Ao AA-YYON : b L L\‘ yﬁ by & ydy (gjloJde Ao

DOI: 10.22055/JAMM.2022.38342.1958 i p il YAM-YYY o ¥ ol VY oj90 N Fo ) Lo
4 ’flul/ff’:g",

S9lusli 9 u*"%)‘) Sk 4na8 u‘“"‘" (s34 o 0AS ]S (2l
5 gy 2y syl (St (sl (S e ile

olgdaly dgame g X weidle sy (gt luSed Moo

Hie Sy i gte >

AAERVAZAV N IURAP NG VYoo /fIY il )b

o il 53 (5 4o 3 S (o (St e XSS S i )
G4 b3 Lo 0aiiS JyiS ol Alie caan ] insl 5 i) jpuis 3 ddllae oS s Cul
el oy 559 s ¢ ol Ol S 53 s 5l 5 33 oo L S g 5 o
b olul ¢l o3 Lulyd (lad pu lo (g5lusl g (630 68 lapians 5l0l sl (Puegsly 4nb

w2103,8 Ly s o3l i Ly 2hlS g el coro o3ae Jlie 93 b aoles 53 e ol o Cawday

B CE SR PR T WA EPRIIH S VPP SV SV SO T SCSVRIPYP SVES r TP SO R W L S TN

93D15; 93C10; 34K37 : 5L, (sdised,

dolo \

g 48 3 cole npcdl 5l (S @ and e ()18 mone i 4dse 4 ) e adye JISl g Fhie o5 (S lles 4l
Sl S35 ot )3 pieo asir S gl [TO] Cosl 0sd a5 c(g S ddpo 5 (s i (sl (Seolid cloyls) oo
LT AT AT Slosd () Jliee Loy Jil-Sline (55lul ga5te loj )l (oo syl 35le (g)luk b iz elgil
Sly ol odomn Joo )3 biptass ool b o Gl (b e laptuns gl ol | (Seid Plae I 6ok &lgy
b3 S 45y Sl 50l & VAAE Jlo 51 [TIT 0 ] lad S @ pg0 (63b5 slagsbngy s et J S (slopiunnms
2 b dlo ) ol 485 )18 i ol j axgi 3)90 i (S Slapiens Siloslil 9 Sk 4 bgye Plus { 18] 45 &)
2 ilopBien { VY N o i) iS @l Jle plyisar clossal Casddy (g dye g (s b Sloptus <l il gl
Soo cdldy Sy (SudsSul =gl pgd asye by lodd ol [T V] 50 188 b S e (laptims (5,0 alis 5[]
Sl by nl Jg ol S LB s (s ot Sl adlllao )3 g (nl B sle sl (s é st )0l (or 0 12

he3lle (G o (S0 S
m_mirhosseini@pnu.ac.ir :.lll,

YV


m_mirhosseini@pnu.ac.ir

YAA-YVY axin X 0 louds AY 0y93 | ol b (gilw o dle | )San 5 jluKos doto vy

oS sl ] e g (Saudgual S= B 4 pgusge (Sl (slse 2 Gy ol ool g el S i (588 (S Slapianges
acbl 5 098 5 0ad ol JSito ol by sl (3b5 SN sl JSUe Sl (6358 (68 Slopins gl o] Apuslone
s g cuadl G ang b [T/ 77 o] conl odds coli o)) (990 (286 b g twyol o guios cpl 5l (B lp ol adly
Sblad (33 58 slapians s)ll lp o3l 9 L daly (395 o3> 4 i b )l el e GliiS @990 (9
03> dnrgs bl oyl 1 (pols (Sla M8 (sl (SudgSinl S= Bl 5 (nStsesly (shLas wiile )10 slaptuns 5)l0k 4 bgiye
ool 5 LMI el LMI jlazslay b s s yilo (gglunols el 48,5 )5 s g5 590 s (sl i p3 a5 (g1l ailons
g5 pasedia |y (g ple So (392 me (e b Custe lF o0 (S e (sl pite pldy e (63aa5 (polalyy oS Cnl (b (o 5l
dyg0 33 339 (JyiS Jluo 13 &S land g il (slacgslusl 5l 6yl ;0 Wlg o Jg )b ols &yge LMI S, as 31
J55S sloalie don Ly cosl oud S LMI S (plazel jpin (igas 6655 (68 s S sl [T] 55 055 51,3 ooz
b i (b elbpiuns > LD onol o LLEIE s )3 e 5,5 Jas 3guts (slys i) laalge timsls g ilizel |
SbrodiiS J S ple )3 Sdiedgw (umel o (LD ply 53 pglie (slooais Jyuus [T e T8 TV A] cuwl 485 @90 (o305
QS d MalS s (595 )5 Joo & (b ized 9 LIS sl dlxe dlyy S0 53 lpteas SMC L (o833 o pglic
503y b ya3 i | 54 Zolaw Cuow 4y ddgl b I b gl e ST Cunl oyl (B33 de SST Lol ool 0l
Gl sl Shy 5N jhnl yogMe [7] a8 o0 meuds b Lad 3 1) 55 e ol 4 alie Gloj 53 (e pCund (rizen
ol lSel g calises (gl ol & Cosluo pas ¢ Jgd BB (51,05 gusly el (gl o3l s 40 S 4 550 (B34 0
oS sl (533) s &) s oo (8loy Jol 4 ye (8530 e (ol Ban e (nl )3 3903 o)Ll ¢ a et (sl s (13,5
Ot o a8l i 4y o) e GEalST S 4 pgd 4 pe (3 s | e gy dalis Sido ln Siadl g lacsad pae 518 (ol
S oS S5 181 298 oo odlital (B33 s (11— V) 40 e}l 07 45 p0 (o3 20 )50 )3 [V] el ol Jgl 45 p0 (3o
LTA AN VO] cosl odds zylas Bobal slapsiunw 5 ‘Jljgy@ﬂ i (556 clapimm Ml Calisee (slapiumo (glp o553
5 el 0033,5 &l 68 (slaptanw S| WM G (el 13U 5 Jitane (o558 de 0aiiS S G LM ) oslizal 900 (VO]
S8 4y g Sl St i GB3 de (ALl dine 4 (o5 dag jeip ogrge o) 4 dag b g 358 lacen plas
S g > S99 wius )5 Jos (95 g wiile S (S o] )3 & LMy it (5540 s 0aiiS J 28 (2 g ol 0
g ol oll 1 &5 @90 Bl gy aye SIS (B58000 S8 v BTl S i (] 5> sl (otimgy Sl aliie
853 e S5 Bae cpl @ ey Gl dge5 k| (amel g (BLEED ol j13p 80 (68 ddpe (dad et slaptus jl 03y S
A s 4 ey Sl ey o (gl oS ppled e (e S SIS 068 Sy QB L 5 0 oo )] 6y IS
s sy 6l and 5l oolital b dals] 45 oS oo il 5 ol |y el padgn il il el lo wimles 3 T ceo)
e Jle 93 oS00 Olo (83 aw dslone 3 e pel)ly dnulone (sl (6140d8 (o plo (oS (solunels g )13 U glapiian

eslwy oo bl S5 4 U]y dlde Oil olpd ) ol 0dd (g5lwdsis P I I, 5 CablB OJI)OL;Z;} &y

3 250 ealie g iyl Y

29 e Ly 5 Oygodr T(1) @b« 450 5l Jagsd=clony oS SISl (VY]) VY iy

\

I7alt) = s /t (t — 5)°a(s)ds. )

aol L b (@) of o a8
Dgd g0 Gy ) Cygos T(H) @b > 0 agye Jl Gl oy Gria ((\T]) VY

\ t
C Nna — _ \n—a—\,.(n) >t >0 )
s Dia(t) Tn—a) /t (t—s) " (s)ds, t>t.> o, (Y.Y)

b0 << Y Glpebadb pn— ) <o <N owddy Cul s d0e KNS

C Nna o \ ! I/(S) o
s Dix(t) = 0 _&)L (t_s)ads, t>t, >o. (¥.Y)

£ Dl e(t) = '(t) s £ Dja(t) = x(t) cusls walys oizs



Yvy b s ple (golunl g (pegily (65l audd (e (33 e 0SS Sk

ol P € R hy gl g gy sy @b sl s T(F) € R plygite g atwgy ooy 6 lp (0]) F.¥ o
D*(zT(t)Pxz(t)) < Yo' (t)PDx(t), Yo € (o, 1), Vt > o. (£.Y)

b By = Bl >0 g Ay = Al & C\ 3 By Ay J55loslul b g o slauplo sl ([7]) (19 csgbunsls) F.¥ )

_ A, Ct
A+ COTB'Cy < o = [C: —13\3\] <o

W T, Y € R™ lajlsy g0 > 0 ol clp g ,B5lo sl LY 3 X cla s yile sl ([7]) (o505 cs5lual) O.Y o)
Vel XYy <6 2" X" X+ 6y"YTYy.
oS F(E)FT(t) ST Lps b F() Gyl 50 > 0 cob g Siloslad LY 5 X claguple gl (V) £Y o
XFO)Y + [ XF)Y])' <6 XXT +ovTY.
el 5 JSaa U(@,1) = 272 b (0 < @ <NV) @ g Ay e (TF]) VY
Diu(t) = (Dyx)" w + 2" (Dfe) + YO, ©Y)
(o] 3 48

o S~T0 +a) (Dfx)" (D). o)
T\ +BT(\ —k+a)

JU| < B*2T o5 s 3)s 5935 B oo 33s K5

2 sl Uy, Uy, vp 0 RT = RT (68 1608 ([T7]) (1 5536 (68 450 sapius sly owduesly csylul) ALY aas
ol il somo ST b Uy g0y (o) = Uy(e) = © geute s > ol Uy, Uy ol pogMe il dwgn g (ialS

n(llzl) < V(tz) S ve(flzl]), VteRT zeR”,
< Slej 2 iz g
Vit+0,2(t+0) <qgV(txt), ¢ >\V0e[-1 0], teRT
23l )18 e,
DYV (1 a(t) < —oellzl). = <a <,

sl Jagly e yobas DT (t) = f(ta Lp) o Sygo o) 5

asllls 3y90 s By T

DS o B 0 1) 5 JSBa (63 (oS Adpe (oS i e

ODox(t) = Ax(t) + Arx(t — 7) + Bu(t) + f (t,z(t)), t>t.,

x(t) =®(t), t.—71<t<t. (\.Y)



YAA-YVY axin X 0 louds AY 0y93 | ol b (gilw o dle | )San 5 jluKos doto Yv¥

Sl il g i (5 puS A pe otmrlis 0 < v < N WIS Shap u(t) € R™ g giagw s Jhop @ (f) € R™ &
s S o o uisdidd by 3 oS canl (b3 )by b f TR = R by sl bl 85 g cub A, B, Ay

N> o || f(z@)| < Mz@)|l, Vz(t) € R*,Vt > t..

(VX i (sl 4l 3 ool o T > 0 Jloj pdb .l dtwgn 35 P () € C ([t — 7, 1], R™) il baslys ol
ple oS o (b Lzl jpas )0 ol Gileylul sy oBite (slae p S P8 o 5w e oy |y ol pac
s g SG 3 Cualalpie (585 )3 53 sl hgy (pdiz 29d (U Ll wlie I Wl e (HBly s S 5> Cupala
Jols Mo im [ V7]l o b it g oS 2y b izl G lsisar o] 085 iy dagy el J) S 2 292

g0 518 5 Kby |) Cuslabpas

g(t,x(t), x(t — 1)) = AA@)z(t) + AA (H)x(t — T), (Y.Y)
o of o &S

AA(t) = G\R\(O)H,, AA,(t) = GyFy(t)Hy, (*¥)
OFe® 9

FEt)FF(t) <L, i=\,Y. (£.¥)

|y el Coabpie g oLzl Jals o 1 alio cpl > aalllan 390 i 13 ol T2 4550 5 Sl uailo otimaslis Iy o] o &5
Dged ole gy JSba olg o0

CDw(t) = (A+ AA)) () + (Ar + AA(1)) a(t =)+ Bult) + f (L, 2()), > 1. OF)
JSi5 (533 0aiS e g b (slapiie I 68 4550 JIRE] o 95 gor 48T (55 e S oles iy b canss ald] )
Sly g dwy (033 waw ol 4 3ga50 (loj S5 0 i Sl (slapiio 45 DS 0 (Sl (S Ao (S 9l G wlod

o 2 |y iy il s (60l (sl p3Y Ll el (6ylok 4 Sl elital b g aley (3L o 59y sam slaglej
oS 50 Ol a3 (ol golunel

o3 e oaiS U sk ¥
S oo S 5 JSda ) (V.F) et sl ISl (5553 o
t
A) = CT="x(t) — / C(A+ BE)2(€)de, 0
to
o ple Lo duslxe 1L a5 wanl JyiS oyp0 pugle Hlap K € R g 53 wdaws )by samsplis A(t) € R™ &

S oy i S |y (o553 s (1) it sl e sl rgsd=lary (68 SRl onimo i

A(t) = CI "z (t) — /tt Cl(A+A(§A+ BK)x(§) + AA(§x(E—T7)|dE. (Y.

(55 > b g oloj 3 o3 s ]y b (sla e (IS 125 IS 0918 oS 5 1y (1Y) s ¥ e
S o oo 1y (1) S0 259 s

u(t) = Ka(t) — (CB)~'p(x(t)) sign(A(t)), (*-¥)



Yvo b ple (solusl g puenly oyl 4ndd e (B33 de 0uiS S Sl)b

& Sysba

p(x(t)) = B+ (|CA + [[Cl|A)]sup ||z, (¥-¥)

D9 e iy 5 S o cul e gbsignl] t R™ = R™ ableeyl 2.0 > 0 iz
sign(A(¢)) = [sign (Ai(t)],x+ »

Oi).}‘\{

ol (V.F) aasly 3 A (1)) o, gito b 0L
A(t) = CD%z(t) — C[(A + BK)z(t)].
:M)b c(\ \“) d.]a.gl) )| d)lg\fdl; L

At) = C(Az(t) + Arx(t — 1) + Bu(t) + f(2(t)) — C[(A+ BK)x(t)] 0.¥)
= CA;z(t —7)+ CBu(t)+ Cf(x(t)) — CBKx(t),

:M)b Ylg 2 (\ﬂ\c) AIagl) )’l d)l-@dl? L

A(t) =CAx(t —71) — psign(A(t)) + Cf(z(t)),
S oo Ly ) Oygods |y Bl wl ol 550 ol LSl 4l
\

V(t) = ?AT(t)A(z&).

ot cans Vil 8 e b
V(t) = AT(t)A(t)
AT () (CAza(t — 1) — psign(A(t)) + Cf(z(1))
|C Azt — )[IA@ = plIA@) |+ [CFIA®)]]
(ICA-z(t = )| + [CFIDIA@] = pl A@D)I]-

o (| (@) < Mz @)1 5 |2t = )| < sup [[e@)] o5

(ICAzz(t = )|+ ICFIDIA@DI = plA@)]
CA + [ICA) sup [z (O[[[[A@)] = plA@)]
IC A+ IC1IA) sup [[z(6)[] — p)| A
—(=ICA = IClIA) sup [[z(&) [} + ) IA@)]]-

IN N

IA I IA A

ol 0 oo e s a9 p = 4 ([|[CAL| + [[ClA) [ sup [[z]] oo 5
V() = AT(0A®) < —BIAD)] < -. (%)
o> 9 dewy oo o 4 T aisle aliie oy S 3 A(T) & dges el g o b

A(t.
togT*g\%Hto,



YAA-YVY axin X 0 louds AY 0y93 | ol b (gilw o dle | )San 5 jluKos doto \8'%4

WA(L) 7 0wl 0258 5 ol Gl iyoo 339 oo & Sl sla oo (alie (loj S 3 8 ol Lis (s ol oS
W A(E) > B s (P.) aaly 1 A(E.) < 0 jS1.cdS s 3 1) it g cute el g3 oMoyl IA(TL) Gl olgie

/t A(t)de > /t Bde = Bt —t.) = A(t) — A(t.) > B(t —t.).

) g ol 0 A(T) = o qpily azsls 81 s

)

—A(t.) > Bt —t.) = —At.)+pt. >t =>t=T" < (— )+ t.,

s A() < = sl waals A(E.) > 0 5 izen
/t At)yde < /t _Bd¢ = Bt —1.) = A(t) = A(L) < —B(t —tL.).

0 23,5 o SN T™ alie floj 5 (533 prdaws s s puste ] Som cdlogn )3 does oy )3 o LS L 1Y

aly cdls glapite ol Sen ¥ ausd (3 0nd zylae balys b (Y.F) JpS 9B (oS oo a5 )3 1) (O.F) pimsmnns ¥.¥ 0028
S oo e ) (V.F) ©pgoa (35380 s (58,5 a5 5o b ogasme o ) (3530 o
o> (V.F) aaly 5 A1) 51 68 o b o]
A(t) = CD%(t) — C[(A+ AA + BK)z(t) + AAz(t — 7)]
= C((A+ AA)x(t) + (A, + AAa(t — 1) + Bu(t) + f(t, 2(t))
— (C[(A+ AA+ BE)x(t) + AA,x(t — 7)]
= CA;x(t—71)+ CBu(t)+ Cy(t,z(t),z(t — 7)) — CBKx(t),

o) YU, (V) daly sl o )liS6ls b

A(t) = CAx(t — 1) — psign(A(t)) + Cf(x(t)).

oS (oo iy 5 O jgods |y Beibld b 55 (O.F) i sl 53 3590 ol L3l gl

\

V(t) = ?AT(t)A(t). (V.¥)
dgazo (yloj 53 54 prdaw 41 (0-F) piue Sl gl yuite ol S o (Ui ol e )Y 4B L3I L alie o5, (b L Sy s
e e

O]

Gy Al s 5yl O

Glodlaly Lasgs oadty a5 o33) pdaw (59, <8 > dblae (ile (55l (et (sl IO s pilo canlio (Slib g, (iS50 ol )
Il b g 0 4l (V.) 5 (1.Y)

u(t) = Ka(t) — (CB) " p(x(t)) sign(A(1)),
i (V.Y) pitasan dlolao )

“Dx(t) = (A+ BK)z(t) + Arx(t — 1) — B(CB) ™ p(a(t)) sign(A(t)) + f (t,z(t)). (1\.0)



Yvy b s ple (golunl g (pegily (65l audd (e (33 e 0SS Sk

sl t > T ey 33 s 53 10 tbyiso G139 o 4 alite oloj o o (slopsiio | F 4038 & o5 b o
o 50 g2 i Al (o & a3 A() = o

CDfa(t) = (A+ BK)x(t) + Aya(t — 7) + f (£, z(t)). (Y.0)

g2 e 515 O )gody diuy dils i 55 (O-F) i Sl rizpd

“Da(t) = (A+ BK + AA)z(t) + (A, + AA)z(t — 1) + f (t, (1)) . (¥.0)

el 5 Y e ple g P e st g ol o ile 581 nd gl oV F) ]y Lo oy o5 b 5i0ae L (1).F) it ) 0 g

M, AP I
AP =6 o | <o, (¥0)
I ° —(5\1

g ) > N AL|TP < Oy 0 o o8 cwined My = AP + PAT + BY + YT BT +6¢P + 61 o5
Do g el Ay Al wiw )L a5 3 45 K =Y P Logde plp (Y.F) 15 K S oy e yile

)|)§ )‘5 O)] dl)-f r""‘fgf uL.»] ]) \.fl.g C‘:"“" ‘),._&Ulgo]).o.zb d)...uf 45 yo LSL“W d‘).g L)""""B)‘) d)lxbw)l ob‘.é.'i.wll.g ul.u]
a0

V(t) =" P x(t).

:M’.bu" ‘_;L»).o )‘] RV O mP u.w);ba O

Amin(P~ 2T (O)2(t) < 27 ()P 2(t) < Moz (P~ )2” ()2(2).

g2 aals )85 V(E) 5 x (2) 01(2) @l sl cmgly 408 by o SIS 0y () 01 (2) @y sl L 1Y

0 (2) = Ain (P )],

Vr(2) = Amae (P ||".
sl 25 Oy Ay dil> s & 03l (V.0) a5l eopngly i Koo b b (3855 gl

“Dea(t) = (A+ BK)x(t) + Ayx(t —7) + f (t, 2(1)).
o> VY o 5l olizal  Jls
DV (t) Yo' P Dx(t)
Yo' P [(A+ BK)z(t) + Arx(t — 7) + f (¢, 2(1))]

Yol P (A4 BK)z(t) + Yo' P Ara(t — 7) + Yo' P f(t, 2(1)).

IA A CIA

o)l Jgl o (gl calon dus pgazme Coygoty VL dlay (3,5 a5 0
Yo' P (A+ BK)z =2"[P'A+ A"P™' + P"'BK + K"B" P ']z.
w0l (895 (Sobuual) O-F o 1 g aler (51,

Yol PV Azt —7) <o (t — )AL Ax(t — 7) + 602" P P2



ol S o o s by 3 f &S eal 9 0.1 o) il ipgs alox el

Yo' P\ f < St PP '+ 5;‘>\YxTx.
ieadly pealss daly dw opl oS 5L

DV(Et)<az' [ PYA+ATP + P 'BK+K'B'P' + 6P P + 5.\

+ 6P Pz + 52T (t — 1) AL Aa(t — 7).

e o0 )8 eyl andd by il eolil gl Jb
GF=0+\>\,0>c,
oty 4zl (5110
V(t+s,zt+s)=a"(t+s)P 'zt +s) < g2’ Pz, s €[, 0]
oo Vb dlady 38 = —T ()i sle b 90 o) 5
2Tt —7)P 2t —7) < 2" Pz
515 15 ol el by b orizen
AP < 1.

o)l s jo
Syal (t — )AL Arz(t — 7) < S’ (t — T)Pa(t — 1) < Syq " P\
byl 11
DV (t) < 2" M*x + 6q*z" Pz 0.0)
3T =0+

M =P A+ AP+ PP'BK + K"B"P + ;PP + 6.\ T+ 6, PP
el paplss Gho Cows 40 a> b B L Gy 2 (St o 4 (0.0) Ay G S gl el 2l S0 g2
DV (t) < 2" Muz. (.0)
o s
M=P A+ A"P  + P'BK + K'B"P ' + 6P 'P ) + 6.\ T+ 60 PP +6,P".
142 2900 b3 (7.0) dlaly won p O =Y PT) nsn 3 g oS o 3o Py ey g o 1, Ml
DV (t) < 2T[AP + PAT + BY + YTBT 467 4+ 6¢P + 0¢I + 6; '\ PP]a.

ol 42l S DOV (1) < o (19 solunal) F.Y o) o aseis

M, AP I
AP =6 o | <o,
I ° —(5\]—

daly s> coles o My = AP + PAT + BY + YT BT + 6¢P + 6] o
V(t+0,x(t+0)) <qgV(t,z{1), ¢ >),0€[-T,¢],

L] D9 o JolS LSl g S o paend |y At diils i (5l cms}\)wwDaV(t) < o ud o A



Y4 bt e yile Soluel g pBuesily o)l 4l e (553 e oaiS S sl )b

Y Guple g P e o g o lite (o yilo 551 ol sl (333 o (595 (V.F) ondcis po5 (o834 20 b (O.F) s V.0 4028

[Ny PHT Gy PVJYp* AP T ]
* _5\“] o o o o
* * —0¢l ° o o
. . . BT . . < o, (V.0)
ES o ) [ —501 o
| *k [} o o o —5\_[_

OALTP 4 wsS oo 28 cwizer Ny = AP + PAT + BY + YTBT + 6P + 0] + G \GT &«
Sygo cpl oS K =Y P Log aalgs ply (F.F) daly o K 58 oy e ple &g of 3 S¢HyHY P < 6¢1

O Sl S oo SLH) YL s (65l 36 L olyon (6508 450 lagiuns sl (Puesily 5)luk 4 jlelil b L]
i3 o0 )5 )1

V(t) =2 P u(t).

ke V(1) 5IVY o 5 ookl b pgu by (sl sl 13 0 V' (6l Cpsiunnily andd pgd g gl byd a5 el o V.0 anad I
i35 s

L(\ + ) (DFz)" P~ (Do Fa)

DV (t) = (D°2)" P& + 27 P (D"x) +Z S STy ey

DV(t) = [Aqqu(t) + At — 1)+ g(t, x(t), z,(t) + f(t,2(t)] Pz
+ @l P[Aggr(t) + Arx(t — 1) + g(t, x(t), w, (1)) + f(t, 2(t)] + YT, (AD)
"j )345
g(t,x(t),z(t — 7)) = AAx(t) + Ax(t — 1),
9

Ay = A+ BK,

.. . . . o TOte)(Dfa) P (D7 *e)
o il g sl o] S 450 st | (Bl (6w cpl pail o T = k=\ p(p:k)r(\,k+a)t 9
N woyld Coto 5 ol dae

0| < g2l a(t).
ol gl alex -l celox oz 9020 g0t DUV (1) (sl (AO) dlady 85 i o L Jlo
TALP + P Ao =" [P A+ A"P + PP'BK + K"B" Pz,

oyl (o595 (solunal) Q.Y o 5l pos alor sl cpizen

Yo' PV Apz(t —7) < 6yl (t — 1)AL A x(t — 1) + 672" P P,



w0l 7.V o) jlepge alox (sl
Yo' P (AAz(t) + Ao(t — 7)) = Yol PN(G\F\(t)H\x(t) + GyFy(t)Hyx(t — 7))
< Sa"PT'G\GUP 'z + 67« H Hyx(t)
+0 2T P GG P w4 e (t — T)HI Hy(t — 7),

oizes
Ya" P f(t2(t) < Gpa” PTVPT w4+ 65 f(t,2(6) £ (1 2 (1)).
Sl pels
YT POV f(t (1) < o2 PP 40, N
U APV

DV(t)<az" [ PYA+ATP '+ P 'BK+K'B"P'+6"P'P + 6P '\G\G P!
+ 6 H{H\+ 6. P GyGY P + 6, PP + 6N T+ Y5 [z
+ xT(t—T)[d\AZAT+5YH$HV].T(Z€—T)
ipld 4B (08 3o

[VAT A, + 6¢HY Hy] < 6y P~

DV(t) < "Nz + 82T (¢ — 7)P\a(t — 1),
L‘)i )J 45

N = | PYA+A"P'+P'BK+ K'"B"P +46;'P'P" + 6:P'G\G{ P
+ O HUHy 405 PTG GEPT 4 6,P7 P 6T+ Y5

e oo 58 ey ly anad il eolatwl gl Jb

GF=0+\>)\, 0> o,

ol axsls (511
2T (t 4 s)P\x(t +5) < "z P \x, s € [T, o],
)l S = —T Sk b
o't —7)P 2t —7) < ¢*z" P\,
Syge ol

DV(t) < 2" N*z + dval (t — )P 'w(t — 7) < 2" N*z + dvg* o' P\,
(sl puplyd e d @ —> 0 s eyl B lbpl e gt =04+ ) &S

DV (t) < 2" N*z + dya' P 'ow = 2" (N* + 6P )u. (4.0)



YA b o e (g5lual 5 pngily (o)l 4nd8 p (e (B33 Ao 0aiS ]S (2L

s (1.0) Ay sy K = Y P7) amsin )3 g S o 0 P p ey g o 1, NU = N* + 6P
4 290 0

DV (t) < 2" Ny,
:M)‘J Oi ).) 45

Ny= | AP+ PA" + BY + Y B" + 46T + 6:G\G{
+ O '\PHYH\P + 6¢ GyGY + 8,1 + 05 '\ PP + Y3*PP + 6, P].

3950 JolS il F.Y o 5 oolil g cpy5 JSiay Ny ool )3 4 Js

Ny = AP + PA" + BY + YTBT + 6P + 8,1 + 5:G\G.

«10*

State Variable
=]

Time(sec)

=N lila b adls pramn ) JSS

— ]
—D =

0.8
x3 =07

0.6
0.4

0.2

P
-DZ(

06

State Variable

Time(sec)

T =) ol s il s 5l it Cundg Y S5



YAA-YVY axin X 0 louds AY 0393 | (ool b iy (g3l Jde Ao [ 4, Sen 5 luKed oo YAY

%102

mmm Sliding Manifold =~ o=0.7 =1

State Variable
f=]
L)

N I—— e
02

Time(sec)

s e 4

byt gt Il @lp 1y @i L) 2h s ol Matalb s gl aws 5 e Jlo sy @l b o250 ol
oS (o Dl 6 3 (6 S a5y

oS oo a3 3 1) g lasiie by = o N L ().Y) ©yp0n otuww VF Jlo

-4 0 —A of  —\Y A ¥ o A Sin(x( (1))
?Df:c(t) = =¥ =¥ o |x()+]| N —oA oN|x(t—T)+ =V u(t)+|Asin(z{(t))
e A —o/N —od YN \Y o Asin(zy(t))

ol A = oA el b pudod f(L (1)) @b el )bl o o 003 N S 53 45 jeblan U = o (chilay pis o)
o 5,8 ST el 5 1 (Y.O) LMI Ly \ .0 apad 5l eolazul b

o, Y¥44 o0 AYD o0 \FY¥
P = [opAYD ofFre op¥Yo| ¥V =[—cA¥AQ —oF4\Y —oNYVVY],
0/0\?? O/OYVO 0/0\;\/

oS oo o 25 oy |y (B3 o oS S slagialyly Jl Oy = 0BV Vo g Oy = VANOO Oy = Ve ¥y
K=YP™ = [YfYa8 \NYFY —0oAOFY],C = [—oN o\ —op],



YAY b s ple (golunl g (pegily (65l audd (e (33 e 0SS Sk

sl 8 C OO );‘3.3.09)19 9ﬁ OO Cude (o VY aas byl oS wiloas sl ‘_51439?43 C 9ﬁ syl )b ﬁ = 9
oanlie 45 b lon iy o (LS T = ) il ) (o5 dow g dias ddls i (gla piio Cansdg c cipa ¥ g ¥ cla S
ol By oy (53 e sl g (plte gloj 3 bt el Cgllas (b (lapite 2l S Cundg b e
ssboles e Gl T = Y ljles |y (o33) a5t il s (sl ito Cumdg i @ 35 0 5 T K3 iz
Vb Ojgots (oo pel)l b (553 de 0ailS J S el b (olase) 3l by g din alls s (5)l0L 298 0 odnliio n JS5 )3 o5

ol 01 odlizl (Y.¥) alaly j3 8igN(A(2)) ab sloa % @ 5 Sy ooy Bl (6l 295 g0 Cprends

5 %102

[ Siiding Manifald _a=07 =3

o(—-—v—N"v e

State Variable
g

Time(sec)

Q= o AD il 5L dils giaw P S

:M)ﬁf‘f)ﬁ).) I) )J) uWLngww‘ )ya.> ).3906 = o//\a L(OY‘) U)WAJW *.; JLA

CDa(t) = [;/; ‘:/‘3] x(t)+[_°i\/\ /w] x(t—7)+[:/ﬂ u(t)—l—{:ﬁziﬁéﬁggﬂ—i—g(t,;z:(t),a:(t—r)).

loads 48,5 a5 )3 ) & )yguods CanlaBpie 4 bgyye @Mex o] > &

g(t,x(t),z(t — 7)) = AAx(t) + AAz(t — 1),



YAA-YVY axin X 0 louds AY 0393 | (ool b iy (g3l Jde Ao [ 4, Sen 5 luKed oo YAY

0.4

0.3
0.2
0.1

|

01

State Variable

|
N2t

Time(sec)

T =) dtes dils g <lb o Cunsg Y S

012

mm Sliding Manifold ~— #=0.85 +=1

0.1

0.08

0.06

0.04

0.02

Q= o ND il 533 paws jldges A S

AA=G\F\(t)H, AA; = GyFy(t)Hy,

Y0

bl A = oA el b s f(E, (1)) &b -cul Jiubl g o 003 7 S5 13 a8 jehailan U = © (gl poivms o)
o3 )L5 ST sl 55 5 (V.O)LMI L5 X .0 s ) eoliusl

G\:{\], B o=sin(t), Hy=[) o], G,:{M, Fy=sin(t), Hy=[\ ]

] Y = [-Yoorad —\yovy],

p_ Ve4¥4 —o/\oYY
[ =oNeWY o \PAQ

0aiS S coyelly Jo Oy = o NPFF 5 Oy = \WAYAO Oy = o NFAY Oy = YAFYD Oy = YARPVY 4
oS o0 (S ) Sygeods |y (b 33lse

K=YP = [-Yooraqa —\yovy],C =]V -],

N30 C s piicinils s B o9 Cuto pr dne 1.F apid Lyl a5 wloas Qlswil glasgSa, O g 3 slayial )y f = 00000



YA b s ple (golunl g (pegily (65l audd (e (33 e 0SS Sk

0SS 48 dmd oo Ui i Juls iy o )] 4 oo o 5l sy ptnss (sl yuiio g A1 3939 5 plaw D9 o odmliie
csnal g LE] ply 53 (ollan 0,5 Jas s 39 o0 il g 03,8 sl b edl lajsiio @y 2l Sen 0l (2l (553
sl o oozl (Y.¥) abasly 3 sign(A()) b sloa % &b 5 Koy oy Bl (gly aad LS 365 ]

SAEe> g 4ol \4

loolatwl b 1y coxlad pae o plicel jois o Jod e 6080 oS lapiuaw jI slody (lre (g)lul dlius Lo i ) )
C.‘a.w 4_{, )K (J"‘ le)" .M]b)].) )|)§ adlllao d)90 L5‘::.’> u.w.s)JLo d):]);l.s )] odlaiwl L) 9 UW”IJ d)IAJLs 4.»..4.‘3 9 L;B):J.\n o.\.».»SJ).‘.S
35 oy 390y S NS 30 s 355 & by b o o S A1) dpte 6y (580 S J 55 50
anwlo (cly p3Y Lol bilons 48l)) 4udd & ygods ol g 03y9] Camsds clls 93 (gl |y 130 5 Jatue JyuS 98 e g 031
s e il ond b 0niiS 1S 0g pud Ul Jiws (alod S ol i ((Jod s yile (gl LB ) 054 e ol sl )l
03)9] (33 Ao 0aiiS S il ool b umel g ilize! 31 a8y (gl o ol @t L ool ol glyp goae ke 9o OT

213 dmgs |y sdelcundd wls ol oo (gjlodinty shne S ol yands i 33,5 435 0 b cowl ond

[1] Balachandran K., Park J.Y. and Trujillo J.J., Controllability of nonlinear fractional dynamical sys-
tems, Nonlinear Analysis: Theory, Methods and Applications, 75 (2012) 1919-1926.

[2] Boyd S., Ghaoui L.E.l., Feron E. and Balakrishnan V., Linear Matrix Inequalities in System and
ControlTheory, SIAM, Philadelphia (1994).

[3] Chen L., Wu R., Cheng Y. and Chen Y., Delay dependent and order dependent stability and stabi-
lization of fractional order linear systems with time varying delay, IEEE Transactions on Circuits
and Systems II: Express Briefs, (2019).

[4] Doye I.N., Voos H. and Darouach M., Observer-based approach for fractional-order chaotic syn-
chronization and secure communication, IEEE Journal on Emerging and Selected Topics in Circuits
and Systems, 3 (2013) 442—-450.

[5] Duarte-Mermoud M.A., Aguila-Camacho N., Gallegos J.A. and Castro-Linares R., Using general
quadratic Lyapunov functions to prove Lyapunov uniform stability for fractional order systems, Com-
munications in Nonlinear Science and Numerical Simulation, 22 (2015) 650-659.

[6] Efe M.O., Fractional order sliding mode control with reaching law approach, Turkish Journal of
Electrical Engineering and Computer Sciences, 18 (2010) 731-747.

[7] Eker 1., Second-order sliding mode control with experimental application, ISA Trans, 49 (2010)
394-405 .

[8] HanY.,Kao Y., Gao C., Zhao J. and Wang C., Hww sliding mode control of discrete switched systems
with time-varying delays, ISA Trans, 89 (2019) 12—19.

[9] HeS.and SongJ., Finite-time Sliding Mode Control Design for a Class of Uncertain Conic Nonlinear
Systems,Journal of Automatic Sinica, 4 (2017) 809-816.

[10] Hul. B., Lu G. P, Zhang S. B. and Zhao L. D., Lyapunov stability theorem about fractional system
without and with delay, Communications in Nonlinear Science and Numerical Simulation, 20 (3)
(2015) 905-913.



YAA-YVY axin X 0 louds AY 0y93 | ol b (gilw o dle | )San 5 jluKos doto YAS

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Khargonekar P., Petersen 1. and Zhou k., Robust stabilization of uncertain linear systems:quadratic
stabilization and H1 control theory,JEEE Transactions on Automatic Control, 35 (1990) 356-361.

Kilbas A.A., Srivastava H.M. and Trujillo J.J., Theory and Application of Fractional Differential
Equations, Elsevier, New York (2006).

Li M. and Wang J., Exploring delayed mittaglefer type matrix functions to study finite time stability of
fractional delay differential equations. Applied Mathematics and Computation, 324 (2018) 254-265.

Li M. and Wang J., Finite time stability of fractional delay differential equations, Applied Mathe-
matics Letters, 64 (2017) 170-176.

Jiang B., Gao C. and Xie J., Passivity based sliding mode control of uncertain singular Markovian
Jump systems with time-varying delay and nonlinear perturbations, Applied Mathematics and Com-
putation, 271 (2015) 187-200.

JiY., DuM. and Guo Y., Stabilization of non-linear fractional-order uncertain systems, Asian Journal
of Control, 20 (2018) 669-677.

Joice Nirmala R. , Balachandran K. and Rodriguez- Germa L. and Trujillo J.J. , Controllability of
nonlinear fractional delay dynamical systems, Reports on Mathematical Physics, 77 (2016) 87—104.

Li H., Wang J., Lam H.K., Zhou Q. and Du H., Adaptive sliding mode control for interval type-2
fuzzy systems, IEEE Transactions on Systems, Man, and Cybernetics, 46 (2016) 1654—1663.

Matignon D., Stability results on fractional differential equations to control processing, Proceedings
Computational Engineering in Systems and Application multiconference, (1996) 963-968.

Mirhosseini-Alizamani S. M., Effati S., and Heydari A., An iterative method for suboptimal control
of a class of nonlinear time-delayed systems, International Journal of Control, 92 (2019) ) 2869-2885.

Mirhosseini-Alizamani S. M., Effati S. and Heydari A., Solution of linear time-varying multi-delay
systems via variational iteration method. Journal of Mathematics and Computer Science, 16 (2016)
282-297.

Mirhosseini-Alizamini S. M. , Effati S. and Heydari A., Solution of linear time-varying multi-delay
systems via variational iteration method, J. Math. Comput. Sci., 16 (2016) 282-297.

Mirhosseini-Alizamini S. M., Numerical Solution of the Controlled Harmonic Oscillator by Homo-
topy Perturbation Method, Control Optim. Appl. Math., 2(1) (2017) 77-91.

Mirhosseini-Alizamini S. M., Solving linear optimal control problems of the time-delayed systems
by Adomian decomposition method, Iranian J. Num. Anal. Optim., 9(2) (2019) 165-183.

Monje C.A., Chen Y.Q., Vinagre B.M., Xue D. and Feliu V., Fractional-order systems and controls,
Springer, Newyork, 2010.

Naifar O., Makhlouf A. B. and Hammami M. A., Comments on ‘Lyapunov stability theorem about
fractional system without and with delay, Communications in Nonlinear Science and Numerical Sim-
ulation, 30 (2016) 360-361.

Saad W., Anissellami A. and Garcia G., Robust sliding mode- Hoo control approach for a class of
nonlinear systems affected by unmatched uncertainties using a poly-quadratic Lyapunov function,
International Journal of Control, Automation and Systems, 14 (2016) 1464—1474.



YAY

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

s sl (55l (nsy 5l 40 0 n 559 20 025 J S S

Sakthivel R., Kaviarasan B., Selvaraj P. and Karimi H.R., EID based sliding mode investment policy
design for fuzzy stochastic jump financial systems, Nonlinear Analysis: Hybrid Systems, 31 (2018)
100-108 .

Shen H., Li F., Cao J., Wu Z.G. and Lu G., Fuzzy-model-based output feedback reliable control for
network-based semi-Markov jump nonlinear systems subject to redundant channels, IEEE Transac-
tions on Cybernetics (2019).

Shen H., Men Y., Wu Z.G., Cao J. and Lu G., Network-based quantized control for fuzzy singularly
perturbed semi-Markov jump systems and its application, IEEE Transactions on Circuits and Systems
I: Regular Papers, 66 (2019) 1130-1140.

Wang Y. and Li T., Stability analysis of fractional-order nonlinear systems with delay, Mathematical
Problems in Engineering, 2014 (2014) 1-8.

Wen Y., Zhou X., Zhang Z. and Liu S., Lyapunov method for nonlinear fractional differential systems
with delay, Nonlinear Dynamics, 82 (2015) 1015-1025.

Xia Y. and Jia Y., Robust sliding mode control for uncertain time-delay systems: an LMI approach,
IEEE T. Automat. Contr, 48 (2003) 1086—1091.

Yin C., Chen Y. and Zhong S., LMI based design of a sliding mode controller for a class of uncertain
fractional order nonlinear systems, American Control Conference (ACC), (2013) 6526-6531.

Yousefi M., Binazadeh T., Delay-independent sliding mode control of time-delay linear fractional
order systems , Transactions of the Institute of Measurement and Control, (2018) 1212-1222.

Zhang H., Ye R., Cao J., Ahmed A., Li X. and Y. Wan., Lyapunov functional approach to stability

analysis of Riemann-Liouville fractional neural networks with time-varying delays, Asian Journal of
Control, 20 (2018) 1938-1951.



YAA-YVY axin X 0 louds AY 0y93 | ol b (gilw o dle | )San 5 jluKos doto YAA

Design of sliding mode control based on Razumikhin approach and
linear matrix inequality for nonlinear fractional time-varying delay
systems

Mohammad Ghamgosar, Seyed Mehdi Mirhosseini-Alizamini * and Mahmood Dadkhah

Department of Mathematics, Payame Noor University (PNU), Tehran, Iran

Communicated by: Sohrab Effati

Received: 2021/8/24 Accepted: 2022/7/9

Abstract: In this paper, a sliding mode control for systems that are nonlinear, having fractional order, and
involve delay is used. The aim of this paper is to design a sliding mode controller, such that the closed-
looped nonlinear system becomes asymptotically stable and its trajectory can be driven onto the sliding
surface in finite time. By using the fractional Razumikhin theorem for the stability of fractional-order
systems including delay and a linear matrix inequality, necessary conditions on asymptotic stabilization
are obtained. Some numerical examples are given to illustrate the effectiveness of the proposed results.
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