I!� P� X�2*! ��*��0 �*  "�[��* �, ��+,.J�$K) ��-� �!" �"  �2��3 "�Z�� �2��� ��-

.�2"5$2 ��*�* I!��()� ��-��<�" ��+, X�2  "*" ���5� 6��7) ���� �, Y��q� M�cc7� f�5) �- ��*�* ��

 E�*�� ��$> ?; �* �0�, ?*5) ?*��:$- ! 5�-��2�@> ]17 !18! 20  !21[# ?*��:$- ! ��5$�)���* ]8[# 

?*��:$- ! �N ]25[ #M�B.?*��:$- !  "*� ]16[# !! ! 53 ]15[# M��* ! 6�01* ]28[# X�1�  !E2!��� ]30[# 

N��?*��:$- ! 5 ]24[# 1*�06 ]27[ ! ?*��:$- ! 5B�$2�0 ]23[ ."�0  ���* 

J�$K) ��-�.*! �0 ��N�. �" ��U*" ��-���U�� �*�*"  �2��3!"��.�� �*�+��,# I!���+� ��-  6��7)

 "*" ���5� #�-�, ����"* �, �"�8J�$K) ��-�.*! M�* "�:�$W �,���� �2��3 �B�2�+s I!� M�* �" *����- #

�-�.*! M�* ��U*" ��-���U��!" ���.���* �,����* �" "�:�$W @2;�$2 ����3 �\2 �" ��25� �* #!� M�* �* .
"*" ���5� 6��7) I!� �:(� ��- "�:�$W �,����* �*�, �.*!��- J�$K)!"  �2��3��.����  "�[��* �* -

"5� ]14[. EN�. M�* �" ?5+0�) X�2 I!��-��  "*" ���5� 6��7) �, �+�(��:(� ��-  �*�,�()���+, 
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 ��-�.*!J�$K)!"  �2��3��.��* � ��*�* ���, .E�*#�25$2 ?*5+W ��t�* ?*��:$- ! "*u2]2[  �N��

�()� �*�, �TU��VJ�$K) ��-�.*! ��+, *��0�2  �2��3 ��� ���U�� �, "*" ���5� 6��7) �" �:(� ��-

, R�, �)�(��7� �3��S�� �*�*" �0 �2"�0 ���Z��, &5KUE�* #v�X, "�Z,* �, 6��B� �*�#w�T� M�* . 
 ��� YZ��� ?��2 *� �@2; �TU��V�-".  

,� # !9W ?*��:$- ! �5��]3[ ��� P� �TU �, �57� �"!�! �W�Z� ��*��0 �(��7� �5\+�

 ��-�.*!J�$K)!"  �2��3��.���()� X�2 ! �2��� Q*��N5) �, �* �@2; ��+,�2"�0 "�@+���. �N!  �"�@+��� ���
�U Q*���m) �@2;�>!��*��0 �(��7� �" *� �- .*! ��-�J�$K)!"  �2��3��.���$2 �\2 �" �*"��3 �0 ��* M�* 

�� LW�,""�3 �@2; ��� x�q�) �, �"�8  ��-�.*!J�$K)!"  �2��3��.�� �*."5�2 Y�Z� ! �58 �*��0 

��* w�T� M�*�� ?��2 *� �@2; �"�@+��� ��� "* ?*��:$- ! ��K�8 #M�+S$- .�-"]5[  �57� �"!�! ���

E@> *� ��<�" )��( �*�2* ! ��+, �@, Q*���m) ���3 ��-�.*! ��!J�$K)!"  �2��3��.�� �* ���U�� �,
."�*" *� ��(8 �57� �"!�! ��� "*��* ?�$- X�2 �57� �"!�! ��� M�* �0 �2"*" ��*�* ���  ! M�$2  "*��.*

 �B$U]1[ ��!� X�2  "*" ���5� 6��7) ���� �, �:(� ��-57� �"!�! ��� �� �* 6:��� ��()� �*�, -

 ��-�.*! ��+,J�$K)!"  �2��3��.�� �*$2 ���Z� *��0?�! I!� �* �0 �2"5y���� ��-  ! �!* 6.*��
��  "�[��* 4!".�+0 �()� I!� �" �0 ��2; �* �N!�*  "�[��* �, 4�R �@2; �"�@+��� ��+,  �"!�! ��� ��

E�* �57� �*�*" I!� M�* #E�* ��R�, �)�(��7� �3��S��  ! �@2; I!� ?"5, �57� �"!�! M�+S$-

 ��-�.*! M�, x�q�) 4�W �, ��+�J�$K)!"  �2��3��.���� Y�Z� ! �58 �*��0 �*"5�.  M�* M�+S$-

�()� I!��()� �, �"�8 E�* M:$� ��+, ��-�.*! ��+,J�$K)!"  �2��3��.�� �*���(2 *��0s ) �, �+Z� ���$

�� &�K�U* �2�B:� �()� �@2;,) �-" pq4 -2 "5�  ��".(  "�*5� M�* ! Q*"*��*YZ��()� I!� M�* ��--

�� ?��2 *� ��+,.�+-"  

 ?*��:$- ! �5���$Z�]7[ �*  "�[��* �, ��*��0 ��-�.*! ��-J�$K)!"  �2��3��.���*# ,�E�" �� �*  ��;

I!� � ! ?5���2* ?5���]9[ ! X2��� #?*��:$- ]11[ ?5�B:� ! ?*��:$- ! ]31[ #! -M�+S$ , �,� -
��0�()� �, *"�, P�+:) ?"�,��+,  ��-�.*!J�$K)!"  �2��3��.�� �**��0 .�+�U*"��  E�* M�* I!� M�* "*��*

�0 �()� �*�, ��-�.*! ��+,J�$K)!"  �2��3��.�� �**��0  �*��  "�[��* ���- ��*��0�0 �+0  �2��� Q*��N5)

 �(��7� �"�@2;  ��2 ����3 �\2 �"�2*. ���� ��5,���2 w�"* ! �5�]4[  X�2� �5\+� �, *� �57� �>!�U �N�
�()� ��-�.*! ��+,J�$K)!"  �2��3��.�� �*�2"5$2 ��*�*��* . _,�) ?�! 6��� �@2; �"�@+��� ��� ]�- -

� ���-E�* 4!" ! �!* 6.*�� �, �z�+� �� f�5) �0�� xq��  �2��3 J�$K) �� ���25�s  �, ��+� ��* M�*

�*��0� ��-�.*! �* P� �- �*�, �)!�[�� ��-J�$K)!"  �2��3��.�� �*�� .""�3 M�+S$- �57� �>!�U

�� LW�, ��� M�* ?"5, �0 ""�3��� M�*  ��-�.*! x�q�) �, �"�8J�$K)!"  �2��3��.�� �* �58 �*��0
���(2 Y�Z� !.  

?�$- M�*�,�+, R�, �" �0 �253 �-��� �� I!� �* P� �- ��-()�� ��+,��*�* �� 6��7) �"  ���5�

 "*"�:(� ��-# �.E�* ��� Q*"*��* �* �:� �*�*" 68*) :1) #?"5, �TU��V (2, R�, �)�(��7� �3��S�� (� -

) #v�X, "�Z,* �, 6��B� �*�, &5KU3 4�W ( X��$) ��-�.*! M�,J�$K)!"  �2��3��.�� �* ! �58 �*��0

) #Y�Z�4 �*�2* (��*��0 ���3 ��-! �* P� �- �*�, Q!�[�� ��-�.*J�$K)!"  �2��3��.���*# )5 �" 4�W (
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 ��-�.*! ��U*" ���U�� M���3 �\2J�$K)!"  �2��3��.�� �*��*��0 �(��7� �" �()� !��+, ) ! �@2;6 (

�()� &�K�U* ��-�.*! �, ?�B:� ��-J�$K)!"  �2��3��.�� �*.*��0  

#�ZN�T� M�* �" #!� M�* �* �,��*�, *� ��!� # �� �0C Q*"*��* _�� �5\+ �()� ��-�.*! ��+,J�$K) -

!"  �2��3��.�� �*+��� ��/� �*��0�� "�@�, J�-"#�"�@+��� I!� M�* �" �0 ��5i *��,*  ��-�.*!
J�$K)!"  �2��3��.����/� �*��0 �* �:(�  jk� !  "�0 Y��Z) *� M��Z) �*�, �TU �N�� M�* ��-�.*!

$K)�3 J� # �2��� ��*�*?���� �" .J�-" #�()� E@> ��!� ��+,��-�.*! J�$K)!"  �2��3��.�� �* �*��0

��/� �� ���Z�"5�I!� M�* . ��-�.*! M�* ]H. ^��* �, !"��.���* *��0��/� �  �*_>�� �W5$��  !

 ��-�.*! ��*��0 �,����*J�$K)!"  �2��3��.�� �* *��0�2� �,�����8* 4�12 ��+(  ��  "�@2 �+,.E�* �, 4�R

�()� I!� �0 E�* �0C{�- #�ZN�T� M�* �" �"�@+��� ��+,I!� Q*"*��* �* P���- �()� *� ��(8 ��+,
�*�2"s w�T� M�*# E�X� ��r* �"�@+��� I!� �� I!� �, E(B2 *���- ��(8 �� ?��2.�-"  

M�+S$- �* �, �ZN�T� M�* �"�"�,��0 ��`� P� ��*# �B��c�*� , |���2 M�,�E�"�()� I!� �*  ��; ��+,

�()� I!� ! �"�@+������Z� ��+, �B$U ! M�$2  "*��.* f�5)  ��]1[ 4��2* ��J�-" �, �@2; �0 M�* 6�N"
?�! I!� �* ��-�()� �*�, 4!" ! �!* 6.*�� y���� ��-�.*! ��+,J�$K)!"  �2��3��.�� �*  "�[��*

�� #�++0�()� I!�; ��+,�@2 �, E(B2I!� �<�"�()� ��-"�*" ��)�, ��+,s �N�. �" �0 I!� �<�" ��-

�()� M�* �* ��+, 5�� �$2  "�[��*.�++0  

 �, �N�c� M�*Q�5r M�*  �� ��+, J�Bc)E�* pq, :2�, #�K�q� Q�5r# J�-�[� ! Q���c�  ���2 "�5�

�� }��5) *� pq, �" .�-"3 #*��0 45@[� *��,* �:(� ��/� �jk� !  "�0 Y��Z) *� �()� �*�, ��!� ��+,
�.*! ��-J�$K)!"  �2��3��.�� �*��/� �*��0 �:(�  �2��� Q*��N5) �,���Z� �� ."5�M�+S$-  pq, �"

4 #��`�! �"�W ���- �, �"�,��0]�[� �5\+����� ! �"5@� ��B[)  #�"�@+��� I!� "�,��0 ��*�*�� -

5�2�.  pq, �"5����2 #��3�� ! �E�N�Z� �*�, ���-"�@+���- �� ?��, �);�25�.  

2    Q���c� ��N!* J�-�[� !  

�W5$���* �*�  J�$K) �.*! �2��3 �� = ����	
� = 1,2, … , ��� *� ����<, �\2 �" �,�0 ��5i 

E�N�Z� J�$K) �.*! �-�3 �� 6�:�) ��.�� !" �* # �2�sE�* �+Z� #�!* ��.�� ���	(1) = �x�	, z�	�# � 
�"!�! �̅�	 > 0 (� = 1,2, … , �) ��N5) �*�, *� � �>!�U �2��� � ̅	 > 0 (ℎ = 1,2, … , �) �, ��0

��"�,. M�+S$-  �+Z� #4!" ��.�����	(2) = �z�	, y�	�# � �>!�U �2��� � ̅	 (ℎ = 1,2, … , �)  *�

�, �"!�! ?*5+W��N5) �*�, # U�>!� $�%	 > 0 (& = 1,2, … , #) ��  "�[��* 6:�) �+01 "5�  ��"(. 
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6:� )1:( J�$K) �.*! ���U��  �2��3j  4*���	 = �x	 , z	 , y	�.  

ZN�T� M�* �"�"!�! 4�$) �0 E�* M�* �, l�� #��-�2��� Q*��N5) # �>!�U ! ��- ���$) ��-�.*!J�$K) -

!"  �2��3��.���, �*w�)�)# �, Q�5r��	 = ('�)(1�̅�	   �� = 1,2, … , �� #� 	 = () )(1� ̅	   �ℎ = 1,2, … , ��  !$%	 = (*%)(1$�%	   �& = 1,2, … , #� �, �� ^��c� �" �0 �2*

?;  

'� = �+�	,1,2,…,-.�̅�	/ 0 ���	,1,2,…,-.�̅�	/, �� = 1,2, … , ��, 
) = �+�	,1,2,…,-.� ̅	/ 0 ���	,1,2,…,-.� ̅	/, �ℎ = 1,2, … , ��, 
*% = �+�	,1,2,…,-.$�%	/ 0 ���	,1,2,…,-.$�%	/, �& = 1,2, … , #�. 

  "��, l�� E7)�, #��m�� ^��c��W5$��-��N5) ?�:�* ��  ��)��!�+�(��- 6.*�� �, �z�+�� �, #4!" ! �!*

�2��� Q�5r ]10[: 

23(1) = ⎩⎨
⎧(x, z)77 ∑ 9	�1�x	 : x,   -	,1

∑ 9	�1�z	 ; z,-	,1∑ 9	�1� = 1,   -	,1 9	(1) ; 0 (� = 1,2, … , �)⎭⎬
⎫

,                )1(  

23(2) = ?(z, y)7 ∑ 9	�2�z	 : z,   -	,1
∑ 9	�2�y	 ; y,-	,1∑ 9	(2) = 1,   -	,1 9	(2) ; 0 (� = 1,2, … , �)@,                   )2(  

?; �" �0 9	(1)
  !9	(2)

 �, �z�+�� #Q�� ��-��m�� w�)�) �,�2* 4!" ! �!* 6.*��. 
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3    �"�@+��� I!� ,�()� �*�J�$K) ��-�.*!  ��+, ��/� �*��0  �2��3

�:(�  

*��,* #pq, M�* �" #�W�Z���V ��� P� ���Z� �,  �����+� �, ��-�.*!J�$K)!"  �2��3��.�� �*0 �*��

��U*"�� ��/� �, jk� ! *�*� ��!� � "*" ���5� 6��7) �, �+�(� #�:(� ��- �,)��( ��-�.*! M�* ��+,

!".�����* *��0��/� � ��.J��*"��  

1,3 . �����+�J�$K) ��-�.*! �2��3 ��/� �*��0 �:(� 

 *��,* �*�2* �*�, *� ��� �W�Z���V ������3 ��*��0  �.*!J�$K)!"  �2��3��.�� �*�,����* E7) ���A = (xA, zA, yA), B ∈ �1, … , �� �� ���Z�J�+0: 

Min   GA = H2 0 GA(1)I H2 + GA(2)IK   

s.to: ∑ 9	(1)��	-	,1 + #�((1) = ��A ,   � = 1,2, … , �; ∑ 9	(1)� 	-	,1 0 # L(1) = � A ,   ℎ = 1,2, … , �; 

∑ 9	(1) = 1,-	,1      9	(1) ; 0,   � = 1,2, … , �; 

∑ 9	(2)� 	-	,1 + # ((2) = � A ,   ℎ = 1,2, … , �; ∑ 9	(2)$%	-	,1 0 #%L(2) = $%A,   & = 1,2, … , #; 

∑ 9	(2) = 1,-	,1      9	(2) ; 0,   � = 1,2, … , �; 

#�((1) ; 0,   � = 1,2, … , �,      # L(1) ; 0,   ℎ = 1,2, … , �;  #%L(2) ; 0,   & = 1,2, … , #,      # ((2) ; 0,   ℎ = 1,2, … , �;  

 �" �0 ?;#�((1) (� = 1,2, … , �)  !# L(1) (ℎ = 1,2, … , �) �,?��2 w�)�) �:$0 ��-��m��  �+-"

�, �z�+�� �"!�!�>!�U ! �-�!* ��.�� ��-  !# ((2) (ℎ = 1,2, … , �)  !#%L(2) (& = 1,2, … , #) 
�,?��2 w�)�)- �"!�! �, �z�+�� �:$0 ��-��m��  �+-"�>!�U ! ��2* 4!" ��.�� ��- M�* �" #M�+S$- .

#��� 

GA(1) = �1 (� + �)⁄ � H∑ H#�((1) ��AN IO�,1 + ∑ H# L(1) � AN IP ,1 I  
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!  

GA(2) = �1 (� + #)⁄ � H∑ H# ((2) � AN IP ,1 + ∑ H#%L(2) $%AN IQ%,1 I. 

) ���3#( �,��� ]9U ��-CCR  !BCC ��� �0�W�Z� ���-E�* �W�Z���V �N�� #�2* �, #!� M�* �* .

,�) ��� ���3��03( �� ����, :�0 J�+0»1« ��; �"!�! p-�0 ?�:�*��- ��A  (∀�)  !� A  (∀ℎ) �, -

� �" w�)�)�W5$� ��N5) ?�:�* ��-23(1)
  !23(2)

 "�*" "5>!�  !»2« �>!�U p�*X�* ?�:�* ��; ��-

� A  (∀ℎ)  !$%A (∀&) �,�W5$�� �" w�)�) ��N5) ?�:�* ��-23(1)
  !23(2)

 .�"�*" "5>! �, #!� M�* �* 
�+�$0 ]�- _,�) ?"5$2 ��) �3�� (J��*"��; �* .��2  _,�) �0�, ��� M�* ]�-�+�$0 ! E�* ��B0 Q�5r 

�+� ?; ?"5$2�, � �� ��q� p�*X�* ! Q�5r p-�0""�3# ��* M�* p�*X�* LW�,  �:$0 ��-��m��

#�((1) (∀�) ## L(1) (∀ℎ) ## ((2) (∀ℎ)  !#%L(2) (∀&) ��"5�) "5�8 �, �>5) �, #M�*�,�+, .1-3) ! (4 -
3(# �"!�!�- ���A  (∀�)  !� A  (∀ℎ) p-�0 ����� ! M�+S$- ) "5�8 �, �>5) �,2-3) ! (5-3#( �>!�U -

��- � A  (∀ℎ)  !$%A (∀&) �� p�*X�*.�+,��  

, �,���0) ��� ?"�,3 �3* #( �* �:� 68*�.�<+�@, �" �:$0 ��-��m�� ���, E(`� �*�c� �*�*"#  �+Z� M�* �,
E�* �* �0�"!�! �* �:� 68*�. �" "5(@, ?�:�>!�U �� �2��� Q*��N5) �� �- ��-���A "�*" "5>!  �")

#EN�. M�* 0 < GB∗ < 1( . ��*�+��, �[r �*�c� �*�*" �<+�@, �" �:$0 ��-��m�� 4�$) �0 ��N�. �"M�* # 
0 E�* �+Z� M��,{�- �" "5(@, ?�:�* ��"!�! �* P�-� Q*��N5) #��>!�U ! �2�� ��-���A  "5>!

2E�*" �-*5q #EN�. M�* �") GA∗ = 1(.  

 ��t81) ��� .3.E�* �2�� (  

�0 ����2; �* .Q�(o*  

U#�((1) = 0 (∀�), # L(1) = 0 (∀ℎ), # ((2) = 0 (∀ℎ), #%L(2) = 0 (∀&), 9A(1) = 9A(2)
= 1, 9	(1) = 9	(2) = 0 (∀�; � ≠ B)X 

2�� =*5> P�) ��� �*�, �3�� (#��� M�* #!� M�* �* #���, .E�* �2��■  

J�+0 l�� �GA∗, s((1)∗, sL(1)∗, s((2)∗, sL(2)∗, λ(1)∗, λ(2)∗� �+�@, =*5> P� ,�E�"�*  ��;  ���

)3.���, (  
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��Z) Y1 (�:(� �*��0) . �.*!J�$K)2��3!"  ���.�� �*���A ”�:(� �*��0“ ��  ����2"5�  �3�- 

{�- �" "5(@, ?�:�*�"!�! �* P��>!�U ! �2��� Q*��N5) #�-���, ���*�2 "5>! ?; ��-. �, #�<�" Q��(W ���A E�* �:(� �*��0  �3�- GA∗ = 1. �+Z�) Q�5r M�* ��V �" 0 < GB∗ < 1( �*��0�2 *� ?; #
�� �:(�.J���2  

  �K()1 .�0 ��N�. �" ���A  �:(� �*��0#E�* ���A(1)
  !���A(2)

 �,��-��� �!� w�)�) �*��0 

 �5823(1)
  !23(2)

 �2�*" �*�8s ) ��� �*  ��; E��, �:$0 ��-��m�� 4�$) #EN�. M�* �" *���3(�[r �,*�, #.�2  
  �K()2 �0 ��N�. �" .���A �2�*��0  �*�8�, ��� f�*�� �* �:� 68*�. #E�* �:(�"5, �-*5U:  

 ���A(1)
 �58 �*��0 ��� �!�23(1)

  �+Z� #�2�*�2 �*�8GA(1)∗ > 0# 

 ���A(2)
 �58 �*��0 ��� �!�23(2)

  �+Z� #�2�*�2 �*�8 GA(2)∗ > 0.  

�Z)Y� 2 )_>�� �W5$�� .(�W5$���z�+�� _>�� ��-  �,���A(1)
  !���A(2)

 �, *��, w�)�)��� Q�5r 
�� Y��Z):J�+0  

[A(1) = \���A(1)]9	(1)∗ ; 0 , � ∈ �1,2, … , ��^ 

! 

[A(2) = \���A(2)]9	(2)∗ ; 0 , � ∈ �1,2, … , ��^ 

 �" �0 ?;9	(1)∗
  !9	(2)∗

 �,=*5> w�)�) ��-, �+�@,�E�"��� �*  ��;) ��-4) ! (5���) ( ��-BCC 
�"!�! �57��� (:�+��,  

Min   _ 0 ` H∑ #�((1)O�,1 + ∑ # L(1)P ,1 I  

s.to: ∑ 9	(1)��	-	,1 + #�((1) = _��A ,   � = 1,2, … , �; 

∑ 9	(1)� 	-	,1 0 # L(1) = � A ,   ℎ = 1,2, … , �; ∑ 9	(1) = 1,-	,1      9	(1) ; 0,   � = 1,2, … , �; 

#�((1) ; 0,   � = 1,2, … , �,      # L(1) ; 0,   ℎ = 1,2, … , �. 

 Min   a 0 ` H∑ # ((2)P ,1 + ∑ #%L(2)Q%,1 I  
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s.to: ∑ 9	(2)� 	-	,1 + # ((2) = a� A,   ℎ = 1,2, … , �; 

∑ 9	(2)$%	-	,1 0 #%L(2) = $%A,   & = 1,2, … , #; ∑ 9	(2) = 1,-	,1      9	(2) ; 0,   � = 1,2, … , �; 

#%L(2) ; 0,   & = 1,2, … , #,      # ((2) ; 0,   ℎ = 1,2, … , �. 
�Z)Y� 3 ):(� ��/� �*��0� .(J�$K) �.*! �2��3 �:(� �*��0 ���A ”�:(� ��/� �*��0“ ��  ����2 -

"5�  �3�- �+Z� #?; 4!" ! �!* 6.*�� ���A(1)
  !���A(2)

# �,�" w�)�) 23(1)
  !23(2)

  ��/� �*��0

s�+��,  #�<�" Q��(W �,���A �0 �3�- E�* �:(� ��/� �*� [A(1) = b���A(1)c  ![A(2) =
b���A(2)c Y��Z) �, �>5) �,) #2.(  

2,3. �()�J�$K) ��-�.*! ��+,�:(� ��/� �*��0  �2��3  

�W5$�� #?5+0*��- J�$K) ��-�.*!�*��0  �2��3 �:(� �:(� ��/� �*��0 ! �, *��� �\2 �" ��� Q�5r -

:J���3 

d[ = ����	
E�* �:(� �*��0 ���	� = b���	eGA∗ = 1 , � ∈ �1,2, … , ��c,  

d[[ = ����	
E�* �:(� ��/� �*��0 ���	� =
\���	][A(1) = b���A(1)c  ! [A(2) = b���A(2)c^, 

 #Q�5r M�* �" Y��Z) �, �>5) �,3 �3* �0 E�* }�*! #���A ���, �:(� ��/� �*��0# 2; �*��0  �<

"5, �-*5U X�2 �:(� �+Z� #d[[ ⊆ d[s .EB�2 �*�8�, ���!XN #w�T� M�* j:W �N!  

 �3*���A �+Z�) ���(2 �:(� ��/� �*��0 ���A ∉ d[[ Y��Z) �*  �<2; #(3 �� ����2 �- �0 "5�

 !"���A(1)
  !���A(2)

 J- �, �� ! �:�  �@2; �*�B�2 ��/� �*��0�+.  �W5$�� �* ?; ]H. #!� M�* �*
."*" �-*5q2 ���m) *� ��.�� ?; �, �z�+�� ��N5) ?�:�* �W5$�� #�i5,�� ��.�� Q*�-���  �3* �N!���A ∈

d[[�, �>5) �, #Q�5r M�* �" # Y��Z)3# !" �- ���A(1)
  !���A(2)

 � �*��0�/ M�*�,�+, !  "5, �

�, �@2; ]H. �" ���m) LW�, #4!" ! �!* 6.*�� Q*�-��� �W5$�� �* w�)�)23(1)
  !23(2)

 .�� �-*5U  #*HN
�W5$�� *� ��� ���> ��N5) ?�:�* ��-E�*" J�-*5U:  
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2′3(1) = ?(x, z)7 ∑ 9i	�1�x	 : x,   -	,1,	jA ∑ 9i	�1�z	 ; z,   -	,1,	jA∑ 9′	(1) = 1,   -	,1,	jA 9′	(1) ; 0 (� = 1,2, … , �; � ≠ B)@,     )6(        

2′3(2) = ?(z, y)7 ∑ 9i	�2�z	 : z,   -	,1,	jA ∑ 9i	�2�y	 ; y,   -	,1,	jA∑ 9′	(2) = 1,   -	,1,	jA 9′	(2) ; 0 �� = 1,2, … , �; � ≠ B�@.    )7(        

 ?; �" �09′	(1)
  !9′	(2)

 �, �, �z�+�� #Q�� ��-��m�� w�)�)2′3(1)
  !2′3(2)

 �+�B-.  
 ��� #jk��W�Z���V  �*�2* �*�, *� �����*��0 ���3 J�$K) ��-�.*! �2��3 �0 �*�2�:(� �*��0�2* �+Z� # ���k ∈ � 0 d[�� �\2 �" #:J���3 

Min   GkA = H2 0 GkA(1)I H2 + GkA(2)IK   

s.to: ∑ 9′	(1)��	-	,1,	jA + l�((1) = ��k ,   � = 1,2, … , �; 

∑ 9′	(1)� 	-	,1,	jA 0 l L(1) = � k,   ℎ = 1, … , �; ∑ 9′	(1) = 1,-	,1      9′	(1) ; 0,   � = 1,2, … , �; � ≠ B; 

∑ 9′	(2)� 	-	,1,	jA + l ((2) = � k,   ℎ = 1,2, … , �; 

∑ 9′	(2)$%	-	,1,	jA 0 l%L(2) = $%k,   & = 1,2, … , #; ∑ 9′	(2) = 1,-	,1,	jA     9′	(2) ; 0,   � = 1,2, … , �; � ≠ B; 

l�((1) ; 0,   � = 1,2, … , �,      l L(1) ; 0,   ℎ = 1,2, … , �; l%L(2) ; 0,   & = 1,2, … , #,      l ((2) ; 0,   ℎ = 1,2, … , �; 

 ?; �" �0l�((1) (� = 1,2, … , �)  !l L(1) (ℎ = 1,2, … , �) �,?��2 w�)�)�+-" ��-��m��   �:$0

 �, �z�+���"!�!�>!�U ! �- �" �!* ��.�� ��-2′3(1)
 M�+S$- ! #l ((2) (ℎ = 1,2, … , �)  !

l%L(2) (& = 1,2, … , #) �,?��2 w�)�)z�+�� �:$0 ��-��m��  �+-"�"!�! �, ��>!�U ! �- ��.�� ��-

 �" 4!"2′3(2)
 ��, .�+��,�#��� M�* �" # !9W 
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GkA(1) = �1 (� + �)⁄ � mn Hl�((1) ��kN IO
�,1

+ n Hl L(1) � kN IP
 ,1

o 

!  

GkA(2) = �1 (� + #)⁄ � H∑ Hl ((2) � kN IP ,1 + ∑ Hl%L(2) $%kN IQ%,1 I.   

 ��t82) ��� .8.E�* �2�� (  
�0 ����2; �* .Q�(o*  

Ul�((1) = 0 (∀�), l L(1) = 0 (∀ℎ), l ((2) = 0 (∀ℎ), l%L(2) = 0 (∀&), 9′k(1) = 9′k(2)
= 1, 9′	(1) = 9′	(2) = 0 (∀�; � ≠ p, B)X 

) ��� �*�, �2�� =*5> P�8 (��.E�* �2�� #��� M�* M�*�,�+, #���,■  

 ��t83 . �3*���A ∉ d[[  �<2;#  P� 68*�. �*�,q �0 q = 1,2 :J��*" Gk(r)∗ = GkA(r)∗.  

.Q�(o*  �3*���A ∉ d[[�* �:� 68*�. #Q�5r M�* �" # ���A(1)
  !���A(2)

 EB�2 ��/� �*��0 ! 

.�, �@2; ]H 6.*�� Q*�-��� �W5$�� �* w�)�)�W5$�� �" ���m) LW�, #4!" ! �!* ��N5) ?�:�* ��-23(1)
  !

23(2)
 :E�*" J�-*5U *HN #�� �-*5q2 23(1) = 2′3(1)

  ! ��23(2) = 2′3(2)
. ��� 6. �* �Z, #M�*�,�+,) ��-3 (

) !8�� ����2 #( �0 "5�Gk(1)∗ = GkA(1)∗
 !  ��Gk(2)∗ = GkA(2)∗

.■ 

 #?5+0*Tc2�  �, �z�+�� *� ������A ∈ d[[  ��t� �"ℝtu%v(w(xy) �,�� �\2 �" ��� Q�5r:J���3 

uA = �GkA∗ � ∈ ℝtu%v(w(xy),     ∀���k ∈ � 0 d[;          )9(  

,�#�<�" Q��(W �[N����- uA ��*��0 ��"�c� �-�.*!���2* �, �0  �W5$��� 0 d[ �2�*" ��Z)"�c� M�* . ��

��*��0 ��� �* )8, (� E�"�� �* ��$0 �� ! P� �, �,*�, E�* M:$� �0 �+�;?; .�+��,  
 ��. �Tc2 ��* �;(I)  ��t� �" *�ℝtu%v(w(xy) �, Y��Z) ��� Q�5r��:J�+0 

I = �1,1, … ,1� ∈ ℝtu%v(w(xy); 

�,#�<�" Q��(W �Tc2  ��* �;�Tc2�* �0 E�* �[N����- . ?;�`0*� ��-�.*! �*�, ��*��0 ��"�c� �, ��Z�� 

 �W5$��� 0 d[ *� �� ?��2�+-". ��2; �*  �0 "*" ���5� 6��7) �" �- �`0*�. P� �,*�, ��*��0 �*�c�
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E�* ]12[� ���$) #�[N� ��* �Tc2 ��- ����3 �\2 �" P� �, �,*�, �;�� ?; ?����2 �;  ��* 6�N" M�* ! �25�

.E�*  

�� �*�8:J�-" 

δA = ‖I 0 uA‖2 = U∑ �1 0 GkA∗ �2~���∈w(xy X1

2 ,     ∀���A ∈ d[[; )10(          

#�<�" Q��(W �, ) �T,*�10�Tc2 �����8* ��r�� ( uA  ��* �Tc2 �* *��; �� ?��2.�-"  

��.  ��"�c� �, �>5) �,�A ,�E�"�T,*� �*  ��; )10 #(�()� �, ��+,J�$K) ��-�.*! ��/� �*��0  �2��3
 �W5$�� �, ��Z�� �0 ���-�.*! �+Z�) �:(�d[[ (�+�B- ��.J��*"�� �� �- �0 Q�5r M��,  �*�c��A 

P�50���, �)#  �()����A �, ."5, �-*5U ��@, �, #�<�" Q��(W���A P�50 �0 ��* M��)�A  #"�*" *�

”� �()1“  &�K�U*��  "*""5�s  #EN�. M�* �" *��� �Tc2uA J0�) *� ��r�� M��)  ��* �Tc2 �;E�*" �-*5U .

�+Z� ?*�, #w�T� M�* * ]H. �0 E����A(1)
  !���A(2)

 �, ! �!* 6.*�� Q*�-��� �W5$�� �* w�)�)

 #4!"w>5� ���0 "5� ��-��� ��!�+�, ��-�E�" ��; 2′3(1)
  !2′3(2)

 �,w�)�) J0�) *� ��r�� M��) 

�*��0�2 ��-�.*! ���k(1)
  !���k(2)

 �+��, ���*".  
M�+S$-# �,#�,��� �5i  �, ���A�* v�X, �0 M��)�A  #"�*" *�”�()� M��U;“ �� &�K�U*�,��  �" *���

 #EN�. M�* ]H.���A(1)
  !���A(2)

 �, #4!" ! �!* 6.*�� Q*�-��� �W5$�� �* w�)�)�� LW�,"5� 

�0 ��-��� ��!�+�, ��-�E�" ��; 2′3(1)
  !2′3(2)

 �,w�)�) p�, �*��0�2 ��-�.*! �) *� ��r�� M��)

���k(1)
  !���k(2)

 ��*"�+��, �M�*�,�+, .# EN�. M�* �" # �Tc2uA p�,�) *� ��r�� M��)  ��* �Tc2 �;

E�*" �-*5U. 

4    ��`��-  

1,4 .�"�W ��`�  

�, #pq, M�* �" *�*�#�"�W ��`� P� � �� �"�@+��� I!� �"5@� ��B[) �, #�5\+� M��, .J��*"��?�$- -

�253  �!�> �" �01  ��  "*" ?��2 �.*! E�- #E�*J�$K)!"  �2��3��.���* !�! P� �, *� �"(�) P� #

 �2��� ��N5)(�)  �>!�U P� !($) �� �\2 �"J���3�� �*�8 #*HN .:J�-"  � = b���	 = H�	(1), �	(2)I e� = 1,2, … ,8c, 

?; �" �0 �	(1) = ��	 , �	�  !�	(2) = ��	 , $	�.  
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�!�> )1:(  "*" �W5$��J�$K) ��-�.*! ��-  �2��3.(�"�W ��`� �, �5,��)  

$K) �.*!J�3 �2�� 1  2  3  4  5  6  7  8  

�"!�! 1  3  2  4  6  8  11  7  

��N5) ��2�� 2  3  7  11  13  15  16  8  

�>!�U 2  5  10  12  5/12  13  13  6  

  

6:� )2:( ��!�+���- ��6.* �!* 4!" !# J�$K) ��-�.*! �, �z�+��  �2��3.l!�[� 

�0 E�*  �� l�� #��`� M�* �" #M�+S$- � #�  !$ �.*! J-�, �, ����2 M�*�,�+, �2* �@2; ?"�0 ^��c�
�$2 6:� .���,2 ��!�+� X�2 ?��2 *�  ��  "*"  �2��3 J�$K) ��-�.*! �, �z�+�� #4!" ! �!* 6.*�� ��-

���, 4�R .�+-" �*X�* 4�2 �*  "�[��* �, Q�(��7� ���$) #��`� M�* �" �0 E�* �0CGAMS �, ! ?"�,��0

� �<��*"�� �, �)5�k��0  �<��" P2/2 GHz  �\��. !4 GB  �� 4��2*.E�*  

, �, *��,*���0��� ?"�,��- )3#( )4( ) !5( �, J�$K) ��-�.*! M��Z) �2��3 ! �:(� �*��0 � �*��0 ��/

�� �:(�J��*"��  6:� �" �02  �� xq�� X��8 �2� �,�2* �!�> .2 , |���2�E�"��� M�* 6. �*  ��;�- 
�� ?��2 *�.�-" �,J�$K) �.*! #��`� ?*5+W  �2��31  .����<, �\2 �" *� �!�>2 �� ?��2 M�* �*�, �0 �-"

�.*! J��*" G1
∗ = 1 !  [

1

(1) = \���
1

(1)^  ![
1

(2) = \���
1

(2)^s  Y���Z) �, �>5) �, *HN1  !3 #
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J�$K) �.*!  �2��31 E�* �:(� ��/� �*��0. �, #�,��� �5iJ�$K) ��-�.*!  �2��33 #4  !6  X�2 �*��0

�:(� ��/��2*.  

,�J�$K) �.*! # !9W  �2��35 �� �:(� �*��0EB�2 �:(� ��/� �*��0 �N! ���,. *���?�$- # �" �0 �253

 �!�>2 ��  ��" #"5�G5
∗ = 1 #[

5

(1) = \���
4

(1), ���
6

(1)^  ![
5

(2) =
\���

4

(2), ���
6

(2)^.  

 #M�+S$-$K) ��-�.*!J�  �2��32 #7  !8 �:(� �*��0�2 �2* #*���?�$-�0 �253  �!�>2 �� ?��2�-" #

J�$K) ��-�.*! M�* �*�, �2��3 0 < GB∗ < 1.  
�� ����2 #M�*�,�+,:�0 "5�  

d[[ = ����1, ���3, ���4, ���6�,  

d[ = ����1, ���3, ���4, ���5, ���6�,  

� 0 d[ = ����	
� = 1,2,3,4,5,6,7,8� 0 d[ = ����2, ���7, ���8�. 

�, �, #jk�) ��� ?"�,��08) f,*!� ! (9) ! (10 ��"�c� #(uA  !�A J�$K) ��-�.*! �, �z�+�� �*��0  �2��3
 ��/��� E��, *� �:(� �!�>) J��!;3  �!�> .("5�  ��"3 �� ?��2 �0 �-"�3 < �4 < �6 < �1 s

J�$K) ��-�.*! #�"�@+��� I!� �, �>5) �, M�*�,�+,  �2��33 #4 #6  !1 �,�()� #w�)�) ��-1 #2 #3  !4  *�

.E�*" �+-*5U  

 6:�3 �()� I!� �"5@� ��B[) �" *� �"�@+��� ��+,�t� �ℝtu%v(w(xy) = ℝ3 �� ?��2 �" .�-"
 ��c2 #6:� M�*u6 #u1 #u4  !u3 �,�2� �, w�)�) ��* �Tc2 #M�+S$- ! �,; ! p[+, #X(� #X��8 ��- �;

 I  ��  "*" ?��2 �:�� �2� �,.�2*  

?�$- 6:� M�* �" �0 �2533 ��  ��" �Tc2 "5�u3 J0 ��* �Tc2 �) *� ��r�� M��)s"�*" �;  �+Z��3 =
0/513337 J0�� ?��2 *� ��r�� M��) #!� M�* �* .�-" �()�”P�“  �� &�K�U*  �2��3 J�$K) �.*! M�* �,

�0 E�* �+Z� ?*�, w�T� M�* .�,��   �2��3 J�$K) �.*! 4!" ! �!* 6.*�� ]H.3�, # �W5$�� �* w�)�)

 Q*�-��� 6.*��p�, LW�, #4!" ! �!* ��-��� �!� �, ��o�) M��)23(1)
  !23(2)

 6:� �"  ��  "*" ?��2 #
2�� #��!�+� ��-��� #!� M�* �* ."5��, ���> ��-E�"�, # ��;J0 w�)�) ��-�.*! �) *� ��r�� M��)

J�$K) �*��0�2  �2��32 #7  !8 .E�*" �+-*5U 
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�!�> )2:( , |���2�E�";��� �*  ����- )3#( )4( ) !5(  Y���Z) !1  !3 .(�"�W ��`� �, �5,��)  

 �.*!

$K)J� 

3 �2�� 

 ���

)3(  
) ���4(  ) ���5(   E�Z�!

��*��0  GA∗ λ(1)∗ [A(1)
 λ(2)∗ [A(2)

 

1 1 (1,0,0,0,0,0,0,0) b���
1

(1)c (1,0,0,0,0,0,0,0) b���
1

(2)c 

*��0 �

 ��/�

�:(� 

2 5/0  (0,0, 5/0 , 5/0 ,0,0,0,0) ⎩⎨
⎧���

3

�1�,
���

4

(1) ⎭⎬
⎫

 (0,1,0,0,0,0,0,0) b���
2

(2)c 
 �*��0�2

�:(� 

3 1 (0,0,1,0,0,0,0,0) b���
3

(1)c (0,0,1,0,0,0,0,0) b���
3

(2)c 

 �*��0

 ��/�

�:(� 

4 1 (0,0,0,1,0,0,0,0) b���
4

(1)c (0,0,0,1,0,0,0,0) b���
4

(2)c 

 �*��0

 ��/�

�:(� 

5 1 (0,0,0, 5/0 ,0, 5/0 ,0,0) ⎩⎨
⎧���

4

�1�,
���

6

(1) ⎭⎬
⎫

 (0,0,0, 5/0 ,0, 5/0 ,0,0) ⎩⎨
⎧���

4

�2�,
���

6

(2) ⎭⎬
⎫

 
 �*��0

�:(� 

6 1 (0,0,0,0,0,1,0,0) b���
6

(1)c (0,0,0,0,0,1,0,0) b���
6

(2)c 

0 �*��

 ��/�

�:(� 

7 985/0  (0,0,0,0,0,0,1,0) b���
7

(1)c (0,0,0,0,0,1,0,0) b���
6

(2)c 
 �*��0�2

�:(� 

8 667/0  (0,0,0,1,0,0,0,0) b���
4

(1)c (0,0,1,0,0,0,0,0) b���
3

(2)c 
 �*��0�2

�:(� 

�!�> )3:( , |���2�E�") ��� �*  ��;8) f,*!� ! (9) ! (10( .(�"�W ��`� �, �5,��)  

$K) �.*!J�3 �*��0  �2��

�:(� ��/�  
G2A∗  G7A∗  G8A∗  uA �A �()� 

1  5/0  985/0  667/0  ( 5/0 , 985/0 , 667/0 ) 600928/0  4  

3  583/0  985/0  701/0 ( 583/0 , 985/0 , 701/0 ) 513337/0  1  

4  542/0  985/0  675/0  ( 542/0 , 985/0 , 675/0 ) 955617/0  2  

6  5/0  1  667/0  ( 5/0 ,1, 667/0 ) 600740/0  3  
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6:� )3:( �"�@+��� I!� �"5@� ��B[) �()� �"J�$K) ��-�.*! ��+,.l!�[�  �2��3  

 6:� #M�+S$-3 �� ?��2 �Tc2 �0 �-"u1  ��* �Tc2 �) *� ��r�� M�����,#�+Z� ."�*" �;  �!* 6.*�� ]H.

J�$K) �.*! 4!" !  �2��31�, #�) Q*�-��� �W5$�� �* w�)J0 #4!" ! �!* 6.*�� �!� �, *� ��o�) M��)

 ��-���23(1)
  !23(2)

  �()� #M�*�,�+, .E�*" �-*5U”��@�“ J�$K) �.*! M�* �,��  "*" &�K�U*  �2��3 ."5�
�, �Tc2 #6:� M�* �, �>5) �, # !9Wu4 J0 ��r�� ��* �Tc2 �) ��)Tc2 �, E(B2 �; �u6  �+Z� s"�*"�4 < �6�()� #!� M�* �* s ��-2  !3 �,J�$K) ��-�.*! �, #w�)�)  �2��34  !6 �� &�K�U*.�+,�� 

  

2,4 .�"�,��0 ��`�  

*�* �, #pq, M�* �"����, �, #�"�,��0 ��`� P� �! ��U*"�� �"�@+��� I!� "�,��0 � �B��c� |���2 M�, �*
,�E�"+��� I!� �*  ��;�()� I!� ! �"�@f�5)  �� ���Z� ��+,  �B$U ! M�$2  "*��.*]1[ �� 4��2* -

J�-"M�* �* . �W5$�� #!� �* �*30  �.*!J�$K)!"  �2��3��.���*  �"!�! !" �,(�1, �2) �2��� ��N5) !" # (�1, �2)  �>!�U !" !($1, $2) �� �\2 �" *� �!�>) J���34 "5�  ��"( �0 ?*��:$- ! j�)5k�" �* 

]13[  �� ^�(�8*�2*. �, 4�R��*�* I!� �0 E�* �0C ?*��:$- ! j�)5k�" f�5)  ��]13[ �()� �, ��+,

J�$K) ��-�.*!�+�  �2��3��.���$2 �*s"�*"�� ��!� �:�, �, �*�2* �*.*! M�* ��*��0 ���3J�$K) ��-� -

��  �2��3.���,   
-�.*! M�* #��`� M�* �"�,  �2��3 J�$K) ��E0�� ?*5+W �� ����3 �\2 �" �$�, ��- !" �*�*" �0 �2*

 �"!�!–  ?*�+���0 h5c.(�1) �+�X- !EU*"�� ��- 90! ! ?*�*X3��0 �,  ��(�2) �2��� ��N5) !" #–  �.

�$�, ?������ �* ������" �$�,  ��(�1) E0�� �* ������" �$�, �. !+0�*H3*! ��-  �+(�2)  �>!�U !" !
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–  �$�, Q���) �* 6r�. "5�($1) ������ �* 6r�. "5� ! ��*H3($2) �� "*" �0 "5� �>5) .�+��, ��-

p��$2 "*" �!�> �"  ��4 �R" �*X-  " wB.�,�, 4�R .�2* �, Q�(��7� ���$) #��`� M�* �" �0 E�* �0C

4�2 �*  "�[��* �*X�*GAMS �, !�0� �<��*"�� �, �)5�k��0  �<��" P� ?"�,2/2 GHz  �\��. !4 GB 

 �� 4��2*.E�*  
�!�> )4:( W5$�� "*" �J�$K) ��-�.*! ��- �2��3 .(�"�,��0 ��`� �, �5,��)  

J�$K) �.*! �2��3  �1 �2 �1 �2 $1 $2 

1  5/69  6/68  6/56  4/84  7/48  8/62  

2  2/40  2/66  88  2/47  8/85  3/28  

3  3/81  8/89  4/44  4/18  3/38  7/20  

4  55  9/97  7/28  6/41  2/38  3/10  

5  2/56  1/59  5/26  7/52  2/44  4/17  

6  8/64  4/64  7/14  5/70  6/86  9/22  

7  2/79  1/68  5/63  3/39  6/47  35  

8  36  3/74  6/66  4/57  3/40  8/94  

9  8/10  3/10  5/46  9/47  5/57  2/95  

10  7/17  6/93  9/35  7/58  9/45  12  

11  8/38  5/97  2/55  7/41  5/60  7/82  

12  9/60  4/96  86  9/28  1/93  3/72  

13  3/70  8/45  3/65  3/35  3/34  8/98  

14  5/20  6/75  1/13  60  3/53  3/18  

15  9/17  8/74  2/54  7/66  1/52  8/15  

16  8/51  8/19  3/52  2/74  6/73  7/84  

17  3/11  3/27  7/42  3/72  9/68  4/37  

18  7/58  1/42  9/95  6/26  6/51  4/96  

19  4/41  6/51  83  4/75  5/20  72  

20  7/99  1/87  5/87  9/96  6/58  39  

21  6/25  6/14  52  1/19  3/44  3/51  

22  1/65  3/97  4/79  68  8/53  5/55  

23  4/40  33  5/74  7/21  9/13  7/55  

24  4/19  1/20  5/77  1/74  9/60  71  

25  2/54  3/99  8/20  9/69  8/47  2/12  

26  1/80  5/27  3/51  8/95  7/21  6/12  

27  9/82  1/38  3/43  3/75  8/16  6/26  

28  6/98  8/81  8/93  9/15  3/40  8/35  

29  3/77  3/40  6/95  5/52  1/96  2/44  

30  6/38  3/58  8/37  1/66  16  9/69  
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, �, *��,*���0,��� ?"�) ��-3) #(4) ! (5�, ()J�$K) ��-�.*! ��*��0 E�Z�! M��Z�3l!�[�  �2��� #-

 �!�> .J��*"��5 �, |���2E�"��� M�* �*  ��;�� ?��2 *� �-.�-"  �!�> �, �>5) �,5  Y���Z) !1  !3 #

J�$K) ��-�.*!  �2��39 #18  !29 �:(� ��/� �*��0�2* �-�.*! M�* �*�, *���# GA∗ = 1 �W5$�� ! ��-

#�@2; _>�� ?��"5U�2*. #M�+S$- J�$K) ��-�.*! �<�" �*�,�0  �2��3 GA∗ < 1# �, �>5) �,Y��Z) 1  M�*

�:(� �*��0�2 �-�.*!�2*s :E�*" J�-*5U M�*�,�+,  

d[ = ����9, ���18, ���29�,    d[[ = ����9, ���18, ���29�,  � 0 d[ = ����	
� = 1,2, … ,30� 0 d[ = ����	
� = 1,2, … ,30 ; � ≠ 9,18,29�. 

�, #jk��()� �5\+�J�$K) ��-�.*! #��+, ��-�.*! �+Z�) �:(� ��/� �*��0  �2��39 #18  !29 �* *� (

�, �, !  "�0 ]H. #Q*�-��� �W5$����0) ��� ?"�,8J�$K) ��-�.*! ��*��0 �(��7� �, #( �*��0�2  �2��3
�� #"�5� �- �" #�:(�) �T,*� �, �>5) �, .J��*"��9�* �, #(��*��0 �*  "�[� ��c2 # �� �(��7� ��-u9 #u18  ! u29  �"  ��t�ℝtu%v(w(xy) = ℝ27 �,�, ��� Q�5r�� E�":�+�; 

u9 = ( 755/0 , 792/0 , 336/0 ,  417/0 , 465/0 , 286/0 ,  556/0 , 753/0 ,  494/0 , 691/0 , 732/0 ,  679/0 , 258/0 , 538/0 , 

1, 888/0 , 663/0 ,  787/0 ,1,  692/0 ,  940/0 , 889/0 , 362/0 ,  493/0 , 458/0 ,  566/0 , 710/0 ); u18 = ( 740/0 , 789/0 , 336/0 ,  417/0 , 447/0 , 286/0 ,  547/0 , 714/0 ,  448/0 , 681/0 , 732/0 , 

679/0 , 258/0 , 507/0 ,  981/0 , 863/0 , 663/0 ,  770/0 , 663/0 , 689/0 ,  409/0 , 884/0 , 351/0 ,  476/0 , 458/0 , 

566/0 , 494/0 ); u29 = ( 740/0 , 789/0 , 336/0 ,  741/0 , 447/0 , 286/0 ,  547/0 , 714/0 ,  448/0 , 681/0 , 753/0 , 

679/0 , 258/0 , 507/0 ,  981/0 , 863/0 , 663/0 ,  770/0 , 663/0 , 690/0 ,  409/0 , 884/0 , 351/0 ,  476/0 , 458/0 , 

697/0 , 494/0 ). 

 ��* �Tc2 M���3 �\2 �" �, #��. �;I = �1,1, … ,1� ∈ ℝ27 �, !��0) �T,*� ?"�,10 ��"�c� #(�9 #�18  ! �29 �,�� �(��7� #��� Q�5r:�25�  

δ9 = �I 0 u9�
2

= U∑ �1 0 Gk,9∗ �230k,1,kj9,18,29
X1

2 = 255414/2 ; 

δ18 = �I 0 u18�
2

= U∑ �1 0 Gk,18
∗ �230k,1,kj9,18,29

X1

2 = 358605/2 ; 

δ29 = �I 0 u29�
2

= U∑ �1 0 Gk,29
∗ �230k,1,kj9,18,29

X1

2 = 335602/2 . 
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�!�> )5:( , |���2�E�"��� �*  ��;) ��-3) #(4) ! (5 ! ( Y���Z)1  !3 .(�"�,��0 ��`� �, �5,��) 

�$K) �.*! J
 �2��3  

) ���3(  ) ���4(  ) ���5(  
��*��0 E�Z�!  GA∗ [A(1)

 [A(2)
 

1  740/0  b���
17

(1), ���
24

(1), ���
26

(1)c b���
9

(2), ���
14

(2), ���
21

(2)c �:(� �*��0�2  

2  789/0  b���
2

(1)c b���
3

(2), ���
6

(2), ���
12

(2)c �:(� �*��0�2  

3  336/0  b���
9

(1)c b���
3

(2)c �:(� �*��0�2  

4  417/0  b���
9

(1)c b���
3

(2), ���
14

(2)c �:(� �*��0�2  

5  447/0  b���
9

(1), ���
17

(1), ���
24

(1)c b���
3

(2), ���
14

(2)c �2�:(� �*��0  

6  286/0  b���
9

(1), ���
24

(1)c b���
6

(2)c �:(� �*��0�2  

7  547/0  b���
9

(1), ���
24

(1)c b���
3

(2), ���
6

(2), ���
14

(2), ���
21

(2)c �:(� �*��0�2  

8  714/0  b���
9

(1), ���
24

(1)c b���
9

(2), ���
13

(2), ���
21

(2)c �:(� �*��0�2  

9  1  b���
9

(1)c b���
9

(2)c �:(� ��/� �*��0  
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10  448/0  b���
9

(1), ���
17

(1)c b���
3

(2), ���
14

(2)c �:(� �*��0�2  

11  681/0  b���
9

(1), ���
24

(1)c b���
6

(2), ���
9

(2), ���
12

(2), ���
21

(2)c �:(� �*��0�2  

12  732/0  b���
2

(1), ���
18

(1), ���
24

(1)c b���
12

(2)c �:(� �*��0�2  

13  679/0  b���
9

(1), ���
24

(1)c b���
13

(2)c �:(� �*��0�2  

14  258/0  b���
9

(1), ���
17

(1)c b���
14

(2)c �:(� �*��0�2  

15  507/0  b���
9

(1), ���
17

(1)c b���
3

(2), ���
6

(2), ���
14

(2)c �:(� �*��0�2  

16  981/0  b���
9

(1), ���
24

(1), ���
26

(1)c b���
16

(2)c �:(� �*��0�2  

17  863/0  b���
17

(1)c b���
6

(2), ���
9

(2), ���
14

(2), ���
21

(2)c �:(� �*��0�2  

18  1  b���
18

(1)c b���
18

(2)c �:(� ��/� �*��0  

19  663/0  b���
19

(1)c b���
9

(2), ���
14

(2), ���
21

(2)c �:(� �*��0�2  

20  770/0  b���
20

(1)c b���
6

(2), ���
14

(2), ���
21

(2)c �:(� �*��0�2  
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21  663/0  b���
9

(1), ���
24

(1)c b���
21

(2)c �:(� �*��0�2  

22  689/0  b���
2

(1), ���
24

(1)c b���
6

(2), ���
9

(2), ���
14

(2), ���
21

(2)c (� �*��0�2�:  

23  409/0  b���
9

(1), ���
24

(1)c b���
18

(2), ���
21

(2), ���
28

(2)c �:(� �*��0�2  

24  884/0  b���
24

(1)c b���
6

(2), ���
9

(2), ���
12

(2), ���
21

(2)c �:(� �*��0�2  

25  351/0  b���
9

(1), ���
17

(1), ���
24

(1)c b���
3

(2), ���
14

(2)c �:(� �*��0�2  

26  476/0  b���
26

(1)c b���
3

(2), ���
14

(2)c �:(� �*��0�2  

27  458/0  b���
9

(1), ���
24

(1), ���
26

(1)c b���
3

(2), ���
14

(2), ���
21

(2)c :(� �*��0�2�  

28  566/0  b���
2

(1), ���
18

(1), ���
24

(1)c b���
28

(2)c �:(� �*��0�2  

29  1  b���
29

(1)c b���
29

(2)c �:(� ��/� �*��0  

30  494/0  b���
9

(1), ���
17

(1), ���
24

(1)c b���
6

(2), ���
9

(2)c �:(� �*��0�2  
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�� #�+0�.*! �� M�* �* P� �- �, ��-J�$K)!"  �2��3��.���* ()� #*��0 �1 �� &�K�U* *�.�-"  

�� ?��2 ��`� M�* M�*�,�+,�()� �, �"�8 �"�@+��� I!� �0 �-"!" ��-�.*! ��+,��.���� *��0 �* �" ���,

�N�.�0 �()� I!���+,  ! M�$2  "*��.* �B$U]1[ �, �"�8X��$)6��8 ��-�.*! M�, ?��J�$K)!"  �2��3 -

��.���* � ��)�, w�T� M�* .EB�2 �*��0�()� I!I!� �, E(B2 *� �"�@+��� ��+, �()���+,   "*��.*

 ! M�$2 �B$U]1[ �� ?��2.�-" 

�!�> )6:( , |���2�E�"�"�@+��� I!� �*  ��;  ! M�$2  "*��.* I!� ! �B$U]1[ .(�"�,��0 ��`� �, �5,��) 

$K) �.*!J�3 ��/� �*��0  �2��

�:(�  

�"�@+��� I!� |���2  
2  "*��.* I!� |���2 ! M�$ �B$U

]1[  �A �()�  60 ��*��0  �()�  

9  255414/2  1  000000/1  1  

18  358605/2  3  000000/1  1  

29  335602/2  2  000000/1  1  

  

5    ��2E�N�Z� �*�, �-"�@+��� ! ���3 ����- �);  

I!� ?5+0�) ��- "*" ���5� 6��7) ���� �, �"�Z���-�:(� � �,�()� �5\+� ��-�.*! ��+,)J�$K  �2��3
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Abstract: Ranking of efficient two-stage decision-making units (DMUs) is one 
of the most important issues in network data envelopment analysis (DEA), 
which hitherto many methods have been presented in this context. However, 
each of these methods has at least one of these drawbacks: Non-linearity, High 
computational complexity, Lack of distinction between strong and weak 
efficient two-stage DMUs, Measuring different efficiencies for each of two-
stage DMUs, Failure to consider the internal structures of two-stage DMUs in 
calculating efficiency and ranking them, and Assigning the same ranks to the 
efficient two-stage DMUs. Hence, to tackle these problems, this study proposes 
a network DEA-based method to rank the extremely efficient two-stage DMUs 
with a series structure. The proposed method is based on eliminating these 
efficient two-stage DMUs from the reference set and evaluating the efficiency of 
inefficient two-stage DMUs using the Euclidean norm. Finally, two numerical 
and empirical examples are presented to illustrate the use of the proposed 
method. 
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