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ABSTRACT. Let I be an ideal of C'(X). In this paper we show that Ann(I) = OX\0()
and mAnn(I) = OPX\intsx0(D) "where O(I) = NfercloxZ(f) and ml is the pure part of
I. We also show that Ann(Ann(I)) = O"sx%U) and mAnn(Ann(I)) = Oclsxmtsx0U),
Finally, we show that a space X is a 0-space if and only if every nonregular prime ideal

of C(X) is a z-ideal.

1. Introduction

Throughout this paper, all rings are commutative with unity. Let R be a ring and
S C R. The ideal generated by S is denoted by < S > and Ann(S) = {r € R: rs =
0, for all s € S}. For a € R we use Ann(a) instead of Ann({a}). An element a € R is
said to be a regular (resp., zerodivisor) element if Ann(a) = (0) (resp., Ann(a) # (0)).
An ideal I of a ring R is called dense if Ann(/) = (0). An ideal I of a ring R is called
regular if it contains a regular element otherwise it is called nonregular, for details about
nonregular ideals, see [14]. Also the intersection of all maximal (resp., minimal prime)
ideals containing a is denoted by M, (resp., P,). A nonzero ideal is called essential if it
intersects every nonzero ideal nontrivially. Max(R), Spec(R), Jac(R) and rad(R) denote
the set of all maximal ideals, the set of all prime ideals, the intersection of all maximal
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ideals and the intersection of all prime ideals of R, respectively. If Jac(R) = (0) (resp.,
rad(R) = (0)), then we call R a semiprimitive (resp., reduced) ring. All topological
spaces are completely regular Hausdorff. Let C'(X) (resp., C*(X)) be the ring of (resp.,
bounded) real valued continuous functions on X. For f € C(X), the zero-set of f is the
set Z(f) ={zr € X : f(x) =0} and Z(X) = {Z(f) : f € C(X)}. The set-theoretic
complement of Z(f) is denoted by coz(f). It is well-known that an ideal I of C(X)
is a z°-ideal (resp., z-ideal) if intxZ(f) = intxZ(g) (rvesp., Z(f) = Z(g)), f € I and
g € C(X) implies that g € I. Clearly, every z°-ideal is a z-ideal. It is also well-known
that f € C(X) is a von Neumann regular element if and only if intx Z(f) = Z(f). It is
also easy to see that Ann(f) = (0) if and only if intZ(f) = 0, for f € C(X). The set of
all regular (resp., zerodivisor) elements of C'(X) is denoted by r(X) (resp., zd(X)). For
an ideal I of C'(X), we write Z[I] to designate the family of zero-sets {Z(f) : f € I}
and Min(/) denotes the set of all prime ideals minimal over I. vX is the Hewitt real
compactification of X and $X is the Stone-Cech compactification of X. A space X is
pseudocompact if and only if X = vX. We say that a subset S of X is C-embedded
in X if every function in C(S) can be extended to a function in C(X). The space X is
normal if and only if every closed subset is C-embedded, see [20]. Every maximal ideal of
C(X) is precisely of the form M? = {f € C(X) : p € clgx Z(f)}, where p € X, see |20,
Theorem 6.5]. The prime ideals containing a given prime ideal form a chain, also every
prime ideal is contained in a unique maximal ideal MP, for a unique p € SX; and the
intersection of all the prime ideals contained in M? is the ideal O? = {f € C(X) : p €
intgxclsxZ(f)}. For a subset A C BX, we define M4 = {f € C(X) : A C clgxZ(f)},
O = {f € O(X) : A CintgxclsxZ(f)}. In particular, if A C X, we denote M* (resp.,
O*) by Mya (resp., Oa) and if p € X, then MP and OP are denoted by M, and O,,
respectively. A subset A of 3X is called a round subset if O4 = M4, For f € C(X) it is
easy see that My = Myy and Py = Ojnty z(p)- An interesting result of McKnight states
for any ideal I of C'(X), O°!) C I € M where (1) = NferclsxZ(f), see [17, Theorem
1.3]. This fact is generalized in [5] for semiprimitive Gelfand rings. Also, in Theorem 3.1
of [10], it is shown that an ideal I of C'(X) is essential if and only if Ann(/) = (0). An
ideal I of C'(X) is called a pure ideal if for each f € I, there exists g € I such that f = fg.
For each ideal I of C(X), let mI = {f € C(X) : f € fI}. It is clear that m/ is a pure
ideal, which is called the pure part of I. An ideal I of C'(X) is pure if and only if I = mI.
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It is shown in Theorem 2.2 of [1] that mI = O%Y). T is the closure I in the m-topology.
It is shown that I = M%?) for details see 7Q in [20]. The largest z-ideal contained in
I is denoted by I* and the smallest z-ideal containing I is denoted by I., for details see
Proposition 1.2 in [16].

Concerning topological spaces and C'(X) the reader is referred to [19] and [20], respec-
tively. For more information about algebraic concepts see [9].

The paper is organized as follows. In Section 2, we characterize the annihilator of an
ideal in rings of continuous functions. In Section 3, we characterize the annihilator of the

annihilator of an ideal and its pure part in rings of continuous functions.

2. Characterization of Ann(/) in C(X)

We start this section with two well-known lemmas in which some connections between

BX and 6(I) are mentioned. For more information, see [2].

Lemma 2.1. Let f,g € C(X), A,B C X and I,J be two ideals of C(X). Then the
following statements hold:
(a) clox A =Npeoa clox Z(f).
clgx A = BX if and only if O* = (0).
0(04) = O(M*) = clgx A.
M4 = MB if and only if clagx A = clgx B.
If (clgxcoz(f)) N X = (clgxcoz(g)) N X, then clgxcoz(f) = clgxcoz(g).
clex (BX \ clax Z(f)) = claxcoz(f).
(Z(F) V(D)) = intax (clax Z(f) V().
clax (BX\ (1)) = clgxintgxclpx(BX \ 0(1)).
Let I be an ideal of C(X) and f € C(X). If 0(I) C intgxclsgx Z(f) then f € I.
The converse is true if (1) is a round subset of X .
(4) Let AC BX and p € BX. If O C MP, then M* C MP.
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Proof. We only prove part (j). The proof of other statements is straightforward.
j) Suppose on the contrary, that M4 ¢ MP. Then p ¢ clsgx A. Now by part (b) there exist
f € C(X)suchthat p ¢ clgxZ(f) and A C intgxclsxZ(f). This means that f € O\ MP

which is a contradiction. O

Lemma 2.2. The following statements hold for two ideals I, J of C(X):
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(a) 6(1) = 6(mI) = 0(/T) = 6(I)
(b) 01+ J)=0(I)N6(J)

() 0(IJ)=6(INJ)=06(I)Ub(J)
(d) 0(1) = 6(1*) = 6(1.)

Proof. Tt is enough to note that for every ideal I in C(X) we have mI C I* C T C VI C
I, C T and 9(0OD) = 9(I) = (M®WD)). The proof of other statements is straightforward.
U

The next proposition is the main result of this article.
Proposition 2.3. Let I be an ideal of C(X). Then Ann(I) = OPX\0()

Proof. Assume that g € Ann([). Then coz(g) C 0(I). Hence, X \6(I) C intgxclgxZ(g).
This implies that g € 0¥\ Now suppose that g € 0¥\ Without loss of generality
we can consider g € C*(X). Then X \ 6(1) C intgxclzxZ(g). We claim that coz(g) C
6(1) and then coz(g) C clgx Z(f), for any f € I. Otherwise, there are f € I and p € coz(g)
such that p ¢ clgxZ(f). Therefore, p € X \ 6(I) and hence p € intgxclsxZ(g). Since
g € C*(X), intsxclaxZ(g) = intsxZ(g”) and so p € intgxZ(g”). This implies that
p ¢ clgxcoz(g?) and hence p ¢ clgxcoz(g). Since clgxcoz(g®) = clgxcoz(g). This implies
that p ¢ coz(g) which is not true. O

The following results is immediate.
Corollary 2.4. For each ideal I of C(X), mAnn(I) = OFX\intsx0)

Proof. By Theorem 2.2 of [1] and Proposition 2.3 we can write:

mAnn(I) = O/Am(D) — Oelsx (BX\D) _ OBX\intsx0(1),
O

Corollary 2.5. The following statements hold for two ideals I,J of C(X) and f,g €
C(X):

(a) An ideal I is dense in C(X) if and only if BX \ 6(I) is dense in 5X.

(b) Ann(I) = Ann(J) if and only if intzx0(1) = intgx6(J)

(¢) Ann(f) = Ann(g) if and only if intxZ(f) = intxZ(g).

(d) Ann(I) = Ann(mI) = Ann(v/1) = Ann(I?) = Ann(Z,) = Ann(]).
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(¢) Ann(f) = Meiycox()-

To some extent, part (a) of the above result shows the connection between the algebraic
dense and the topological dense concepts.
In the next proposition, we state another representations for the annihilator of an ideal

in C'(X). For similar representations as in part (c), see [13]. We need the following lemma.
Lemma 2.6. For every f € C(X), we have coz(f) = U eox) Z(1 = f9).

Proof. 1t is clear that Z(1 — fg) C coz(f) for every g € C(X). Conversely, suppose

1
fla)”
ac Z(1—fg). d

that a € coz(f) and consider the constant function g = Thus, obviously we have

Proposition 2.7. The following statements hold for an ideal I of C(X):

(a) Ann(I) = MPX\U),
(b) Ann(I) = MPX\intsx6()
(¢) Ann(l) ={f e C(X): Z(1 — fg) C N Z[I] for all g € C(X)}.

Proof. Part (a) follows from the fact that 5X \ 6(/) is a round subset of 5X and part (b)
is clear. For part (c), it is clear that f € Ann([/) if and only if coz(f) C () Z[I] if and
only if, by Lemma 2.6, U,ccx) Z(1 — fg) € N Z[1]. O

Remark 2.8. a) Let I be an ideal of a semiprimitive ring R, then Ann(7) = ﬂIgMeMax(R) M.
This fact is the same as Lemma 4.3 of [8], but it is not proved there. We prove it for
convenience of the readers. First suppose that x € Ann(/) and M is a maximal ideal
such that I ¢ M. Since zI = (0) C M, we infer that + € M. Now assume that
T € (Nigmemaxry M and on the contrary let ¢ Ann(l). Hence, there is a € I such
that xa # 0. Since xa ¢ Jac(R), there exists a maximal ideal M such that za ¢ M.
This means that I ¢ M and x ¢ M which is not true. If I is an ideal of C'(X), then
O(I) ={p € BX : I C M?}, see 70 in [20]. Therefore, I ¢ MP? if and only if p € X \0(I).
This shows that Ann(I) = (g, M? = MPBXNI) which is part (a) of the above proposi-
tion.

b) Let I be an ideal of a reduced ring R, then Ann(/) = mlgpespec(m P. This fact is the

same as Lemma 2.11 of [6]. The proof is similar to part (a).
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According to Propositions 2.3 and 2.7 it is easy to see that Ann(M#) = Ann(O*), for
every subset A of BX. Let I(X) denotes the set of all isolated point of X. The space X
is called almost discrete if (X)) is dense and X is said to be almost locally compact if it
has a dense locally compact subset, see [12]. First, we will introduce some famous ideals
in C'(X) and then we will give some results about their essentiality. For details about the
below ideals see [20, 22, 24, 23, 12, 21, 26].

Cp(X) = OPXNX) (resp., C(X) = MPXNX)) is the intersection of all essential (resp.,
essential maximal) ideals in C'(X).

Cr(X) = OPX\X (vesp., I,(X) = MPX\X) is the intersection of all free (resp., free
maximal) ideals in C'(X).

I,(X) = OPX\YX (resp., Oy(X) = MPX\WX) is the intersection of all hyper-real free

(resp., hyper-real maximal) ideals in C'(X).

Corollary 2.9. The following statements hold:
(a) Ann(Cr(X)) = (0) if and only if Ann(C(X)) = (0) if and only if clxI(X) = X;

if and only if X s almost discrete.

(b) Ann(Ck (X)) = (0) if and only if Ann(1,(X)) = (0) if and only if clgxintsx X
= BX; if and only if X is almost locally compact.

(¢) Ann(Cy(X)) = (0) if and only if Ann(I,(X)) = (0); if and only if clgxintzxvX
= pX.

It is a well-known fact that if I and J are two prime ideals or z-ideals of C'(X), then
1J = INJ. In the next lemma, we show that this fact is also holds for the semiprime ideals
in C(X). Recall that if f,g € C(X), then Ann(f) = Ann(g) if and only if intxZ(f) =
intxZ(g), see Lemma 2.1 in [3].

Lemma 2.10. The following statements hold:

(a) Let I,J be two semiprime ideals of C(X). Then IJ =1NJ.

(b) Every semiprime ideal of C(X) is an idempotent ideal.

(c) Let I be a finitely generated ideal of C(X). Then I is idempotent if and only if T
1s generated by an idempotent.

(d) Forany f,g € C(X), we have Ann(f) = (g) if and only if intx Z(f) = clxcoz(g) =
coz(g).
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Proof. We prove part (d). The proof of other statements is straightforward. First suppose
that Ann(f) =< ¢ > for some g € C(X). By parts (b) and (c¢) we conclude that
Ann(f) =< e >= Ann(1 — e), for some idempotent e € C(X). Therefore, intxZ(f) =
intxZ(1 —e) = Z(1 —e) = coz(e) = coz(g) = clxcoz(e) = clycoz(g). Next, we let
intxZ(f) = clxcoz(g) = coz(g). Then there is an idempotent e € C(X) such that
< g >=< e >. Thus, intxZ(f) = intxZ(1 — e) and hence Ann(f) = Ann(l —e) =<

e >=< g > and we are done. O

The following result is the same as Theorem 3.1 in [10]. Before that, we need the

following lemma, the proof of which is obvious.

Lemma 2.11. Let X be dense in T and A is a closed subset of T. Then we have X N
intp(A) =intx (AN X). Therefore, inty(A) = 0 if and only if intx(ANX) = 0.

Corollary 2.12. Ann(I) = (0) if and only if intsx0(I) = 0 if and only if intx (0(1)NX) =
0 if and only if intx(N;e; Z(f)) = 0.

O-spaces are first introduced in [15]. A space X is called a 0-space if the boundary of
any zero-set in X is contained in a zero-set with empty interior. For more details about

O-spaces and examples of J-spaces, see [15].

Proposition 2.13. The following statements hold:

(a) X is a normal space if and only if Ma+ Mp = Mang, for every two closed subsets
A and B of X.
(b) Let A, B be two closed subsets of 3X. Then MAMB = M4 + MB,

Proof. a) See part (b) of Lemma 2.8 in [4].

b) Because 5X is normal, it is clear according to part (a). O

Frontier ideals are first introduced in [18]. An ideal I of a ring R is called a frontier
ideal if I = M, + Ann(a), for some a € R. A ring R is said to be a boundary ring (briefly,
O-ring) if every frontier ideal of R is a regular ideal. The following lemma is true for every

reduced ring.

Lemma 2.14. FEvery frontier ideal of C(X) is an essential ideal.
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Proof. Let I be a frontier ideal of C(X). Hence, there exists f € C*(X) such that
I = My(sy + My cox(s) by part (d) of Corollary 2.5. Therefore, by part (b)

we have (1) = 0Z(f) C 0Z(f?). Hence, intsx0(I) C intsx0Z(f?) = 0. This implies
that Ann(7) = (0) by Corollary 2.12. d

of Lemma 2.2

Now, according to the results of this article, we combine the two Theorems 2.9 of [18]
and 4.4 of [15] regarding to 0-spaces with a different and shorter proof in the ring C'(X).
In [18], the proof is stated for the boundary frames. In addition, part (d) of the following
theorem is a new characteristic for d-spaces. Recall that Ann(f) = Ann(g) if and only if
intxZ(f) =1intxZ(g), for f,g € C(X), see Proposition 1.1 in [15].

The following lemma is Corollary 4.6 in [15].

Lemma 2.15. X is a 0-space if and only if 5X is so.

Proposition 2.16. The following statements are equivalent:

(a

) X is a O-space.

(b) C(X) is a O-ring.

c¢) Every nonregular prime ideal of C(X) is a 2°-ideal.
)

(
(d) Every nonregular prime ideal of C(X) is a z-ideal.

Proof. (a = b) According to Lemma 2.15, we may assume that X is compact. Let I be
a frontier ideal of C'(X). Hence, there exists f € C(X) such that I = My + Moy co(f)-
Since X is normal, by Proposition 2.13, we conclude that I = Mpyz ) = Mz(p)ncixcox(s)-
By hypothesis, there is g € C(X) such that 0Z(f) C Z(g) and intx Z(g) = (. This means
that g € Mazy) = I, i.e., I is regular.

(b= a) Let f € C(X). Take I = My(s)y + Muco-(f)- By hypothesis, there is g € I such
that intxZ(g) = 0. Since I C Mpyy(yp) we infer that g € Myy(y) and so 0Z(f) C Z(g).

(b = ¢) Let P be a nonregular prime ideal. We are to show that P is a z°-ideal. Suppose
that Ann(f) = Ann(g), f € P and g € C(X). Put I = M; + Ann(f). By hypothesis,
INr(X) # 0. Hence, there is h € I such that intx Z(h) = 0. Therefore, there are a € My
and b € Ann(f) such that h = a + b. Since coz(b) C Z(f) C Z(a) we infer that ab = 0
and hence Z(b* + f?) C Z(a® +b*) = Z(h). On the other hand, bg =0 € P. If b € P
then b? + f? € P which is not true, for intxZ(b* + f?) = 0 and P is nonregular. This

implies that g € P and we are done.
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(¢ = d) It is obvious.

(d = b) Let I = My + Ann(f), for some f € C(X) and on the contrary suppose that
I C zd(X). Then there is P € Min(I) such that P C zd(X). Since < f, Ann(f) >C P,
then we deduce that P is not a minimal prime ideal. Thus, there is a minimal prime ideal
@ of C(X) such that @ ; P. Suppose that g € P\ Q. Also assume that P* be the largest
prime ideal which g ¢ P* and @) C P*. Since P* is a lower ideal we infer that it is not a
z-ideal, see 14D.4 in [15]. Now P and P* both containing (), then must be comparable.
But P ¢ P* for g € P\ P* and P* C P implies that P* C zd(X) and by hypothesis P*

should be a z-ideal which is not true. O

A space X is said to be cozero complemented if for each f € C(X), there is g € C(X)
such that g € Ann(f) and f2+g¢? € 7(X). Clearly, f*+¢* € M;+ Ann(f) and this shows
that every cozero complemented space is a J-space. To see the generalization of this fact
about f-rings, refer to Proposition 3.1 of [18].

A space X is said to be extremally disconnected if every open set has an open clo-
sure. It is well-known that X is extremally disconnected if and only if X is ex-
tremally disconnected if and only if for every two closed subsets A, B of 5X the equality
intgx (AU B) = intgx A Uintgx B holds, see [20], [19] and [2].

Proposition 2.17. The following statements are equivalent:

(a) X is an extremally disconnected space.
(b) For every two ideals I,.J of C(X), MPX\OU) - pBXN) — pBAXNOUNT),
(c) For every two ideals I,J of C(X), Ann(I) + Ann(J) = Ann(/ N J).

Proof. (a = b) Let f € MPX\UN) Then clax (BX \O(I)) Nelgx (BX\O(J)) C clgx Z(f).
By hypothesis, there are two idempotent ¢, h? € C(8X) such that clgx (83X \ 0(1)) =
Z(g") and clgx (BX \ 0(J)) = Z(hP). Since Z((¢°)? + (h”)?) C intgx Z(f”) then by 1D.1
of [20] we infer that f? is a multiple of (¢%)? + (h%)?, that is f% = ((¢°)® + (h?)?)k”?
for some k® € C(BX). This implies that f = (¢?> + h%)k. On the other hand, X \
0(1) C intsxZ(g°) = intgxclax Z(g) C clgxZ(g) implies that g € MAX\D) - Similarly
h € MPX\) " Then we conclude that f € MA¥\0U) 1 N\BXN) - This completes the
proof.

(b = a) Assume that A, B be two closed subsets of 3X. Put [ = O% and J = OF.
Then §(I) = A and (.J) = B. Therefore, ( MPX\NUN))Y = g(MAXNAUB)) — (M FXNA) 1
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O(MPX\B). This implies that intgx (AU B) = intsx A Uintsx B. This means that 83X is
an extremally disconnected space and hence X is an extremally disconnected space.
(a < ¢) See Theorems 2.3.2 and 5.3.7 in [2] and Corollary 2.13 in [25]. O

A space X is called basically disconnected if every open cozero-set has an open closure.
It is well-known that X is basically disconnected if and only if X is basically disconnected
if and only if for every zero-set Z in X and every closed subset A of 5X the equality
intgx(ZUA) =intgxZ Uintzx A holds. For more details, see [20] and [2].

Proposition 2.18. The following statements are equivalent:

(a) X is a basically disconnected space.
(b) For every f € C(X) and every ideal I of C(X), MPX\OD) 4 NBX\lsxZ(f) =
X\ Z(H00(D)

(c) For every f € C(X) and every ideal I of C(X), Ann(f)+ Ann(/) = Ann(fI).

Proof. The proof is similar to Proposition 2.17. U

A space X is said to be an F-space if every finitely generated ideal in C'(X) is principal.
It is well-known that X is an F-space if and only if 5X is an F-space if and only if for
every two zero-sets Z1, Z in BX the equality intsx (21 U Zs) = intgx Z1 Uintgx Zs holds.
For more information about F-spaces, see [20] and [2].

Proposition 2.19. The following statements are equivalent:

(a) X is an F-space.
(b) For every f?g S C(X) with fg - O: Mclxcoz(f) + Mclxcoz(g) = O(X)
(¢) For every two f,g € C(X),

MEXXZ() 4 A pX\dsxZ(e) _ 3 pBX\(elpx (Z(UZ(@)
(d) For every f,g € C(X), Ann(f) + Ann(g) = Ann(fg).

Proof. The proof is similar to that of Proposition 2.17. O

3. Characterization of Ann(Ann(7)) in C'(X)

In this section, we characterize Ann(Ann(/)) and its pure part for an ideal I of C'(X)
topologically. Recall that ( Z[Ann(1)] = (,,.;c s Z(f), where cozl =, ; coz(g).
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Proposition 3.1. The following statements hold for an ideal I of C(X):
(a) Ann(Ann(I)) = Ontsx91),
(b) Ann(Ann(I)) = Mtsx6(),
(c) Ann(Ann(1)) = Melexintax6(l)

Proof. We prove part (b). The proof of the other statements are straightforward. By
Proposition 2.7, §(Ann(I)) = (MP*\U)) = clgy (8X \ 6(I)). Therefore, Ann(Ann(I)) =
MﬁX\Q(AnnI) — MﬁX\CZﬁx(ﬂX\G( ) — Mlntgxe(f). D

Proposition 3.2. Let X be a pseudocompcat space. For each ideal I of C'(X) the following

statements hold:

(a) T+ Ann(l) = MU),

(b) Ann(Ann(7)) + Ann( ) = MOlintax0(D),
(¢) Ann(Ann(1)) + Ann(I) = MOlsxintax0(I),
(d) Ann(MPW) = Ann(MOntsx0D)) = Apn(MO(Caxintsx0)) = (0).

Proof. We only prove part (a). The proof of other statements is straightforward.
MOOI) — pfOUNintax0(T) — pre(NEX\intax (1) — Jro0) 4 NfBX\intax0(1)  This implies that
MU =T 4+ Ann([). O

It is well known that if R is reduced ring and a € R, then P, = Ann(Ann(a)), see
Proposition 1.4 of [7]. Using this and topological representation of M,, the following

result is evident.
Lemma 3.3. For each f € C(X), we have Py = O™mtsx<lsxZU) gnd My = MsxZ(),

In general, the equality I = J does not follow from the equality of mI = mJ. In the
next proposition, we see that this criterion holds for certain ideals of C'(X). Recall that

ml = m.J if and only if T = J.

Proposition 3.4. Let I,.J be two ideals of C(X). Then the following statements are
equivalent:

(a) Ann(/) = Ann(J).

(b) Ann(I) = Ann(J).

(¢) mAnn(l) = mAnn(J).
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Proof. The implications (a = b) and (b = ¢) are clear.

(c = a) By Corollary 2.4 we have OfX\intsx0l) — OBX\intsx0())  Therefore, BX \
intgx0(I) = X \ intsx0(J) and hence intzx0(I) = intgx0(J). Now by part (b) of
Corollary 2.5 we have Ann(/) = Ann(/J). O

The following example shows that (¢ = a) of Proposition 3.4 is not true, in general.

Example 3.5. Let R = @, where F is a field and I =< 23 >. We consider two ideals
in R, namely Z =<z + I > and J =< 2? + I >. Then, Aun(Z) = J and Aun(J) = Z.
Clearly, mZ = mJ = (0), while Z # J.

Proposition 3.6. For each ideal I of C(X), mAnn(Ann(I)) = Ocsxintsx6()

Proof. By Corollary 2.4 and Proposition 3.1 it is clear. O

We conclude the paper with the following proposition, which states a topological state-

ment when the ideals m/ and Ann([), for an ideal I of C'(X) are summand.

Proposition 3.7. For each ideal I of C(X), 0(1) is open if and only if mI & Ann(I) =
C(X).

Proof. (=) Since 0(I) is clopen, then there is f € C(X) such that Z(f) = intxZ(f)
and Ann(/) = Ann(f). Hence, there exists ¢ € C(X) such that f = f2g and also
f € I. Therefore, fg € ml and 1 — fg € Ann(I). Now 1 = fg+ (1 — fg) shows that
ml & Ann(/) = C(X).

(<=) Suppose on the contrary, that there exists p € 0(I) \ intsx@(I). Then MAX\U) =
Ann(I) € MP and mI C M. This implies that mI & Ann(I) C MP which is a contra-
diction. g
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